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ON THE EQUIVALENCE OF McSHANE
AND LEBESGUE INTEGRALS

Abstract

This paper gives a new proof of the equivalence of the McShane and
Lebesgue integrals, which is independent of measure theory.

The result as stated in the title is well-known. It can be proved in several
indirect ways with the aid of the absolute Henstock integral, by using Egoroff’s
theorem ([3], Chapters 1 and 4) or Lusin’s theorem ([1], Sections 2.4 and 2.5),
although both of the definitions of the McShane and the descriptive Lebesgue
integrals are independent of the measure theory. In this note, following an
idea of F. Riesz, we shall give another proof of this result which doesn’t rely
on measure theory. But the concept of outer measure of an (open) set is
necessary. In what follows, let [a, b] be a fixed finite closed interval on the real
line, | · | the outer measure of a set and all functions real-valued.

Let us recall the definitions of McShane and Lebesgue integrals and some
of their well-known facts which are necessary for our proof. We will refer to
[6], [3], [1], [2] and [4] as the references.

Definition 1 ([3], Definition 16.7).

1. Let δ be a positive function defined on [a, b]. A finite collection of
interval-point pairs P = {([u, v], x)} is called a δ-fine McShane partition
of [a, b], if the intervals [u, v] in P are nonoverlapping, ∪[u, v] = [a, b]
where the union is over P , and [u, v] ⊂ (x − δ(x), x + δ(x)) , where x
does not necessarily belong to [u, v].

2. The function f is said to be McShane integrable on [a, b], if there exists
a function F with the following property. For each ϵ > 0 there exists a
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positive function δ on [a, b], such that |(P )
∑

{f(x)(v− u)−F (u, v)}| <
ϵ , whenever P is a δ-fine McShane partition of [a, b], where F (u, v) =
F (v)−F (u). The function F is called the (McShane) primitive of f and

we will write F (a, b) = (M)
∫ b

a
f .

Definition 2 ([3], Definition 5.1 and the remark after the Theorem 5.7).

1. A function F is said to be absolutely continuous on [a, b], if for ev-
ery ϵ > 0 there exists η > 0 such that for every finite collection of
non-overlapping subintervals of [a, b], {[u, v]}, we have

∑
|F (u, v)| < ϵ ,

whenever
∑

(v − u) < η.

2. A function f is said to be Lebesgue integrable on [a, b] with the (Lebesgue)
primitive F , if F is absolutely continuous on [a, b] and F

′
(x) = f(x) a.e.

in [a, b]. We will write F (a, b) = (L)
∫ b

a
f .

Lemma 1 ([3], Example 16.8; [1], Theorem 2.5.4). If f is continuous on [a, b],
then it is McShane integrable on [a, b].

Lemma 2 ([1], Theorem 2.5.6; [3], Theorem 4.1 and the statement in the
proof of Theorem 16.10). Let {fn} be a sequence of McShane integrable func-
tions on [a, b]. If

1. fn → f(x) a.e. in [a, b];

2. f1(x) ≤ f2(x) ≤ . . . ≤ fn(x) ≤ . . . a.e. in [a, b];

3. (M)
∫ b

a
fn converges to A as n → ∞,

then f is McShane integrable to A on [a, b].

Lemma 3 ([6], Section 46). Let {fn} be a sequence of functions continuous
and bounded on the closed subset E of the real line; further suppose that {fn}
converges on E as n → ∞. Then for each η > 0, there is an open set G,
|G| < η, such that {fn} converges uniformly on E \G.

Lemma 4 ([6], Sections 8, 17 and 23). If f is Lebesgue integrable on [a, b]
with the primitive F , then so is |f | with the primitive VF , where VF (x) =
V (F ; [a, x]) denotes the total variation of F on [a, x].

Theorem 1 ([5], Theorem 1). If f is McShane integrable on [a, b], then it is

Lebesgue integrable on [a, b], and we have (L)
∫ b

a
f = (M)

∫ b

a
f .
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Remark 1 We can give the proofs of the above mentioned lemmas and The-
orem 1, without using measure theory.

