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Abstract

There are a few nonequivalent definitions of preponderant continuity
[1, 2, 3, 4, 6]. In this paper we investigate uniform limits of preponder-
antly continuous functions. We show that preponderantly continuous
functions in the O’Malley sense are closed under uniform limit, while
the family of preponderantly continuous functions in Denjoy sense are
not closed under uniform limit and find closure of this family in the
topology of uniform convergence. Finally, we prove that the set of pre-
ponderantly continuous in Denjoy sense functions is a first category
subset of its uniform closure.

Let R be the set of all reals, I = (a,b) be an open interval and A\ denote
Lebesgue measure in R. If £ C R is a measurable set we define lower and
upper density of E at g € R by:

s e A(JNE) d = lim sup 205
(5, 20) = Jimint 2552 and 2(E, ) = lmsup 2555,
zeJ xz€J

where J is a closed interval. If d(E,z9) = d(E,z) then we denote this
common value by d(E, zg) and call it the density of F at x¢. In an obvious
way we also define one-sided lower and upper density of the set E at the point

xo: dT (E,z0), d” (F,x0), " (E,x0) and d (E, ). It is easy to verify that

d(FE,x0) = min{ dr (E,x0),d” (E,x0)}, and

d(F,x0) = max{ ar (E,z0),d (E,z0)}
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By A we denote approximately continuous functions (a function f: I — R is
approximately continuous at zy € I if there exists a measurable set £ C I such
that 2 € E, d(E,x0) = 1 and f|g is continuous at x). Symbol Dy, (f) stands
for a set of all points at which a function f is not approximately continuous.

Definition 1. A point o € R is said to be the point of preponderant density
in Denjoy sense of a measurable set E C R if d (F,xg) > %

In an obvious way we may define one-sided preponderant density in Den-
joy sense and xg is the point of preponderant density in Denjoy sense of a
measurable set £ C R if and only if it is the point of preponderant density in
Denjoy sense of the measurable set E from the right and from the left.

Definition 2. [1, 2] A function f: I — R is said to be preponderantly con-
tinuous in the Denjoy sense at xo € I if there exists a measurable set E C I
containing xo such that xo is a point of preponderant density of E in the
Denjoy sense and fig is continuous at xo. A function f is said to be prepon-
derantly continuous in Denjoy sense if it is preponderantly continuous at each
point x € I. The class of all preponderantly continuous functions in Denjoy
sense will be denoted by PD.

In [6] O’Malley gives another definition of preponderant continuity.

Definition 3. [6] A point z¢ € R is said to be the point of preponderant density
in the O’Malley sense of a measurable set E C R if there exists € > 0 such that
for every closed interval J satisfying conditions xg € J and J C [xg—¢, x9+¢€],
the inequality A(/\?r;)']) > % holds.

In an obvious way we may define one-sided preponderant density in the
O’Malley sense. That is, xg is the point of preponderant density in the
O’Malley sense of a measurable set £ C R if and only if it is the point of
preponderant density in the O’'Malley sense of the measurable set E from the
right and from the left.

Definition 4. [6] A function f: I — R is said to be preponderantly continuous
in the O’Malley sense at xo € U if there exists a measurable set E C I
containing xg such that xg is the point of preponderant density in the O’Malley
sense of the set E and f|g is continuous at xo. A function f: I — R is said
to be preponderantly continuous in the O’Malley sense if it is preponderantly
continuous in the O’Malley sense at each xog € I. The class of all functions

which are preponderantly continuous in the O’Malley sense will be denoted by
PO.
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In [3] Z. Grande defined a property of real functions, called A; property.
Based on this we may define a similar property, which extends the notion of
preponderant continuity.

Definition 5. [3, 4] A function f: I — R is said to have Ay property in
Denjoy sense at o € I if there exist measurable sets By C I and Ey C I
containing xo such that xqg is the point of preponderant density in Denjoy
sense of both sets By and Ea, f|g, is upper semicontinuous at xo and fg, is
lower semicontinuous at rog. A function f: I — R has A1 property in Denjoy
sense if it has Ay property in Denjoy sense at each xq € U. The class of all
functions which have Ay property in Denjoy sense will be denoted by GPD.

