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Abstract
We prove that for every separately twice differentiable function f :

R? — R with that fi,, = f,, there exist twice differentiable functions

©,% : R — R such that f(z,y) = o(z +y) +Y(x —y).

1 Introduction.

Let f: X XY — Z be a mapping defined on a product X xY and valued in Z.
For any x € X and y € Y we define mappings f*:Y — Z and f, : X — Z by
the equalities: f*(y) = fy(x) = f(x,y). We say that a mapping f separately
has P for some property P of mappings (continuity, differentiability, twice
differentiability, etc.) if for any € X and y € Y the mappings f* and f,
have P.

R. Baire in the fifth section of his PhD thesis [1] raised a problem of solv-
ing differential equations with partial derivatives under minimal requirements,
that is, a problem of solving a differential equation in the class of functions
satisfied strictly necessary conditions for the existence of expressions which
are contained in this equation. He proved that a jointly continuous separately
differentiable function f : R? — R is a solution of the equation
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if and only if there exists a differentiable function ¢ : R — R such that
f(z,y) = p(xz—y) for any z,y € R. In connection with this R. Baire naturally
raised the following question.

Question 1. [1, p.118] Let f : R? — R be a separately differentiable solution
of (1). Does there exist a differentiable function ¢ : R — R such that f(x,y) =
o(x —y) for any z,y € R?

Note that a similar result to Baire’s one was independently obtained in [3],
where Question 1 was formulated too.

During last 100 years differential equations with partial derivatives were
studied intensively by many mathematicians. Their investigations lead to the
appearance of the theory of partial differential equations, the basic notion of
which is the notion of generalized function. Note that the generalized func-
tions do not give an immediate possibility to solve differential equations with
partial derivatives in the classes of separately differentiable functions or sepa-
rately twice differentiable functions, which is tightly connected with the fact
that the partial derivative of a separately differentiable function can be locally
non-integrable on a set of a positive measure. Therefore, an application of the
method of generalized functions to solving differential equations with partial
derivatives in the classes of separately differentiable functions leads to the fol-
lowing question. Is it true that a generalized function generated by a bounded
separately continuous solution of some equation is also a solution of the same
equation?

The following argument shows that this question in general case has a nega-
tive answer. It is well known that u};, = uy, for every generalized function u. It

is easy to construct an example of a function f : R? — R which everywhere has
2 2
if 22 + 52 > 0, and f(0,0) = 0). Since two almost everywhere equal functions

on R? generate the same generalized function, it is natural to assume that
vy AL o for every function f : R? — R which everywhere has mixed deriva-

tives of the second order. In particular, the equality f;, AL  Was obtained
in [9] for every function f : R? — R which everywhere has all partial derivatives
of the second order. But for an arbitrary function f : R? — R this assertion is
not true. G.Tolstov in [10] constructed two functions F, G : [0,1]?> — R which
satisfy the following conditions:

a) F has everywhere mixed derivatives F}/ and F}),, but Fy, — F/\ = x&,
where F is a set of a positive measure and x g is the characteristic function of
E.

)

mixed derivatives which are different at some point (i.e., f(z,y) =

b) G has almost everywhere mixed derivatives G, and G’/

a.e.
Ty yx but G/w/y 7&
Gy, on [0,1]2.
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Thus F and G generate generalized solutions of the equation u;fy = ugz
but fail to be classical solutions of this equation. On the other hand, F is
a bounded classical solution of the equation u}, — uj, = xg which has no
generalized solutions.

In [6, 2, 5] properties of solutions of the equation

Ou Ou
.22 =0 2
Jor 0Oy 2)
were studied. It was obtained that separately continuous solution of (2) de-
pends at most on one variable.
A technique from [1] was developed in [7]. It was established that Question
1 has a positive answer, which implies the following result.

Theorem 2. [7, Theorem 6.2] Let a function f : R* — R has all partial
derivatives of the second order and

fra(p) = fyy(p) and f,(p) = f.(p)
for every p € R%. Then there exist twice differentiable functions @, : R — R
such that
flz,y) =pl@+y)+v(z—y)
for every x,y € R.

In connection with this the following question on solutions of the equation
of string oscillation
0%u B 0%u 3)
0x2  Oy?

arises naturally.

Question 3. [7, Question 6.3] Let a function f : R? — R has partial deriva-

: " "
twes fr,, and [y, and

fix(p) = f4, ()
for every p € R2. Do there exist twice differentiable functions p,v : R — R
such that
flz,y) =pl@+y)+v(z—y)

for every x,y € R?

In this paper we develop methods from [1, 7], and introduce and investigate
auxiliary functions )\§2) and )\52), generated by a twice differentiable function.
Using these functions we establish some properties of separately twice differ-

entiable functions and in Theorem 30 shall give a positive answer to Question
3.
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2 Auxiliary functions )\52) and )\§2).

Firstly we introduce an auxiliary function )\52) which is generated by the second
order divided difference, and investigate its properties.
Let f: R — R be a function. Denote

f(x1) = f(z1+5) = f(w2 — 5) + f(22)

s(xe — 1 — 8)

p,s) = 7;2)(37175827 s) =

2
rgc)(

for every p = (71, 22) € R, x1 < T2, and s € (0,z2 — 7).
It is easy to see that rf)(xl, Z9,8) = rf)(xl, Z9,x9—2x1 —$). Thus it is suf-

ficient to study the properties of the function r}z) (w1,22,5) for s € (0, 225%1].

Note that rf)(a;,y,s) = 2a for any function f(z) = ax? + bz + ¢ and

every admissible z,y,s € R. Besides, rff_&v = rv(f) + n()z) for every functions

u,v: R — R.
For every € > 0 and = € R denote by Ag)(e, f,x) the set of all 6 € (0,1]
such that
PP W) P s < e
for every p’ = (2, 24),p" = (2, 24) € (x—6,z)x(x,2+0) and s’ € (0, x5—x)),
s e 0,z — ).
The function )\22) (e, f) : R = R is defined by

sup AP (e, fx), if AP (e, fx) # O

(2) _
A5 (e,f)(x)—{ 0, if AP, f2)=0.

Proposition 4. Let f : R — R be a function twice differentiable at a point
z0 € R and e > 0. Then )\gZ) (e, f)(xo) > 0.

ProOOF. Note that it is sufficient to consider the case when x¢ = 0.