The following theorem is usually proved indirectly by using Egoroff’s or
Lusin’s theorem. Here we give an alternative proof.

Theorem 2 If f is Lebesgue integrable on [a, b], then it is McShane integrable
on [a, b].

Proof. Suppose that F is the Lebesgue primitive of f . Then F is absolutely
continuous and F

′
(x) = f(x) a.e. on [a, b].

First, suppose f is bounded by K. For every positive integer n let fn(x) =
n[F (x+ 1/n)− F (x)]. Then fn is continuous on [a, b] and fn(x) → f(x) a.e.
in [a, b]. Let ϵ > 0, 0 < η < ϵ/K. There is an open set G

′ ⊂ [a, b], |G′ | < η/2,
such that {fn} converges to f everywhere on [a, b] \ G

′
. Since each fn is

continuous on the closed set [a, b] \ G
′
with respect to the set, by Lemma 3

there is an open set G
′′
with |G′′ | < η/2, such that {fn} converges uniformly

to f on [a, b] \ G, where G = G
′ ∪ G

′′
and we have |G| < η. Note that each

{fn} is continuous on [a, b] \G with respect to the set and hence so is f . Let
φ(x) = f(x) when x ∈ [a, b] \ G and linearly elsewhere in [a, b]. Then φ is
continuous on [a, b], and |φ(x)| ≤ K, x ∈ [a, b]. We have that φ is McShane
integrable on [a, b] by Lemma 1. Hence, there is a positive function δ, such
that

|(P )
∑

φ(x)(v − u)− (M)

∫ b

a

φ| < ϵ ,

whenever P is a δ-fine partition of [a, b]. We may assume that (x− δ(x), x+
δ(x)) ⊂ G when x ∈ G. By Theorem 1, φ is Lebesgue integrable on [a, b] and

(L)
∫ b

a
φ = (M)

∫ b

a
φ. Then we have, for every δ-fine McShane partition P of

[a, b], ∣∣∣∣∣(P )
∑

f(x)(v − u)− (L)

∫ b

a

f

∣∣∣∣∣
≤ |(P )

∑
f(x)(v − u)− (P )

∑
φ(x)(v − u)|

+|(P )
∑

φ(x)(v − u)− (M)

∫ b

a

φ|+ |(L)
∫ b

a

φ− (L)

∫ b

a

f |

≤ (P )
∑
x∈G

{|φ(x)|+ |f(x)|}(v − u) + ϵ+ (L)

∫ b

a

|φ− f |

< 2K|G|+ ϵ+ 2K|G| < 5ϵ ,
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where, denoting the open set G by the union of (ak, bk), k = 1, 2, . . .,

(L)

∫ b

a

|φ− f | =
∑
k

(L)

∫ bk

ak

|φ− f |

≤
∑
k

(L)

∫ bk

ak

{|φ|+ |f |} ≤
∑
k

2K(bk − ak) = 2K|G| .

Hence f is McShane integrable on [a, b].
Next, let f be unbounded on [a, b]. Since f is Lebesgue integrable on [a, b],

by Lemma 4 there is no loss of generality assuming f(x) ≥ 0 for all x ∈ [a, b].
Let gn(x) = f(x) when f(x) ≤ n and 0 elsewhere in [a, b]. Then gn is bounded
and Lebesgue integrable on [a, b]. Hence gn is McShane integrable on [a, b]

and (M)
∫ b

a
gn = (L)

∫ b

a
gn . Note that {gn} is monotone increasing, and so is

{(M)
∫ b

a
gn}. Furthermore, since {(L)

∫ b

a
gn} is bounded by (L)

∫ b

a
f , we have

{(M)
∫ b

a
gn} converges. It follows from Lemma 2 that f is McShane integrable

on [a, b] and the proof is complete. □
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