Definition 6. [3, 4] A function f: I — R is said to have Ay property in the
O’Malley sense at xg € I if there exist measurable sets F1 C I and Ey C I
containing xo such that xq is the point of preponderant density in the O’Malley
sense of both sets By and Ea, f|g, is upper semicontinuous at xo and fg, is
lower semicontinuous at xg. A function f: I — R has Ay, property in the
O’Malley sense if it has Ay property in the O’Malley sense at every xg. The
class of all functions which have Ay property in the O’Malley sense will be
denoted by GPO.

Corollary 1. PO Cc GPO, PD cC GPD, GPD C GPO and PD C PO.

In [3] it is proven that each function f € GPQO is Baire 1. Thus if f €
PDUPOUGPDUGPO then f is a Baire 1 function.

In the sequel we will consider ”interval sets”, that is sets of the particular
form F = UZO:1 [an, by], where b,+1 < a, for each n and z¢ = lim,— o0 ay,. In
[4] it is shown.

Corollary 2. [4, Corollary 6] Let E = J,—; [an,bn], where bpy1 < a, < by,
for every n and x¢g = lim,, oo a,,. Then

. ©0,an —+ . 20,bn
1. d" (E,z0) = hgglolgf 7)‘(/\[([“%;3?) and d (E,x¢) = hrrlnﬁsolip 7A()[([‘;3J}5f).

2. The point xq s the point of preponderant density in the O’Malley sense of

AEN n 1
the set E if and only if there exists ng € N such that w S -
)\([1’0; an]) 2

for every n > ng.

We have the following conditions equivalent to preponderant continuity and
property Aj.

Theorem 1. [/, Theorem 2]
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(i) A measurable function f: I — R is preponderantly continuous in Denjoy

sense at g € I if and only if lim d({x el:|f(z)—f(zo)| < %},x()) >
n—oo
3
(i) A measurable function f: I — R has property Ay in the O’Malley sense
at xg € I if and only if lim d({x el: f(x) < flxo) + %},xo) > 1
n—oo

and nll}rrgod({ac el: f(x)> f(zo) — %},xo) > 1
Theorem 2. [}, Theorem 3]

(i) A measurable function f: I — R is preponderantly continuous in the
O’Malley sense at xo € I if and only if for each € > 0, zy is the point
of preponderant density in the O’Malley sense of the set {x € I: |f(x)—

flao)l < 31,

(ii) A measurable function f: I — R has Ay property in the O’Malley sense
at a point xg € I if and only if for each e > 0, x¢ is a point of preponder-
ant density in the O’Malley sense of both sets {z € I: f(z) < f(zo)+1}
and {z € I: f(z) > f(zo) — L}.

First, we study uniform limits of functions from PO and GPO.
Theorem 3. i) Uniform limit of functions from PO belongs to PO.
it)  Uniform limit of functions from GPO belongs to GPO.

PROOF. i) Let a sequence (f,)n>1 C PO be uniformly convergent to f. Cer-
tainly, f is measurable. Fix any z¢ € I and € > 0. There exists ng € N such
that |f,(z) — f(z)| < § for all n > ng and = € I. If [f,(x) — fn,(20)| < §
then

[f (@) = f(@o)| <[F(2) = fno (@)| + [ fing () = frng (@0)| + | g (w0) = f(o)| <&

Therefore {x € I: |fn,(z) = fno(z0)] < §} C {z € I:|f(x) — f(x0)| < €}
Thus for each € > 0, x( is a point of preponderant density in the O’'Malley
sense of {x € I:|f(z) — f(zo)| < €}. By Theorem 2, f is preponderantly
continuous in the O’Malley sense at xg.