Consider the function g(z) = f(x) — f(0) — f'(0)z — 5f"(0)z?. Since
g'(0) = ¢"”(0) = 0, there exists 6 € (0,1] such that |@| < ¢ for every
0 < |7| < 4. Take any 1 € (—9,0), z2 € (0,6) and s € (0, 225*L]. Note that
t = (xg —x1) — s > #2571, Taking into account that x; < 0 < 3, we obtain
that |z| < zp — 21 for every x € (21, 22). Therefore |§| < 2. Now we have

|7“,£;2)($1, Ty, 8)| = ‘g(m) — g(hs(‘;;)_—xf(_xi)_ ) otes)

Ty + 018
t

9 (x1 + 6019)
xr1 + 018

g'(z1 +015) — g'(v2 — bas)
t
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Xro — 928

; <2S 498

8§78 2

where 61,605 € (0,1) are chosen by Lagrange Theorem. Therefore for every
P = (2, 25),p" = (a1, 23) € (=6,0) x (0,0) and s" € (0,25 — x1), 5" €
(0,24 — 2) we have

+

| g/ (@2 — b25)
Xro — 928

P s) =P ) = P s = P08 <

rA @, )+ IrP @, 8" < -+ < =e

DN ™

Thus 0 € Ag)(s,f, 0) and A?) (g, £)(0) > > 0. O

Remark 5. Note that sl_i}rgrlor?) (x1,22,8) = % for every function

f differentiable at points x1 and xo. For such function f put 7“5?) (z1,22,0) =

(2) _ (=)= f'(z1) ; — ; (2)
Ty (21,2, w2 — 1) = 2 == Besides, f"(z0) = wlgggiorf (z1,22,8)
zo—xo+0

for a function f twice differentiable at point xq. Therefore it is natural to put

r§c2)(a?0,x0,0) = f"(zg). This implies that for a function f which is differ-

entiable on R and twice differentiable at xo € R in the definition of the set
2

Aé )(5,f,:c0) we can put p' = (a),2h),p" = (zf,2)) € (x — b,2] X [z, +4),

s € [0,2h — x}] and " € [0, 24 — x{].

The following proposition gives joint properties of )\g).
Proposition 6. Let Y be a topological space, f : R xY — R be a function
continuous with respect to y and € > 0. Then the function g : RxY — R,
g(z,y) = )\gz) (e, fy)(x), is jointly upper semicontinuous.
PROOF. Let g € R, yo € Y, v = g(xo,y0) and n > 0. If v+ n > 1, then

g(z,y) <1< ~+nfor every (z,y) e Rx Y.
Consider the case when v 4+ 17 < 1. Then § = v+ 7 < 1. Since

sup A§2)(e,fy0,x0) = g(zo,y0) = v < do, 0o & Aéz) (€, fyo>T0), 1. there exist
p, = (l‘/hx/Z))p” = (23,1/,33/2,) S (330 _6077:0) X (3)0,.73() +50) and S/ € (0,1'/2 _'rll)a

s € (0,24 — zY) such that
2 2
|7‘§cy3) (p',s) — r}yi (p”,s")] > e.
Since f is continuous with respect to y, the function ¢(y) = rg) (p',s") —

r;i) (p”,s") is continuous. Therefore there exists a neighborhood V of yy in Y
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such that , )
|7”§cy)(p/,8/) o r}y (p”,S”)| S e

for every y € V. Put p = min{zg — 29,20 — 27,25 — 20,25 — x0, 4} > 0,
U = (z9 — p,zo + p) and &; = v+ Z. Now we have 2,2} € (z — &1,2) and
ah,xly € (x,x + &1) for every & € U. Therefore §; ¢ Ag)(e,fy,x) for every
x €U and y € V. Thus AgQ)(s,fy,x) C (0,61) and g(z,y) < 01 < v+ n for
every x € U and y € V.

Hence g is upper semicontinuous at (xo, yo). O

Now we introduce a function )\52) which gives for a twice differentiable
function a possibility to estimate the exactness of approximation of derivative
by the first order divided difference.

Let f: R — R be a function. Denote

ri(p) =rs(@1,22) = To — I3

for every p = (x1,72) € R?, o1 # 5. For every ¢ > 0 and x € R denote by
Agm(s, f,x) the set of all § € (0, 1] such that

rr (@) = rr(@0")] < € max{|zh — 2], |25 — Y[}

for every p' = (2}, 25),p" = («f,2f) € (x — §,2) x (x,x + ) with 2} + ), =
1 1
Ty + x5.

The function )\gl)(s, f) : R — R is defined by

sup AP (e, f2), if AP (e, f,x) # 0

(2) _
AL (E,f)(l‘)—{ 0, if AP, f2)=0.

Proposition 7. Let f : R — R be a twice differentiable at xqg € R function
and e > 0. Then )\?)(s,f)(xo) > 0.

PRroOOF. Consider the function g(z) = f(z)— f(z0) — f/(z0)(z —20) — 3 f" (20)
(r — 20)%. Since ¢'(79) = ¢"(x0) = 0, g(x) = o((z — x¢)?). Hence there
exists 6 € (0,1] such that |g(zo + ¢)| < §t* for every 0 < [¢| < 0. Note that
rr(x1,22) = f'(zo) + 5 f" (20)(x2 + m1 — 220) + r4(21, 22) for arbitrary distinct
x1,x2 € R. Now for every p’ = (z,z}),p" = (2, 2%) € (x0—0, x0) X (x0, xo+9)
with @} + 2, = z¥ + 2} we have

lo(x2)l | lg(il | lo(@)l | lg(xil _
xh—xo wo—ax) Y —x0 wo—) T

() = (@) = Irg (') —rg(0")] <
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€
5 (@2 = z0) + (w0 — 1) + (w3 = w0) + (w0 — 1)) < &-max{|zy — 1, |oy — 7]}

Thus § € AP (e, £, 20) and A®) (e, f)(z0) > 6 > 0. O

Proposition 8. Let f : R — R be a differentiable at xg € R function, € > 0
and 0 < |s| < X (e, f)(xo). Then \W — f(xg)] < 2es.

ProOF. Note that it is sufficient to prove this proposition for s > 0. Let
0 < t < s. Since there exists 6 € A(lz) (e, f, o) with § > s,

(2o — 8,0 +5) —rp(xo —t,x0 + 1) < 2es.

It remains to take into account that }ir% re(xo —t,xo +1t) = f'(x0). O
—

The following proposition can be proved by analogy with Proposition 6.

