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STRONGLY SEPARATELY CONTINUOUS
AND SEPARATELY QUASICONTINUOUS
FUNCTIONS f: 2 » R

Abstract

In this paper we give a sufficient condition for the strongly sepa-
rately continuous functions to be continuous on 2. Further we shall
give notions of separately quasicontinuous function f: 1% — R and its
properties. At the end we will expecting to determining sets M C I? for
the class of separately continuous functions on 2.

1 Introduction

The notion of the strongly separately continuity f: R™ — R, where m > 1 is
introduced in paper [2]. It is proved, that the function f is continuous at the
point 20 = (:U(f7 e 71‘21) if and only if f is strongly separately continuous at
x”.

Functions f:1?> — R, where [? is the space of real sequences such that

> e, @3 < +oo with the metric d(z,y) = \/Z;il (z1, — yi)? are investigated
in paper [1].

It is known, that (I2,d) is a separable and complete metric space. In [1],
it is shown that there is a strongly separately continuous function f defined
on 2, that is discontinuous everywhere on 2.

In the third part of this paper we shall deal with separately quasicontin-
uous functions on [2. We shall give a condition under which the separately
quasicontinuity implies quasicontinuity on /2. Further it will be shown, that
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there is a strongly separately continuous function f: (> — R, that is not qua-
sicontinuous and it belongs to the Baire class three.

The forth part of the paper is devoted to the determining sets for the class
of separately continuous functions on [?. A sufficient condition will be given
for a set M C I? to be determining set for the class of separately continuous
functions.

2 Strongly separately continuous functions f: > -+ R

In paper [1] we find the definition of separately and strongly separately con-
tinuous function f: > = R. If z° € {2 and § > 0, then B (xo,é) denotes the
set {33 el d(x,xo) < 6}.

Definition 1. A function f: (> — R is said to be separately continuous at
the point x° = (a:?) € 12 with respect to the variable x) under the assumption,
that the function ¢ : R — R defined by @i (t) = f (29,...,2)_,,t,2%,,,...)
is continuous at . If f is separately continuous at z° with respect to xzj, for
all £ € N, then f is said to be separately continuous at x°. If f is separately
continuous at every point 20 € [2, then f is said to be separately continuous
on 2.

Definition 2. A function f: 12 — R is said to be strongly separately contin-
uous at the point 0 = (a:?) € 1% with respect to the variable x) under the
assumption, that for each € > 0 there exists ¢ > 0 such that |f(z) — f(2')| < e
holds for each z = (x;) € B (xo,é) and ©’ = (:vl, e T 1, T, Thg1 - - ) If f
is strongly separately continuous at z° with respect to x;, for all k € N, then f
is said to be strongly separately continuous at z°. The function f is said to be
strongly separately continuous on 1% under the assumption, that it is strongly
separately continuous at every point z° € [2.

It is known that if f: [> — R is continuous at 20 € [2, then f is strongly
separately continuous at 2°. Also if f: {2 — R is strongly separately continu-
ous at x° € [2, then f is separately continuous at x°.

A subset S C [? is said to be a set of type (P;) under the assumption,
that the following holds: if x = (z;) € S, y = (y;) € [* and the set
{j € N: z; #y;} contains at most one element, then y = (y;) € S. In [1]
we find the following examples of such sets of type (P).

Ezample 1. a) S ={x = (z;) € 1* : {j €N : z; is a rational (irrational,
algebraic, transcendent) number} is a finite set},

b) S’ = {sc = (zj) € Y02 < +oo}.
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It is easy to see, that the sets S, 12\ S, S’ and [\ S’ are dense in [°.

Theorem 1 (Theorem 1.4 in [1]). There exists a function g: 1> — R such that
g is strongly separately continuous on 12 and g is discontinuous at every point

of I2.