ii) The proof is similar. We show that {z € I: fy,(x) < fn,(x0) + 5} C
{z € I: f(x) < f(wo) + e} and {z € I: fo,(x) > foo(xo) — 5} C {z €
I: f(x) > f(xg) — e} for all e > 0. Again, by Theorem 2, f has property A;
in the O’Malley sense at zg. O

We will show that PD and PGD are not closed under uniform limit.
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Example 1. We shall construct a sequence of functions preponderantly con-

tinuous in Denjoy sense uniformly convergent to a function which does not have

property A; in Denjoy sense. Let I, = [3%, 3%] and z,, = % (55 + 3”%) =

%- 3,1% for n > 1. Define f: R — R letting

0 for zé€(—00,00U[2,00]U U In,
— n=1
fla) = 1 for z=z, n=12,...,

linear in intervals [3"%,95”], [0, 3%]7 n=12....

Clearly, f is continuous at each point except at 0. Moreover, f is continuous
from the right at 0, f(x) < f(0) for all  and

{z €R: f(z) < f(0) + £} N[0, 2] =

o0
= U G~ 1 o)+ bon = ) =
o0

_ 1 1 2 1
= UG — w3 o + o)
n=2

for each k > 1. Hence, by Corollary 2, we obtain
& ({z € R: f(2) < £(0)+ 1},0) =

o0
A( DG - mrdr.# + ) 01035 - o]

= lim inf : =
n—o0 A([0, 375 — gpger])
! 1 2 1 = 1 2
A ( U (? T 2k-37FT 37 + 2k-3i)> ) Z (? + 3k~3i)
= liminf —=2FL T = lim inf ="~ T =
n—roo )\([07 3n Qk.gnJrID n—00 3n T 2k.3n+1
1 1 1 1
—_— + —_ = + —_
s e 23n T 3p3m 3T 3
= liminf T = 7—
37 T 2f.3ntl 6k
for all £ > 1. Therefore
1 + 1 1
lim d+({x eR: f(z) < f(0) + %},0) — lim 2 3E _
k—oo k—oo 1 — ok 2

and, by Theorem 1, f does not have property A; in Denjoy sense at 0. Thus
f ¢ GPD.
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Let f,: R = R, f, = max{f, 1} for n > 1. Each function f, is continuous
at each point except at 0 and it is continuous from the right at 0. Moreover,
1 1
7 t3. 1

> .
1
1-4& 72

d* ({2 fule) = £u(0)},0) = d* ({z: [£(2) = FO)] < £},0) =
Again, by Theorem 1, f,, is preponderantly continuous at 0. Hence f,, € PD
for n > 1. Obviously, the sequence (fy,)nen is uniformly convergent to f.

Definition 7. Let Py be the family of all measurable functions f: I — R
satisfying the condition

N =

d({y e I: 1f@) ~ f)] < e}y2) >
foreachz €1 ande >0 .

Definition 8. Let Py be the family of all measurable functions f: I — R
satisfying the conditions

DN | =

d({y e I: f() < (o) +eha) >

and

N | =

d({ye I f) > o) —eha) >
foreachz €I ande >0 .
It follows from Theorem 1 that PD C P; and GPD C Ps.
Lemma 1. If f€ Py (f €Pay) andge€ A then f+g€ Py (f +g € Pa).

PROOF. First, assume that f € P;. Fix any © € I and € > 0. Then

%(%611 l9(y) —g(z)| < §}2) = Land d({y € I+ |f(y) - f(z)| < 5},2) >

N |~

A({y: 11) - f(@)]

%

sha)=1-d({ye I |fy) - f@)] < $}a) <

Since

yel:|f(y) - f@) <s5in{yel:|gly) —g(x)| <5} C
C{yel:[(f+9)(y) — (f+g9)(x)] <&},
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we have
d(fye I 1+ 9)) - (F+9)@)| <eha) >
1

> d({y: l9(y) - 9(@)| < 5}o) —d({y: 1F() — F@)| = 5}.2) > 5.
(We used the well known formula d(E N F,z) > d(E,z) — d(R \ F,z) which
holds for each measurable sets E, F' and each point z € R.) Thus we have
proven that

1
d{y e I: [(F +9)) — (f+9)@)| < ehx) > 5
for all x € I and € > 0. Therefore f 4+ g € P;.
Proof in the case f € Py is analogous. O
Theorem 4. 1. The family Py is closed under uniform convergence.