Proposition 9. Let Y be a topological space, f: R xY — R be a continuous
with respect to y function and € > 0. Then the function g : R xY — R,

g(z,y) = )\gz) (e, fy)(x), is jointly upper semicontinuous.

PROOF. Let g € R, yo € Y, v = g(xo,y0) and n > 0. If v+ n > 1, then
g(z,y) <1< ~+nfor every (z,y) e Rx Y.

Consider the case when v + 7 < 1. Then g = v+ 4 < 1. Since
supA?)(a,fyo,xo) = g(zo,y0) = v < do, 0o & Agz)(a,fyo,x()% i.e. there
exist p' = (2}, 25),p" = (2f,25) € (xo — do,20) X (%o, x0 + o) such that
) + o =) + 2 and

174, () = 7, @) > € - max{|zs — 2], |5 — [}

Since f is continuous with respect to y, the function p(y) =y, (p") — s, (p")
is continuous. Therefore there exists a neighborhood V' of yg in Y such that

75, () =75, (P")] > € - max{|zh — '], |ay — 27}

for every y € V. Put p = min{z¢ — 2,20 — =¥, 25 — x0,25 — x0,4} > 0,
U= (xg—p,xz0+p) and 6 = v+ %" Then 7, z] € (x — 01,2) and xh, 2§ €
(x,x + 61) for every x € U. Thus §; ¢ A:(f)(s,fy,x) for every x € U and
y € V. Hence A?) (e, fy,x) C€(0,61) and g(z,y) < 61 < v+ for every x € U
and y € V.

Thus g is jointly upper semicontinuous at (zg, yo)- O
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3 Separately twice differentiable pointwise changeable
functions.

In this section we give an answer to Question 3 in the case of continuous partial
: : !/ /
derivatives f; and f.

Proposition 10. Let f : R — R be a twice differentiable at xy function, € > 0
and & = min{A? (¢, £)(w0), A (e, £)(w0)}. Then

f(x) = f(xo)

Xr — X

7o) + 37" @o)(z — w0)| < Sl — o

for every x € (xg — d,20) U (z0, 20 + 9).

PrOOF. Note that it is sufficient to consider the case of x € (g, + 0).

Put t = x — 2. Since 0 < t < /\52)(6, f)(xo), taking into account Remark
5 we have
2
(o) = (w0 — t.wo + £, 1)] < =.

Besides, note that

f(@o+1) — flzo)  flwo+1) — flwo—1)
12 12

7’5@2) (xo —t,zo +t,t) =2

f(1?0+t)—f(l’o)+f(1?0+t)—f(l’o—t)
t2 t2

| f" (z0) — 2 | <e.
On the other hand, the inequality 0 < ¢ < )\§2) (e, f)(zo) and Proposition

8 imply
f(@o +1t) — flzog —1) 72f'($0)‘ <de
t2 t T

Now we have

HE) = T0) | 2 o) @ o) = & 1 (o) —2 L2 E O = I20)
x i)

|f (o) —
f(zo+1t) — f(zo) + flzo+1t) — flzo —1t)

|+
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Let (X,|-—-|x) and (Y,|-—-|y) be metric spaces. A mapping f: X =Y
satisfies Lipschitz condition with a constant C > 0if |f(z)—f(y)|y < Clz—y|x
for any z,y € X. A mapping f: X — Y is called pointwise changeable if for
every € > 0 the union G, of all open nonempty sets G C X such that f|g
satisfies the Lipschitz condition with the constant € is an everywhere dense
set.

Theorem 11. Let f : R2 — R be a separately twice differentiable function
such that f,'.(p) = f,,(p) for every p € R2. Then the function g : R? — R,
g=fr- 3'/, is pointwise changeable on every nonempty subset E of arbitrary
line y = x + ¢, and the function h : R*> — R, h = f/ + fys is pointwise

changeable on every nonempty subset E of arbitrary line y = —x + c.

PROOF. Note that it is sufficient to consider the case of closed set E and ¢ = 0.

Let ¢ > 0 and E C {(z,z) : * € R} be a closed set. According to
Proposition 4, Proposition 6, Proposition 7 and Proposition 9 the functions
)\§2) (g, [*)(y), )\;2)(57 )y, )\?) (e, fy)(x) and )\éz) (e, fy)(x) are strictly pos-
itive and jointly upper semicontinuous. Therefore there exist § > 0 and an
open in E set G such that |u — v| < § for every (u,u),(v,v) € G and the
functions A% (g, ) (), M2 (e, £2) (), AP (e, £,) (@), AP (e, f,)(x) are > § on
G.

Let (u,u), (v,v) € G, u < v and s = v — u. According to Proposition 10,

_5

there exist a1, g, a3, 04 € (=3¢, %5) such that

fo(u,u) = M - % " (u,u)s + aqs,

f(u7v)_f(uau> 1 "

f{,(U, u) = e 3 vy (U, 1)s + s,
fr(v,v) = M - % (v,0)(—s) + ass,
fy(v,0) = Msﬂv,v) - % 0y (V,0)(=5) + aus.

Then we have

l9(u,u) — g(v,v)| = | fr(u,u) = f,(u,u) = fr(v,0) + fy(v,0)] =
lag — ag — ag + ayls < 10es.

By analogy we can prove the pointwise changeability of the function h =

fot+ 1y O
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We need the following result from [7].

Proposition 12. [7, Theorem 3.2] Let X C R be a nonempty interval,
(Y,|-—-|v) be a metric space, f : X =Y be a continuous pointwise change-
able on every closed set mapping. Then f is a constant.

The following theorem will be proved using the idea of the proof of Theorem
4.3 from [7].

Theorem 13. Let f : R2 — R be a separately twice differentiable function

such that fI.(p) = [, (p) for every p € R?, and assume that the function
g:R2—R, g=f — f?’/, is jointly continuous. Then there exist continuously

differentiable functions ¢ : R — R and ¢b : R — R such that f(z,y) =
oz —y) +Y(z+y) for every z,y € R.

PROOF. Theorem 11 and Proposition 12 imply that the function g is a con-
stant on every line y = x + ¢, i.e. g(z,y) = a(x — y). The joint continuity of
g implies the continuity of the function o : R — R.

Choose a differentiable function ¢ : R — R such that ¢'(z) = Sa(z) for
every € R and put h(z,y) = f(z,y) — ¢(x —y). Then for every z,y € R we
have

o) — By (,9) = foly) — gl —y) - () — salz—y)
=9(z,y) —afz —y) =0.