PROOF. Let S C 2 be a set of type (P;) such that S and [\ S are dense in
I2. Let ¢ € R, ¢ # 0. Define a function g: [? — R by g(z) = c for all z € S
and g(z) = 0 otherwise. If z° € 2, then for every neighbourhood U of z° we
have UNS # 0, UN (1? \ S) # 0 and this means, that g is discontinuous at 2°.
On the other hand, let £ € N and z° = (:c?), z=(z;), 2’ = (x;) be arbitrary
points of I* such that for all j # k, ; = 2 and z, = xj.. Tt is obvious that if
x € S then also 2’ € S and if ¢ S then also 2’ ¢ S. Hence we always obtain
lg(x) — g(2")] = 0 so that for each #° € [? and each k € N the function g is

strongly separately continuous at 20 with respect to zy. O

It follows from Theorem 1 that the function g: [?> — R defined in the proof
of Theorem 1 does not belong to the first Baire class.

Now, we can formulate a sufficient condition for a strongly separately func-
tion to be continuous at the point 2° € I2.

Theorem 2. Let f: 1> — R be a strongly separately continuous at the point
20 = (x?) € [%. Let for each € > 0 there exists 6 > 0 and N € N, such that

for all y = (y;) € 1 for which \/Z;';N_,’_l (:L'(]) — yj)2 < § implies

|f(y17y27"')_f(y17'"ayN7$?V+1am9V+27"')| <e&.
Then f is continuous at z° = (:c?) €2

PrOOF. Let ¢ > 0. According to the assumption there exists dg > 0 and

N € N such that for each y = (y;) € I2 for which \/Z‘;‘;NH (29 - y;)? < 6
we have

e
|f(y17925"')_f(y17"'>yN7x?V+1,$9V+27"')‘ < 5

Since f is strongly separately continuous at x° = (x?) €12 forall ¢’ >0 and
for all k € N there exists 6, > 0 such that for all z = (z;) € [? for which

\/2;11 (zj — ac?-)Q < 4, implies

|f(x1,...)—f(fEl,...,Ik_l,l‘g,ivk+1,...)| <é
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holds. Let &’ = 2— Then for each k € {1,2,..., N} there exists J;, > 0 such
that if = (x;) € B (2°,0x) then

g

|f(xla"')_f(xla"'axk—la'rgvxk-‘rlw' )‘ <% oN’

Let 0 = min {d¢,01,...,0x} and z = (z;) € B(mo,é) Then also (x?,acg,...),
(29,29, 23,...), ..., (2%, ..., 2%, 2N, @N41,...) € B(2°6) which is the
subset ofB(glcO,ék)7 k=0,1,2,...,N and

’f(.’l,‘l,l‘g,...) f(sr:(l),a;2,.. )|<‘f $17$2,...)—f($(1),$2,...)‘
+|f(l'1,1'2,$3,...)*f(x(l),xg,l'g,...)|

—l—‘f(x(l),...,x?vfl,xN,mNJrl,...)—f(m?,...,a:?vfl,x?v,xNJrh...)|
0 0 0 0 0 .0 0
+|f(:£1,.. SN 1,IN,IEN+1,...)7f(Il,...,IN,IEN+1,I’N+2,...)|
€
<N- f—i—f
2N
Hence f is continuous at the point 20 = (x?) €2 O

Corollary 3. Let f:1?> — R be strongly separately continuous on 1?. Let
for each € > 0 there exists 6 > 0 and N € N such that for all xz,y € 1? :

\/Z?;N_H (x; — yj)2 < 9 implies

|f(ylay27-~-)—f(?/h--~7vayN+1aZ/N+2,~--)| <e.
Then f is continuous on [2.

Let us recall the notion of quasicontinuity for a function defined on arbi-
trary metric space.

Definition 3. Let (X,d;), (Y,dz2) be metric spaces. A function f: X — Y
is quasicontinuous at xg € X if for all € > 0 and for all 6 > 0 there exists
B (x1,01) C B (x9,6) such that f (B (x1,01)) C B(f (x0),e).
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It is known, that each continuous function on X is quasicontinuous on X.
In general the converse is not true.

Further, the function f: R? - R: f(z,y) =1, (z,y) € A and f(x,y) =
0, (z,y) ¢ A, where A = Q2U{{0} x R}U{R x {0}} is separately continuous
at (0,0) and is not quasicontinuous at (0, 0).

Theorem 4. There exists a strongly separately continuous function on 1> be-
longing to the third Baire class which is not quasicontinuous at any point in
2.