2. The family Ps is closed under uniform convergence.

PROOF. Let a sequence (f,)neny C Py be uniformly convergent to f: I — R.

We shall show that f € P;. Obviously, f is measurable. Fix any = € I and

€ > 0. There exists k € N such that sup{|f(y) — fe(y)|} < §. As it was shown
yel

earlier

{yel: [fule) = frly) < 5} c{y e I: [f(2) = fy)] < e}

Hence

)

NN

d({y e I: 1f@) = fW)l < eha) = d({y € I: @) = fulw) < h) >

because fi € P1. Thus f € P;.
2) The proof is analogous. O

Let ¢ be a metric in the space of all functions f: I — R defined in the following
way o(f,g) = max{1l,sup,c;|f(x) —g(z)|}. It is well known that convergence
in this metric is equivalent to uniform convergence. We shall find closure of
PD and GPD in the metric g. In the next proof we will use result from [7].

Lemma 2. [7] Let f: I — R be a Baire 1 function. If E C I and A\(E) =0
then there exists an approximately continuous function g: I — R such that
f|E =9E-

(Actually, the above Lemma is an obvious corollary from [7, Theorem 3.2].)
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Theorem 5. 1. P1 is a closure of PD in the metric o.
2. Py is a closure of GPD in the metric o.

ProoF. 1) We know that PD C P; and, by Theorem 4, the family P; is
closed under uniform limit. It remains to prove that each function from P; is
a uniform limit of a sequence from PD.

Let f € Py. Since f is Baire 1 function (because P; C PO), we have
A(Dap(f)) = 0. By Lemma 2, there exists an approximately continuous func-
tion g: I — R such that f(z) = g(z) for all © € Dqp(f). Let h = f —g. By
Lemma 1, h € P;. Besides, Dg,(h) = Dgp(f) and h(z) = 0 for all z € Dg,(h).
Define a sequence of function (hy,)nen from I to R letting

h(z) — % if h(z)> %
hn(z) = 0 if |h(z)| <
h(z)+ L if h(z)< -

i

3 =S =

Since o(hyn,h) < L for all n > 1, it is obvious that (hy)nen is convergent to
[ in the metric p. By definition of h,,, we have Dyp(hy) C Dgp(h). Hence if
2 € Dgop(hy,) then hp(x) = h(xz) =0. Let n € N and « € Dgyp(hy,). Then

d({y € I+ hnly) = hale) = 0},2) = d({w € I: Ihi)| < 11,2) > 5,

because h,, € P;. It follows that each h, is preponderantly continuous in
Denjoy sense at . Thus h,, € PD for all n € N. Define f, = h, + g for
n € N. Then each f,, is preponderantly continuous in Denjoy sense. Finally,
o(fn, f) = 0(hn,h) < for n € N and (f,)nen C PD is uniformly convergent
to f.

2) The proof of this case is very similar to the proof the first part. We take
f € Py. Then f is Baire 1 function (because P, C GPO) and A (Dg,(f)) = 0.
There exists an approximately continuous function g: I — R such that f(z) =
g(x) for all © € Dyy(f). Let h = f —g. Then h € Py. Define a sequence of
function (hy)nen from I to R letting

h(z) — % if  h(z)> %
hn(z) = 0 if |h(z)] <
hz)+ 1 if h(z)<-—

)

Sl

3=

Then (hy)nen is convergent to f in g. Moreover,

DN | =

d({y € I: ha(y) = ha(@) = 0}, 2) =d({y € I: h(y) = ~1},2) >
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and

d({y € I+ huly) < hale) =0}z) =d({y € I: hiy) < L }.2) >

for each © € Dgy(hy), because h € Py. It follows that each h, has property
A; in Denjoy sense at x. Thus h, € GPD for all n € N. Define f,, = h, + g
for n € N. Then each f, is belongs to GPD and (f,)neny C GPD is uniformly
convergent to f. O

In the sequel we will need two technical lemmas. First may be found, for
example, in [5].