Thus according to [7, Corollary] there exists a continuous ¢ : R — R such
that h(z,y) = Y(xz +y), ie. f(z,y) =9z —y)+(z+y) for every x,y € R.
Since ¥(z) = f(x,0) — ¢(z), ¢ is a continuously differentiable function. [

Note that a similar result can be analogously proved under the assumption
of continuity of the function f, + f; It can be derived from Theorem 13 using
the substitution of variables z = u, y = —v.

Note that in these results as in [7, Theorem 4.1, Theorem 4.3, Corollary
4.4] the fact that f(z,y) is defined on the hole plane R? is inessential. The
following result can be proved analogously with several formal changes.

Theorem 14. Let P = {(z,y) e R?:a<ax <bc<y<d}, f: P — R be
a function such that f;.(p) = f,,,(p) for every p € P, and either the function
g = fr— [, or the function h = f, + f, is continuous on P. Then there exist
continuously differentiable functions ¢ : (a,b) = R and ¢ : (¢,d) — R such

that f(z,y) = p(x —y) + Y(x +y) for every (z,y) € P.
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4 Properties of partial derivatives of separately twice dif-
ferentiable functions.

In this section we establish some properties of partial derivatives of separately
twice differentiable functions. The same property of separately differentiable
functions and separately pointwise Lipschitz functions was obtained in [9, 7].

Theorem 15. Let X =Y =R and f : X XY — R be a function which
is twice differentiable with respect to the first variable x and continuous with
respect to the second variable y. Then for every nonempty set E C X XY
the restriction f.|g of the partial derivative f, on E has a nowhere dense
discontinuity points set.

PrOOF. It is sufficient to consider the case of closed set F.

Let G be a nonempty open subset of £. We should find a nonempty open
subset W C @ such that the restriction f.|w is continuous.

Note that according to Proposition 7 and Proposition 9 the function
g(z,y) = /\?) (1, fy)(x) is a strictly positive jointly upper semicontinuous func-
tion. In particular, the restriction g|g is a strictly positive jointly upper semi-
continuous function on a Baire space F. Therefore there exist 6 > 0 and a
nonempty open subset W C G such that g(z,y) > § for every (z,y) € W.

Let us show that f.|g is continuous at every point (zg,y0) € W. Fix an
e > 0. According to Baire theorem [1] the separately continuous function f
has a dense Gs-set of joint continuity points on the set {(z,y0) : © € X}.
Therefore there exists 0 < s < min{e,d} such that f is jointly continuous at
the points (xg + s,%0) and (2o — s,90). Choose 0 < v < 5 such that

f(@o +5,90) — flzo —s,90)  fl@2,y) — fz1,y)
2s T2 — 21

<e (4)

for every x1,29 € X and y € Y with |z1 — (zg — 8)| <7, |22 — (0 + 5)| < ¥
and |y — yo| <.

Let (2/,y) € W with |2/ — z¢] < 7 and |y’ — yo| < 7. Since s < §
and (x0,%0), (2',y’) € W, according to the choice of § and W we have s <
)\§2)(17 f¥)(xp) and s < )\?)(17 f¥)(z'). Therefore the Proposition 8 implies

— fa(zo,y0)| < 2s (5)

f(zo+5,90) — f(xo — 5,%0)
2s

and

’f(x’ +sy) - f@' —sy) L) < 2s. (6)

2s
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But |[(z' —s) = (xzo0—9)| = [(&'+5) — (mo+ )| = |2’ —x0| <y and |y —yo| < 7.
Therefore according to (4) we have

f@o+s,90) — flwo —s,0)  f(@' +5,9) - f(@' —s,9)

<e.
2s 2s =€ (7)

Taking to account (5), (6) and (7) we obtain

|fa/:(x0ay0) - f;(x/ay/)l <e+ 4s < be

for every (z',y’) € W with |2/ — zo| < v and |y — yo| < 7. Thus fl|g is
continuous at (o, yo)- O

5 Auxiliary propositions.

Lemma 16. Let f : R? — R be a separately differentiable function, ¢ :
(a,b) = R, ¢ : (¢,d) = R be continuously differentiable functions such that
flx,y) =@ —y) +Y(@+y) fora<z—y<bandc<x+y<d Then
there exists a continuously differentiable extension v : [c,d] — R of ¥ such
that f(z,y) = ¢(z —y) + (@ +y), filr,y) = ¢'(@ —y) +¢'(x +y) and
fo@y)=—¢'(@—y)+Y'(z+y) fora<z—y<bandc<z+y<d

PROOF. Let zg,y9 € R such that a < zg —yg < b and 29 + yo = d. Then
f(xo,yo) = lim f(z,y0) = lim (p(z —yo) +(x +y0)) = p(x0 — yo) +
r—xo—0 x?xofo
lim (¢). Thus there exists ¢¥(d) = lim (¢). Analogously there exists
t~—>d—0 5 t—d—0
P(e) = tlirr}row(t). The extension ¢ : [¢,d] — R of v is continuous and
—C

fz,y) :<p(x—~y)+1/;(ac+y) fora<zrz—y<bandc<z+y<d.
Show that 1 is continuously differentiable at ¢ and d. Let xg,yo € R such
that @ < xg —yo < b and zo + yo = d. Then fL(xo,y0) = ¢ (o — yo) +

) lizln0 %&M. Thus ¢ is differentiable at d and f.(zo,v0) = ¢ (xo — yo) +
Sde

¢/ (d). The continuity of f/ with respect to 2 implies the continuity of ¢’ at
d.

The continuity of 7’ at ¢ and the equalities f](z,y) = ¢'(z —y) +1 (z+y)
and f(z,y) = —¢'(z —y) + ¢'(x + y) at the corresponding points (z,y) can
be obtained analogously. O

Lemma 17. Letr: (a,b) = R be a function such that r(w) > min{r(u),r(v)}
fora < u < w < v <b. Then there exists ¢ € [a,b] such that r increases
on the segment (a,c) and decreases on the segment (c,b). Besides the set
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A= {(u,v) : u € (a,b), v < r(u)} is open if and only if r(u) < . lirrjltor(t) for
L—u

every u € (a,b).

PROOF. Let a < u; < vy < b such that r(u;) < r(v1). Show that r in-
creases on the segment (a,u;]. Suppose that a < ug < vy < wy such that
r(uz) > r(ve). Put w = wg, v = v1 and chose w € {uj,va} such that
r(w) = min{r(uy),r(v2)}. Now we have r(w) < min{r(u),r(v)}, which is
impossible.