We shall use the following Lemma:

Lemma 5. Let D = {z = (z3,) €1? : Y77 a, = +oo}. The set D is a dense
set in [2.

PROOF. Let x = (zi) € [? be arbitrary and § > 0. We show, that there exists
o = (ag) € D, for which

d(z,a) =

We can find m € N such that 2 27 < % and Y0 & < %. Put
yp = xp for Kk = 1,2,...,m and yp, = 0 for k = m+1,m+ 2,.... Then
y = (yx) € [* and

oo o0

d(z,y) = (@r—w) = | D at<
k=1 k=m+1

| >

holds. Further, we put ap =y for k=1,2,...,m, ai = % fork=m+1,m+
2,.... Then a = (o) € D and

o0 oo

1 é
dy,a) = |Y (o —m)’ =, > 2 <3
k=1 k=m+1
Then d(a, z) < d(a,y) + d(y,z) < §. Hence D is a dense set in [%. O

PROOF OF THEOREM 4. Denote H = {z = (z;) € I : 2;11 x; is conver-
oo

gent}. Define the function h: (> — R in the following way: h(z) = D=1 T
for z € H and h(z) =0 for x € 12\ H.
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First, we show that h is strongly separately continuous on /2. Let z° =
(x?) € 1?2, k € N. We show that h is strongly separately continuous at z°
with respect to the variable . Let € > 0. If z = (z;) € B (xo,e), then also
i (xl,...,a:k_l,xg,mkﬂ,...) €B (xo,s). If € H and h(z) = Z}’il xj,
then

|h(z) = h(z)| = |z, — 2})] < d (z,2°) <e.

If z € 1\ H, then h(z) = h(2’) = 0 and we have |h(x) — h(z')| = 0. Hence h
is strongly separately continuous at x° with respect to a variable xy.

Now we show indirectly that h is quasicontinuous at no point z° = (x?) €
I2. Let h be quasicontinuous at 2° = (29) € 1%, ¢ > 0, § > 0. Then according
to Definition 3, there is a ball B (y,6;) C B (z°,6) such that h (B (y,61)) C
B (h(2°),e). Let a = (a;) € D such that o € B (y, %1) We can find
m € N such that 3272 ) a2 < 64—? and Y7 o > h(2°) + e Put b = oy,
j=1,2,...,mand b; =0,j=m+1,m+2,.... Then Z;‘;l b; converges and
b= (b;) € H. According to the definition of the function h, h(b) = Zj’;l b =
Z;.n:l ;. Hence h(b) > h (z°) + . On the other hand

oo

d(o,b) = | > (o — b)) = i a3<%1

j=1 j=m+1

and we have d(y,b) < d(y,«)+d(a,b) < d;. Hence b € B (y,61) and therefore
h(b) <h (sco) + ¢, it is a contradiction. Therefore h is not quasicontinuous at
20 = (ac?) A

Further we show, that h belongs to the third Baire class. It is sufficient
the show that the sets

={z=(z;) €1? : h(z) >t} and M; = {z = (z;) € * : h(z) <t}
are of the type F,s, in I? for each t € R.

First we show that the set H = {m = (z;) €1?: Do xy s convergent}

is of type F,s in [?. It obviously holds: x = (z;) € H if and only if for all
j > 1 there exists p > 1 such that for all m,n > p, |sm,(x) — sp(z)] < %, where

sp(x) = 2?21 zj, k=1,2,.... Tt follows that

fi { el :|sm<x>—sn<x>|s;}.

m,n=p

BDL:
(@

H =

Il
—
Il
—

J p
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It is easy to see, that for a fixed k& > 1 the function sy is continuous on I2.
Hence H is an F,s set in [2. Let t < 0. Then the set

[c olaNe ole o)

M=H0JU ﬂ{xz(xj)eﬂ : sn(x)<t—1.}

j=1lp=1n=p J

is of the type F,s in 2.
Let ¢ > 0. Then

Mt:(lz\H)ﬁUU ﬂ{x:(a:j)eﬁzsn(x)gt—l‘}.

j=1p=1n=p J

The set 1%\ H is of the type G5, in [? and from this it follows that M? is of
the type Gss too. We can see, that for arbitrary ¢ € R, M? is the set of the
type Foso-

We have proved, that h: (> — R is strongly separately continuous on [?
and it belongs to the third Baire class. O

3 Separately quasicontinuous functions on [?

If follows from Definition 3 that the notion of quasicontinuity is a weaker form
of continuity. It is possible to formulate the notion of separately quasiconti-
nuity for f: 12 — R.