Lemma 3. [5, Lemma 2.1] Let F be a measurable subset of R and let xy € R.
There exist two sequences of closed intervals {I, = [an,by]: a < ... b, <
pp1 < ... <xo} and {Ji = [k, di]: o < ...dgy1 < cgp <...<b} such that

d(F\ (glfnugle),x(,) :d<(g1[nUQ1Jk> \F,x0> —0.

The second lemma is probably known too. But since we were unable to find
any reference, we give, for the sake of completeness, a direct proof.

Lemma 4. Let g € R and E, F' be measurable subsets of R such that FF C F,
dT(E,z0) = a > 0 and d*(F,2¢) = 8 > 0. Then for each 0 < v < j there
exists a measurable subset H C F for which d*(E\ H,x¢) = o — .

PROOF. Let (x,),>1 be a decreasing sequence converging to zp such that

AE n — ~
AEORoza)) — B We may assume that lim Z2=22tL — oo, Fix any
Tn —2T0 n—oo Tn+1—To0

lim
n— oo

c € (O,min{ﬁ%,y}) Let a,, € [xpt1,2n] for n = 1,2,... be such that a, —

Tpy1 = §(Tn—2ny1). Then h};o % = oo. Wlthout loss of generality we

may assume that W >a— %, W > 3 — £ for each y € (zo, 1]
and%<a+g, %ﬂ;fj < £ for each n € N. Then

(F N [an7$n]) > )\(Fﬂ [anan - (an - xn-‘rl) - (xn-i-l - .’130) >
(5 §)(@n — o) = (1+ §)(an — 2ny1) > (B = 5)(@n — Tny1)—
1 §(@n —xpg1) > (B —)(@n — Tns1) > (v + ) (@0 — zpt1) (1)

and

AE N [z, 2a]) < (@ + 5)(@n — 20) < (@ + )(Tn — Tnt1) (2)
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for all n € N. Similarly, for y € [an,z,] and n € N we have

AEN [Zny1,9]) 2 ME N [zo,y]) = (Tng1 — 20) > (@ = 5)(y — 20) -

c

= §(an —@np1) > (@ =)y = Tny1) > (@ =) (Y — 2nt1). (3)

For each n > 1 define f: [an,z,] — R letting

fu(z) = inf {A(EN(FN [z, 20])) 0 [2n41,9]) — (@ =) (Y= 2nt1) 1 Y € [an, za] }-

Obviously, all f,, are continuous. By 1) and 2), f,(a,) < 0 and, by 3), we
have f,,(z,) > 0. Therefore for each n € N there exists ¢,, € [a,,x,] such that
A((E\ (F N [cnaxn])) N [‘rn+17y]) > (a - ’7)(y - anrl) for all Y€ [anvmn] and
A((E\ (Fﬂ [Cn7 xn])) N [anrla yn]) = (a _’7) (yn _$n+1) for some y,, € [aru xn]
Let H = G F N e, xy). Then

n=1

lim inf AEN H) O [0, yn]) < liminf
n—o0 )\([3307 yn]) n— o0

Yn—To Yn —Zo0

((a—“/)(yn—wnﬂ) + wn+1—wo) =a—1.