Now denote by ¢ the supremum of set of all u € (a,b) such that r increases
on the segment (a,u]. If this set is empty then ¢ = a. It is clearly that r
increases on (a,c). According to the chose of ¢, the function r decreases on
(c,b).

Prove the second part of Lemma. Fix u € (a,b) and suppose that r(u) >

lim r(t). Put v = 3(r(u) + lim r(¢)). Then (u,v) € A, but A is not a
t—=u—0 t—=u—0

neighborhood of (u,v). Thus A is not open.
Now let v < r(u), i.e. (u,v) € A. Tt follows from lim r(¢) > v that A is

t—u=£0

a neighborhood of (u,v). O

Note that for increasing function r the above-mentioned condition means
the left-continuity of r and for decreasing function r it means the right-
continuity of 7.

Lemma 18. Letr : (a,b) — R be a strictly increasing left-continuous function.
Then there exist ug € (a,b) and a strictly monotone sequence (up)5>, of
points of the interval (a,b) that converges to uy and satisfies the inequality
Up — ug < 7(un) — r(ug) for every n € N.

PROOF. Suppose that it is impossible to choose such ug € (a,b) and (u,)52 .
This means that for every u € (a,b) there exists d, > 0 such that r(t) <
t —u+r(u) for every t € (u — dy,u + 0y) C (a,b), t # u. Then r(u) <

lim r(t) < lim (t—u+r(u)) =r(u). Hence r is a right-continuous function
t—u+0 t—u+0

at every point u € (a,b). Thus r is a continuous function.

Fix u; € (a,b). Put ug = ug + %51“. According to the choice of §,, we
have r(u2) < ug — ug + r(u1). Consider the set A = {t € [u1,b) : r(t) =
t —ugy + r(uz)}. Note that A is a closed set, u; ¢ A and us € A. Then
uz = inf A € A and u; < ug < ug. The continuity of r implies that r(¢) >
t —ug +r(ug) =t —usg + r(ug) for all ¢t € [uy,uz). But it contradicts to the
choice of d,,. O

Lemma 19. Let r : (a,b) — (vg,+00) be a strictly monotone function such

that for the numbers vi = inf r(u), vo = sup r(u) and a number vy < vy
u€(a,b) u€(a,b)
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the the set A = {(u,v) 1 a < u < b, vg < v < r(u)} is open. Assume that
f:R? = R is a function such that for every rectangle P = (a, 8) x (¢,d) C A
there exist continuously differentiable functions ¢p : (o, 8) — R and ¥p :
(¢,d) = R such that f(u,v) = @p(u)+1¢p(v) for every (u,v) € P. Then there
exist continuously differentiable functions ¢ : (a,b) = R and ¥ : (vo,v2) = R
such that f(u,v) = p(u) + ¥ (v) for all (u,v) € A.

PRrROOF. Put Py = (a,b) X (vo,v1) and ¢ = ¢p,. We shall show that for every
rectangle P = (a, ) x (¢,d) C A the function ¢p — ¢ is constant on («, f3).

Firstly consider the case of P = («, ) X (vg, v1). We have p(u)+¢p, (v) =
op(u) + Yp(v), ie. p(u) —pplu) = Yp(v) —Yp,(v) for (u,v) € P. There-
fore the functions ¢p — ¢ and ¢p — 1p, are constant on («, 8) and (vg,v1)
respectively.

Now let P = («, 8) x (¢,d), P1 = («, 8) X (vg,d) and Py = (a, 8) X (v, v1).
Then, using analogous arguments, we obtain that the functions pp — ¢p,,
vp, — pp, and @p, — ¢ are constant on («, ). Therefore the function pp — ¢
is constant on («, ).

Without loss of generality we can suppose that ¢p — ¢ = 0 for every
rectangle P = («, 8) X (¢, d) C A. Now by the similar arguments we obtain that
Yp, (v) = ¥p,(v) for every rectangles P; = (aq, 81) X (c1,d1), Py = (ag, B2) X
(c2,d2) C A and v € (c1,dy) N (c2,d2). For every v € (vg, v2) choose u € (a,b)
such that (u,v) € A. Choose any open neighborhood P = (a, ) x (¢,d) C A
of (u,v) and put ¥ (v) = ¥p(v). O

The following property of solutions of the equation (3) plays an important
role in the proof of the main result.

Theorem 20. Let f : R? — R be a separately twice differentiable function
such that f}.(p) = f,(p) for every p € R?, g = fL — fl, W = {(z,y) €
R?2:a<az-—y<bec<ax+y <d} bearectangle and I be a non-empty
open subset of g(W) C R such that g is continuous at every point of the set
E =g YI)NW. Then there exists a nonempty open segment (ag,by) C (a,b)
such that {(z,y) ER*1ag <z —y <by,c<z+y<d}CE.

PROOF. Since [ is open in g(W) and g is continuous at every point of the set
E the set E is open in W.

Putuw =x—yand v = x+y. Fix (x9,y0) € E. Since E is open in W, there
exists a nonempty closed segment [a1,b1] C (a,b) such that B = {(z,y) : a1 <
u<b,v=v9g=z0+yo} CE.

We shall show that there exists a nonempty open segment (as, b3) C (a1, b1)
such that {(x,y) : as < u < be, v9 < v < d} C E. Since E is open in W, it
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is sufficient to prove that there exists w € (a1,b1) such that the compact set
{(z,y) : u=w, vg < v < d} is contained in E.

Assume the contrary, ie. {(z,y) : v = w,vg < v < d} € E for every
w € (a1,b1). For arbitrary w € (a1,b1) and ¢ € (vo,d] put Jyu = {(z,y) 1 u=
w, vg < v < t}. For every u € (a1, b1) denote by r(u) the supremum of the set
of all v € (vg,d] such that g is continuous on J, ,. Since E is a neighborhood
of compact set B in W and g is continuous at every point p € E, the function
r: (a1,b1) — R is correctly defined and there exists v; € (vp,d] such that
r(u) > vy for every u € (ay, by).