Definition 4. A function f: [? — R is said to be separately quasicontinuous at
the point x° = (m?) € 12 with respect to the variable x) under the assumption,
that the function @g: R — R defined by ¢k (t) = f (x(f,a:g, ... ,x%il,t,$2+1,
..) is quasicontinuous at z9. If f is separately quasicontinuous at 2" with
respect to xy, for all k € N, then f is said to be separately quasicontinuous at
20 = (x?) € 2. If f is separately quasicontinuous at every point 20 € I then

f is said to be separately quasicontinuous on 2.

The following Theorem (see [3]) is published for all functions f: R™ — R,
where m > 1.

Theorem 6. If f: R™ — R is separately quasicontinuous on R™, then f is
quasicontinuous on R™.

The next example shows, that for the functions f: {> — R the situation is
different.
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Ezxample 2. Let
c, x€S8,

g(xlvx%"'){o LL’EP\S

where ¢ € R, ¢ # 0 and the set S is defined by Example 1a). We show, that g
is separately quasicontinuous on [? but it is not quasicontinuous at any point
of I2. Tt was shown in the proof of Theorem 1, that g is strongly separately
continuous on [?. According to Proposition 1.2 from [1] it follows that g is
separately continuous on {2 and obviously every separately continuous function
on 2 is also separately quasicontinuous on 2.

It is sufficient to show, that g is not quasicontinuous at any point of
I2. Each of the sets S, [2\ S are dense in [2. Then every ball B (mo,é)
(2° = (29) € 12, 6 > 0) contains some elements y € S and y@ €12\ S. If
g = |c|, then either g (y(l)) ¢ B(g(a°),e) org (y(g)) ¢ B(g(2°),¢). Hence
¢ is not quasicontinuous at the point z° = (ac?) €2

Furthermore we give a sufficient condition for the separately quasicontin-
uous function on 1% to be quasicontinuous.

Theorem 7. Let f: 1> = R be a separately quasicontinuous on 1*. Let for
each ¢ > 0 there exists § > 0 and N € N such that for all z,y € I :

\/ DN (@ — y;)? < & implies

‘f(y17y27"')_f(ylv'"ayN7xN+17mN+2a--~>| < €. (1)

Then f is quasicontinuous on [2.

ProOF. Let 20 = (29) € I?, ¢ > 0 and § > 0. According to (1) for § > 0

there exists §; > 0, §; < g and there exists N € N such that for all =,y € {2
for which \/Z;.”;NH (z; —y;)* < & implies

€
|f(y17y23"') _f(y17~-~>yN7CCN+1>$N+2,-~-)‘ < 5 (2)
Let ¢o: R™ — R be a function defined by

Yo (xl,...,:z:N) :f(1’1,1’2,...,$N,I9v+1,ll‘?v+2,...).

Then g is separately quasicontinuous and according to the Theorem 6 is
quasicontinuous on R™.

Let jo: R™ — [2 be a map defined by the following way: jo (21,...,2x5) =
(acl,xg, . ,xN,x(])V+1,x9\,+2, .. ) jo is a continuous map on R™ and ¢y = fo
Jo- From the quasicontinuity of ¢ it follows, that for § > 0 and for each é5 >
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0, d2 < &7 there exists a ball B ((x,...,2%),d3) C B ((ac?, .. 7359\,) ,52) such

that oo (B ((2,...,2%),03)) € B(po (29,...,2%),5) = B(f (29,...,2%,
2%41,---), 5). Obviously d3 < d,. Denote
flz(x%,...,x}v), xlzjo(fl):(az%,...,x}v,x%_‘_l,...),
50:({17(1),...,.%9\[)7 xO:jU(gO):(xgv"~a$9\/7x(1)\/'+1v"')'

Denote d as a metric on [? and d’ as a metric on R™. Obviously for all
&€ R 2 d(6n) = d(o(©),dom). & (€1.€9) = d(jo (€)) .o (€°)) =
d (z',2%) < &, therefore {* € B (50,62). Let us consider a ball B (z',d3) in
2. IfxeB (931,53) then d (m,xo) <d (a:,:cl) +d (xl,xo) < 03+02 <209 < 0.
Hence B (z',d3) C B (29, 4).