Hence d*(E\ H,29) < a — 7. Let & € [2py1,%n). If € [an,x,] then

AENH) N [wo,2]) (= 7)(& = Znta)

> >a—y - LTI ()
T — g T — g T — o
If x € [£p41, an) then
AM(EN H) N [zo,z]) = A(E\ H) N [z0, Zn41]) + AE N [p41,2]) =
=D AM(B\ H) N [zh41,24]) + AMEN [20,2]) — A(E N [w0, 2n11]) >
k>n
> (a =) (@41 = 20)) + ME N [z, 2]) = ME N [0, 2p41])-
and
A(E\ H) N [zg,x]) > (a— )x,H_l — 9 AMEN [xo,x,L+1])+
n AME N [z, z]) > AE N [z, x)) . (a— AEN [xmxnﬂ])) Tnt1 — Lo
Tr — X0 r — X Tn4+1 — Lo r — X (5)

By (4) and (5), we get d* (E\ H, ) > a—~. Finally, d" (E\F,2¢) = a—y. O
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Corollary 3. Let E be a measurable subset of R, g € R and cfr(E,xO) =
a > 0. For every 0 < 8 < « there exists a measurable subset F' C E such that
dJr(E\F:xO) = ﬁ

Theorem 6. The family PD is a first category subset of Py.

PROOF. Fix any zg € I. Let us define the sets
Gn={fePri:3ppod({o € I: |f(@) — f(zo) <n}w0) < 3+ 1}

for each n > 1. By Theorem 1, we have PD N (| G, = 0. We shall prove

n=1
that every G,, is open and dense in P;.
Let n € Nand f € G,,. Then d({z € I: |f(x) — f(z0)| < n},@0) < 5+ +
for some n > 0. Let g € Py be any function for which o(f,g) < 2. If

lg(w) — g(x0)| < 2 then
|f(@) = f(zo)| < |f(2) — g(@)] + [9(x) — g(z0)| + [g(z0) — f(20)| <.

Hence
{zel:|gl@)—glxo)|l < 2} C{zel:|f(x)— f(zo)] <n}

and d ({z € I: |g(x) — g(z0)| < 2},20) < 5 + =. Thus g € G, and we have
proven that every G,, is an open subset of P;.

Take any n € N, f € PD\ G, and ¢ > 0. Let E be a measurable
set witnessing that f is preponderantly continuous at xg. Without loss of
generality we may assume that [f(z) — f(xo)] < 5 for all x € E. Choose
any p € (1, min{d(E,x),5++}). By Corollary 3, there exists a mea-
surable set F' C FE such that d+(E \ F,eg) = p. Let H = F U ({x €
I:|f(z) — f(zo)] < £} \ E). By Lemma 3, we can find a sequence of pair-
wise disjoint intervals (I,, = [an,bn])n>1 C I such that ¢ < ...by41 < ap <
by <...<b <bandd ( U In\H,a:O) =d <H\ U In,x()) = 0. Let

n=1 n=1
(Jn = [en,dn])n>1 C I be a sequence of pairwise disjoint intervals satisfying
conditions d < U (Jn \ In),x()) =0 and [ap, by] C (cp,dy) for n > 1. Define
n=1
two function g, h: I — R letting

0 if =z€(a,zo)Uldr1,0)U U [dnt1,cnl,
n=1
— e}
9@ =\ = if e I,
n=1

linear on all intervals [c,, a,] and [b,,d,],n =1,2,...
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and h = f+g. Let B/ = E\ |J J,. We have g(x) = 0 for each = € E’. Hence
n=1

h‘ g is continuous at xy. Moreover,

dT(E' x0) > d" (B \ F,z) — (UI \Fx())

n=1

—d(U(Jn\In),!L‘()) :dJr(E\FaxO) =P

n=1

and d”(E',z9) = d”(E,x0). Therefore d(E’',z¢) = min{d™ (E’,z0),p} > %
Hence h is preponderantly continuous at xg. Since g has only one discontinuity
point xg, we deduce that h = f 4+ g € PD.