Let us show that r satisfies the conditions of Lemma 17 on the segment
(a1,b1). Suppose the contrary, i.e. there exist a; < u; < ug < uz < by
such that r(uz) < min{r(uy), r(us)}. Put dy = inf r(u). Note that

u€(u1,us)
vo < w1 < dy <r(ugz). Since g is continuous on each set J, 4, for u € (ug, us),
according to Theorem 11 and Proposition 12 g is a constant on J, 4,. Since
B C FEand Jyq NB # O, Jy4 C FE for every u € (u1,us). Therefore g is
continuous at every point of the rectangle P = |J  Juq4, = {(z,y) 1 u1 <
u€(u1,u3)

r—y<us, vo<z+y<d}.

According to Theorem 14, there exist continuously differentiable functions
@ (ug,u3) = Rand 9 : (vg,d;) — R such that f(z,y) = o(x —y) +¥(z +vy)
for every (z,y) € P. It follows from Lemma 16 that g(x,y) = 2¢'(x — y)
for t +y = dy and © — y € (u1,us). Thus g is constant on every segment
Jw = {(z,y) : u = w,v9 < v < dy} for w € (ug,us). On the other hand,
since r(u1) > r(uz) > dy and r(us) > r(uz) > di, ¢ is continuous on J,, and
Jus- Thus g is constant on J,, and J,,. Analogously as for the rectangle P
we obtain that P; = {(z,y) : u1 < u < wug,vp < v <dy} C E. Since E is
a neighborhood of the compact rectangle P; in W and d; < r(ug) < d, there
exists vy € (dy,d) such that Wy = {(z,y) € R? : u; <u < wug, vg <v<w}C
E. In particular, ¢ is continuous at every point p € Wy. Then r(u) > vy for
every u € [u,us]. But this contradicts to the choice of d;.

Thus r satisfies the conditions of Lemma 17 on the segment (a1, b;). There-
fore there exists an open segment (as, b3) C (a1, b1) such that r is monotone
on (as, b3).

We claim that r is constant on no open segment. Assume that r(u) = dy
for all u € (a/,b") C (a1,b1). Then according to Theorem 11 and Proposition
12 for every u € (a/,b") the function g is constant on the segment J, 4, and
equals to the value of g at the point p, = (3(vo — u),(vo + u)). Since
puw € B CE, Jy4, C E for every u € (a/,b'). Thus g is continuous on

the rectangle |J  Jy,4,- It follows from Theorem 14 and Lemma 16 that
u€(a’,b’)
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9(3(do—u), 3 (do+u)) = g(5(vo—u), 3 (vo+u)) for every u € (a’,b’). Therefore
g is continuous at (3(do — u), 3 (do + u)), what contradicts to r(u) = do.
Hence r is not constant on every open segment. Therefore r is a strictly
monotone function on (asz,bs). Without loss of the generality we can suppose
that r strictly increases on (ag,b3). Since A = {(z,y) : a3 < u < b3, vg <
v < r(u)} C E, g is continuous at every point from open set A. Therefore
according to Theorem 14 the functions r : (as,b3) — R and f:R? > R,
f(u,v) = f(x,y), satisfy the conditions of Lemma 19. Therefore there exist
continuously differentiable functions ¢ : (as,b3) — R and ¢ : (vg,v3) — R,

where v3 = sup r(u), such that f(z,y) = ¢(x — y) + ¥(z + y) for every
u€(asz,bs)
(x,y) € A.

Let us show that f(u,r(u)) = (u) + ¢ (r(u)) for every u € (a3, b3). Since
r strictly increases, r(u) < vs, i.e. the function ¢ is defined at r(u). Fix any
strictly decreasing sequence (w,)%2; of points w, € (as,bs) which converges
to u. Note that w, > u. Therefore z, = —w, +u + r(u) < r(u) < r(wy).
Thus p, = (%(wn + Zn)v %(zn - wn)) = (%(u + r(““))? %(u + r(u)) - wn) €A

for every n € N. It follows from the continuity of f with respect to y that
~ . 1 1
Flur(w) = Tim_ (5 (utr(w), 5
= Tim ((w) + ¥+ r(u) - w,)) = o) + P(r(w).

ur(u) —wn)

Besides, for the point p = (§(u + r(u)), 5(r(u) — u)) we have

) = i LIy 4y,
According to Lemma 18 choose ug € (as,bs) and a convergent to wug strictly
monotone sequence (uy,)n, of points u, € (as,bs) such that v, = u, —ug +
r(ug) < r(uy,) for n > 4. Since f(u,v) = p(u) + ¥ (v) for az < u < by and
Vo <V § r(u), f(%(“n + un), %(Un —up)) = f(un + %(T(UO) — up), %(T(UO) -
up)) = f(tn,vn) = ©(un) + ¥ (vn).

Put py = (%(r(uo) + up), %(r(uo) —up)). We have

S (un; vn) — f(uo,7(uo))

f(po) = lim

n—00 Un — U
o 90m) — (o) + Yl — o + (o)) — (r(un))
T nSoo Uy, — UQ

= ¢'(u0) +¢'(r(uo)).
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Thus g(po) = fr(po) — fy(po) = 2¢'(up). Hence g is constant on the set
{(z,y) : uw = ug, vo < v <r(ug)} C E. Since r(ug) < d and FE is open in W,
there exists © € (r(up),d) such that {(x,y) : v = ug, vo < v <0} C E. But
this contradicts the choice of 7(up).

Thus there exists a nonempty open segment (as,bs) C (a1,b;) such that
{(z,y) : aa < u < b, v9g < v < d} C E. Using analogous arguments we
obtain that there exists a nonempty open segment (ag,by) C (az, ba) such that
{(z,y) 1ap <u <by,c<v<wy} CE. O

For a real-valued function f : X — R defined on a topological space (X, 7)
and a point xg € X let

wy(zo) =inf{ws(U) 120 €U € 7}
be the oscillation of f at xg, where

wr(U) = diamf(U) = sup |f(2’) = f(z")]

z/,x"eU
is the oscillation of f on a subset U C X.

Corollary 21. Let f : R? — R be a separately twice differentiable function
such that fll.(p) = f},(p) for every p € R*, D be the set of discontinuily
points of the function g = f, — fi and W = {(z,y) e R*:a <z —y <b, ¢ <
x+y < d} be a rectangle such that the restriction g|pnw is continuous. Then
the projection (D N'W), where m : R? — R, 7w(x,y) = x — y, is a meager
subset of R.

PROOF. For every n € N put D,, = {p € DNW : wy(p) > 1}. Note that it is
sufficient to prove that all sets 7(D,,) are meager.