Let z € B (2',85). Then d (z,2') < §3 and it holds

d ((z1,...,2n), (z1,...,2y)) < d(z,2") < 3.

Then (z1,...,2n) € B((21,...,2}),d3) that implies that ¢q (z1,...,28)=
f(m,---,waNH,---) € B(f(2"),%) that means

€
lf (xla'"a‘Tvi(I)\/'+17I?V+2a"') *f(x(l)v---vx?\/@?v+1v-~-)| < 9 (3)
From the condition (2) we have

€
|f(x1,332,...)—f(:1:1,...,xN,x(])V+1,a:9v+2,...)| < 2

since * x-—xQQSd:rxl < 83 < §3 < §;. Then
\/Z]—N+1( j j) )

‘f(ﬂ?l,fl?g,...) f(xlax%" )| < |f(x17$27"')_f(xla-”axvi?V-&-lw")‘

+|f( xN7xN+1,...)—f(x(l),xg7...)|
€

2+§

For 2° = (a:?) €% ¢>0,8 >0 there exists B (xl,ég) CB (a:o,é) such that

f( ( 1 53)) (f(mo),s) = (f( )—s,f(xo)—i—e) and it means that f

is quasicontinuous at z° = (m ) €2 O

An example of a function f: i2 — R that fulfils the assumption of Theorem
Tis f(x) =Y ,° o - gn(x), where g(t) =1 for t > 0, g(t) = 0 for ¢t < 0 and
ap =2"" n=1,2,.... The function f is quasicontinuous on /2, but it is not
continuous there (see [8]).
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4 Determining sets for separately continuous functions

Let F be a class of functions defined on the set X. The set M C X is called
determining set for a class F if for any couple of function f, g € F the equality
f(z) = g(z) for x € M implies f(z) = g(z) for every x € X. Let Fy be the
class of all separately continuous functions on R™, m > 2. It is known, that
M C R™ is a determining set for the class Fy if and only if M is dense in R™
(see [6]).

It is shown in [1] that the analogous statement does not hold for the class
JF1 of all separately continuous functions on /2. In [1] the following statement
is formulated:

Theorem 8. There exists a strongly separately continuous function h: 1> — R
and a residual (and, consequently, dense) set E in I*> such that h(z) = 0 for
all z € E and h(y) # 0 for some y € I*>\ E.

PROOF. See [1] Theorem 3.1. O

The function h and the set H introduced in the proof of Theorem 4 has
these properties.

Further in [1], there is a statement formulated that when M C [? is not a
determining set for the class F;. In the following a sufficient condition will be
given under a subset of 2 is the determining set for Fj.

First we define the property (P»): It is said that M C I? has the property
(Py) if for all x = (xx) € [? there exists m(x) € N such that for all § > 0 there
exists y = (yx) € M : xp = yi, for k #m and |2, — ym| < 0.

Theorem 9. If M C I? has the property (Py), then M is a determining set
for the class Fi of all separately continuous functions on I2.

PRrROOF. It is sufficient to show that if f € F; and f(z) =0 for all x = (x;) €
M, then f(z) =0 for all x = (x;) € I°.
Let 20 = (x?) € 1%, Tt follows from the property (P), that there exists

m = m (2°) € N such that for each k € N there exists y*) = (yj(k)> € M for

which y = (z?,...,:co ygf)

m—1>

0 (k) 0 1
7xm+17"') and |ym 71‘m| <%

Since f is separately continuous at z°, the function ¢,,: R — R: ¢,,(t) =

f (x(l), R A x?nH, e ) is continuous. Obviously, limy_, y,(,’f) =129 and
we have limg 00 0 (yfff)) = ©Om (x?n) Since for all k € N : ¢, (yfjﬁ) =

f (y(k)) = 0 we have ¢ (20,) = f (2°) = 0. It means, that for all z € [? :
f(z)=0. O
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