Let D = {z € [z0,b): |h(z) — h(xo)] < §}. Then DNHN | I, = 0.

n=1

Hence
c(GIn\H>u<Dm(I D ) DJ\I
n=1 n=1 n=1

Obviously, a* < U (T \ 1),z ) —0and d ( L_Jl I,\ H, x()) = 0. More-

n=1

over, h(z) = f(z) forx € T'\ U Jp. Therefore

n=1

d"(D,zg) =d* <{x |f(x) — f(zo)] < §}N (I\ U Jn>,$0> =

1 1

:d+({$: |f(if)—f(1'o)| < %}Q(I\H)7x0) :d+(E\F,$O) —p< 5_’_%

: _ 2
It follows that h € G.,,. Obviously, o(f,h) = % < e. Thus closure of each

G, contains PD. Since PD is dense in Py, each G, is dense in P;. Finally,
PD C |J (P1\G,) is a first category subset of P;. O
n=1

Theorem 7. The family GPD is a first category subset of Ps.

PrOOF. Fix any xg € I. Let us define the sets

Gr={f P 3pod ({z € I: f(z) < flwo) +n},0) < 5+ 1}
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for each n > 1. By Theorem 1, we have GPD N (| G, = 0. It remains to

n=1
prove that every G,, is open and dense in Ps.

Let n € Nand f € G,. Then d({z € I: f(z) < f(zo) + n},z0) < 3+ 1
for some 7 > 0. Let g € P, is any function for which o(f,g) < Z. Then

{zel:g@)<g(xo)+2} c{zel: f(z)<f(xo)+n}

and d ({z € I': g(z) < g(wo) + 2},20) < 3 + 2. Thus g € G, and we have
proven that every G,, is an open subset of Ps.

Take any n € N, f € PD\ G,, and € > 0. Let E; and E> be measurable
sets witnessing that f has property A; at zg. Without loss of generality we
may assume that f(x) < f(zo) + § for all z € Ey and f(x) > f(xo) — § for
all z € By, Let E=EyU{x € l: f(z) < f(xo)} and F = EN Ey. Then fip
is upper semicontinuous at xg and

d¥(F,z0) =d"(EN Ea,m0) > d" (B, 20) + d" (B3, w0) — 1 > d" (E,z0) — 3.
By Lemma 4, there exists a measurable set H C F' such that
d"(E\ H,z) = % + 5.
Let G = HU ({& € I: f(z) < f(zo) + 5} \ E). By Lemma 3, we can

find a sequence of pairwise disjoint intervals (I, = [an,by])n>1 C I such
oo

In \ C;’7 l’o) =
=1

n=

that 20 < ...bpet < ap < by < ... < by < band d'

ar (G\ U ]n,x()) = 0. Let (Jp, = [en, dn])n>1 C I be a sequence of pairwise
n=1

o0

disjoint intervals for which ar U (Jn \ In),:c()) = 0 and [an,bs] C (cn,dn)

for n > 1. Define two function g, hil—R letting

o0

0 Zf HAES (a,xo] U [dl’ b) U U [dn-i-la Cn]a

n=1
9(z) = % if ze U In,
n=1

linear in all intervals [en,an] and [by,dp],n=1,2,...

and h = f+g. Let B/ = E\ |J J,. We have g(z) = 0 for each z € E'.
n=1
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Moreover,

dt (B zo) > dT (E\ G, xo) — (UI \Gx0>

and d™(E',x0) = d” (E,x). Therefore d(E’',z) = min{d ™ (E', xo), 3 + 5} >

. Since h|g is upper semicontinuous at zg and hg, is lower semicontinuous
at xg, h has property A; at zy. Since g has only one discontinuity point xg,
we obtain that h = f + g € GPD.

Let D = {x € [20,b): h(x) < h(zo) 4+ 2}. Then DNGN L_Jl I, = 0. Hence

c <G Jn\G> (E\G)U D G\ ).
n=1 n=1

Therefore,

d*(D,z0) < dT(E\ G, z0) +d (UJ \Gm0)+d (G\UIn,az())

11
=d"(E\ H,z) = 55

It follows that h € G,,. Obviously, o(f,h) = % < &. Thus closure of each

G, contains Ps. Since GPD is dense in Ps, each G, is dense in Py. Finally,
GPD C | (P2 \ G,) is a first category subset of Ps. O
n=1
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