Fix n € N. For every p € D,,, use the continuity of the restriction g| pnw to
choose a neighborhood W, = {(z,y) E R?* 1 a, <z —y < by, ¢, <z +y < d,}

of p such that W, € W and wy(D NW,) < 5=. Put W, = {(z,y) € R? :

ap <x—y <by, ¢y <z+y<d,} and show that the set A, = x(D,, N W,,) is
nowhere dense.

Suppose that the set A, is dense on a closed segment [«, 8] C (ap,bp). Put
W ={(z,y) eR?:a<z—-y<B,c, <z+y<d,}, ] =R\g(DNW,)
and pick any point ¢ € D,, N {(z,y) ER?* :a <z —y < B, ¢, <z +y<dy}.
Since diam(g(D NW,)) < 5= and diam(g(W')) = wy(W') > wy(q) > L, the
set £ = ¢g~'(I) N W’ is nonempty. Besides, END C g~ (I)NnW,ND = @.
Therefore g is continuous at every point from E. Thus the function g satisfies
the conditions of Theorem 20 on the rectangle W’. Therefore there exists a
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nonempty open segment (ap, 30) C (v, 8) such that {(z,y) ER? : aqp < x—y <
Bo, ¢p < x4y <dy,} CE. It implies A, N (ap, Bo) = O, what contradicts to
the density of A4, on [a, f].

Hence all the sets A, are nowhere dense. Using the o-compactness of D,
(see [4] for definition) choose a sequence (p.,)5e_, of points p,, € D,, such that
D, < U W,,. Then 7(D,) C U A, and w(D,,) is a meager set. O

m=1 m=1

m*

Remark 22. The analogous result for the functions h = f,+ f, and 7(z,y) =
x + y is valid too.

The following statement will be used in the final stage of our reasoning.

Theorem 23. A continuous function o : R — R s differentiable if for every
y € R the function y(x) = a(x) — ax +y) is differentiable.

PROOF. Assume that the function « is not differentiable but for every y the
function B, is differentiable.

Claim 24. The function « is nowhere differentiable.

PROOF. Assume that « is differentiable at some point zy. Then for every
y € R the function ay(z) = a(zr) — By(z) = a(r +y) is differentiable at x.
Hence « is differentiable at z¢ + y for every y € R. O

For every n € N put
A, ={zeR:V2 € (z,z+ 1) |a(z) — a(a’)| < nlz —2'|}.
Claim 25. For every n € N the set A,, is closed and nowhere dense in R.

PROOF. The continuity of o implies the closedness of every A,,. Now assume

that A, contains some interval (a,b). Then « is Lipschitz on (a,b) and hence

is differentiable at some point, which is forbidden by Claim 24. O
Claim 25 implies:

Claim 26. The union As =, Ay is of the first Baire category in R.

For every n € N put
Bn ={(z,y) e R? : Va' € (x,2 + Ly 18y (x) — By(2')| < njz —2'|}.

Since the function f(z,y) = B, (z) is jointly continuous, every set B,, is closed.

Since the function 3, is differentiable for each y, we conclude that R* = |J B,
n=1
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and by the Baire Theorem, for some ng € N the set B,,, has non-empty interior
and hence contains some rectangle (a,b) x (¢, d).

Since the set Ao, = U~ Ay is of the first Baire category, there is a
point g € (a,b) \ As. Now consider the function « restricted to the interval
(zo + ¢, 0 + d).

Since the function « is nowhere differentiable, it is not monotone on (xg +
¢,xg + d). Consequently, for the continuous function « there exists zp € R
such that the set C' = {x € (vo + ¢, 20 + d) : a(x) = 20} contains at least two
points. Since « is not constant on every interval, there exist u, v € C such that
u < v and (u,v) NC = @. It follows from the continuity of a that «(t) > zo
for all ¢t € (u,v) or a(t) < 2o for all t € (u,v). Put e = v — w.

Claim 27. For every § € (0,¢) there is a point t € (u,v — J) such that
at) = a(t+ 9).

PROOF. It is sufficient to use the Mean Value Theorem for the function g :
[u,v = 6] = R, g(z) = a(z) — a(x + 9). O

Choose m > ng so large that i < min{b — zg,e}. Since zy ¢ A, there
is a point z1 € (%o,20 + -=) such that |a(z) — a(z1)| > m|zg — 21|. For
0 = x1 —xo by Claim 27, there is a point t € (u, v—J) such that a(t) = a(t+9).
Let yo = t — xo and observe that yo € (u — zp,v — z9) C (¢,d). Then
(0,90) € (a,b) x (¢,d) C B,,. On the other hand,

|Byo (20) = Byo (21)] = |a(wo) — a(o + o) — 1) + a1 + yo)| =

= |a(zo) —a(t) —a(zr) +a(t+96)| = |a(zg) —alx1)| > m|zo—z1] > nglze — 21

which contradicts to (2o, y9) € Bn,- O

6 Main result.

In this section we prove the main result of the paper. We first prove the
following auxiliary facts.

Proposition 28. Let X be a second countable topological space, Y be a Baire
space and G C W C X xY be open sets such that W C G. Then there exists a
dense Gs-set B CY such that for everyy € B the set Gy, = {x € X : (z,y) €
G} is dense in Wy ={x € X : (z,y) € W}.

PROOF. Put Gy = ((X x Y)\ W) UG and fix a base (U,,)%>, of topology of
X. Since G is dense in W, the set G is dense in X x Y. For every n € N
denote by B, the set of all y € Y such that there exist a neighborhood V'
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of y in Y and an open in X nonempty set U C U, such that U x V C Gy.

Clearly, all the sets B,, are open. Since Gy is dense in X X Y, B,, is dense in
o0

Y. Thus B = () B, is a dense in Y Gs-set such that for every y € B the set
n=1

{r € X : (z,y) € Go} is dense in X. Therefore for every y € B the set G, is

dense in W,,. O

Proposition 29. Let W = {(z,y) e R*? :a<z—y < b c<z+y <d},
[+ W =R, for every p € W there exist the partial derivatives f, (p) and f,(p)
which are continuous with respect to x and y respectively and G be a dense
open subset in W such that f,(p) = f,(p) = 0 for every p € G. Then f is
constant.

PRrOOF. Using Proposition 28 choose sets A C (%<, 4y and B C (52, 432)

such that A and B are dense in (%3¢, bg—d) and (%5, %), respectively, for

every x € A the set G* = {y € R: (z,y) € G} is dense in W* = {y € R :
(x,y) € W} and for every y € B the set G, = {x € R: (z,y) € G} is dense in
Wy={zeR:(z,y) € W}

Fix any y € B. Since f,, is continuous on W, x {y} and f.(p) = 0 for every
p € Gy x {y}, fi =0 on W, x {y}. Thus for every y € B the function f is
constant on W, x {y}.

Analogously for every x € A the function f is a constant on {x} x W?*.

atc b+d c—a d—b

Since A and B are dense in (3¢, 3%) and (3%, %5~) respectively, the function

f is a constant on the set ( J ({z} xW?*))U( U (Wy x{y})). The continuity
T€EA yeB
of f with respect to each variable implies that f is constant on W. O

Theorem 30. Let f : R2 — R be a separately twice differentiable func-
tion such that fll,(p) = f},(p) for every p € R%.  Then there eist twice
differentiable functions ¢ : R — R and v : R — R such that f(z,y) =
ol —y) +Y(x +y) for every z,y € R.

PROOF. Firstly we prove that there exist continuously differentiable functions
¢:R—= Rand ¢ : R = R such that f(z,y) = ¢(z —y) + ¢ (x + y) for every
z,y € R.

The cases of continuous function g = f; — f; and continuous function
h = f; + f,, are considered in Theorem 14.

Let U=V =R, Usu=z—yand Vov=x+yforzxe X =R and
yeY =R, 7 : UXxV = U, my(u,v) =u, m : UXV =V, 7,(u,v) = v, and
the functions f, g,k : U xV — R are defined by equalities: fu,v) = fz,y),
g(u,v) = g(z,y) and h(u,v) = h(z,y). Assume that g and h are discontinuous,
i.e. the sets D; and D5 of points of discontinuity of g and h are nonempty.
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We claim that there exist nonempty open segments (aj,b;) € U and
(c1,d1) CV and dense subsets A C (ay,b;) and B C (¢, d;) which satisfy the
following conditions:

(a) DNWy # @, where Wy = (a1,b1) X (¢1,d1) and D = Dy U Dy;

(b) for every u € A the function § is constant on {u} x (¢1,dy);

(¢) for every v € B the function h is constant on (a1,b1) x {v}.

It follows from Theorem 15 that the restriction §|p, has nowhere dense
discontinuity points set. Since D; # @, there exists an open in U x V set
Wy, = (@a1,b1) x (¢é1,dy) such that Dy N Wi # @ and the function glp, is
continuous at every point p € Dy N Wi. According to Corollary 21, the set
(D1 N Wl) is a meager set.

Note that Dy N W, # Q. Indeed, if h is continuous on Wi, then according
to Theorem 14 the function § is continuous on ;.

Analogously using Remark 22 we find a rectangle Wy = (a1,b1) x (¢1,d1) C
Wi such that Do N W # @ and the set 7, (D2 N W) is meager. Clearly, W
satisfies (a). Put A = (a1,b1) \ mo(D1 N W) and B = (¢1,dy) \ mo (D2 N WY).
The conditions (b) and (c) follow from Theorem 11 and Proposition 12.

Note that according to Theorem 14, the condition (a) is equivalent to
DiNW; # @ and Dy N Wy # @. Pick any p € Dy N Wi. Since Wy C Wh,
the function g|p, is continuous at p. Therefore there exists a neighborhood
Wo = [az, 62] X [52,cf2] C W1 of p such that wg(Wg NDy) < %wg(p). Reasoning
analogously as in the proof of Corollary 21, according to Theorem 20, find
an open nonempty segment (aj,by) C (az, by) and continuously differentiable
functions @1 : (ay,05) — R and 1 : (é2,d2) — R such that f(u,v) = ¢1(u) +
¥(v), in particular, h(u,v) = 2¢'(v) for every u € (ab,by) and v € (G2, da).
According to (c) we have that h(u,v) = 2¢'(v) for every u € (a1,b1) and
v €E BN (Eg,dz).

Analogously we find an open neighborhood Wy = (ag,bs) X (¢2,ds2) C W
of some point ¢ € Dy and continuously differentiable function ¢ : (ag,bs) — R
such that g(u,v) = 2¢'(u) for every u € AN (az,b2) and v € (¢1,d1).

Consider the function fo: Wo — R, fo(u,v) = ¢(u) + ¥(v). According to
Theorem 15 choose an open dense in Wy set G C W5 such that the functions
G and h are continuous at every point from G. Pick a family (Ps : s €

S) of rectangles P = (as,bs) X (¢s,ds) € U x V such that G = |J Ps.
seS
It follows from Theorem 14 that for every s € S there exist continueously
differentiable functions ¢, : (as,bs) — R and v, : (cs,ds) — R such that
flu,v) = @s(u) + ¥s(v) for every (u,v) € P,. Taking into account that
(as,bs) C (az,bs) C (a1,b1) and (cs,ds) C (E2,ds) C (c1,d1) we obtain that
©l(u) = ¢'(u) for every u € AN (as,bs) and Y.(v) = ¢'(v) for every v €
BnN(cs,ds). Since the functions ¢, ¥, ¢’ and v’ are continuous and the sets
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A and B are dense in (as,bs) and (cs,ds) respectively, the functions @5 — ¢
and 1), —1) are constant on (as, bs) and (c, ds) respectively. Thus the function
f — fo is constant on every rectangle P;.

Now for the function v : Z = R, y(z,y) = f(z,y) — p(z — y) — ¥(z + y),
defined on the set Z = {(z,y) € X xY : (u,v) € Wa}, we have v, (p) =
Yy(p) = 0 for every p = (z,y) such that (u,v) € G. Therefore according to
Proposition 29 the function ~ is constant. This implies that & is a constant
on Ws. But it contradicts to g € Dy N W,

Thus f(z,y) = p(x — y) + ¥(xz + y) for some continuously differentiable
functions ¢ and . It remains to prove that ¢ and i are twice differentiable.

Put a(z) = ¢'(z) and B(z) = ¢'(z). Note that fL(z,y) = a(z —y) +
B(x+y). Since f is twice differentiable with respect to xz, for every a € R the
function v,(x) = a(x) + B(x + a) is differentiable. Therefore for every a € R
the function 0, (z) = a(z) —a(z+a) = v.(z) —vo(z+a) is differentiable. Hence
according to Theorem 23, the function « is differentiable. The differentiability
of the function § can be proved by analogy. O
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