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ON SOME SUBSETS OF SPACES
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GROUPS

Abstract

For a given space E equipped with a transformation group G, the
notions of a G-thick set and of a G-thin set are introduced and discussed.
Some relationships between these notions and the theory of G-invariant
(more generally, G-quasiinvariant) measures are considered.

Let E be a nonempty basic set and let G be a subgroup of the group
Sym(E) of all bijective mappings acting from E onto E. In such a case the
pair (E,G) is usually called a space equipped with a transformation group.

We recall that a space (E,G) is homogeneous if the group G acts transi-
tively in E, i.e. for any two points x and y of E, there exists a transformation
g from G such that g(x) = y. It is well known that homogeneous spaces play
an important role in various domains of modern mathematics.

We recall also that the group G acts freely in E if, for any two distinct
transformations g ∈ G and h ∈ G and for each point x ∈ E, we have g(x) 6=
h(x).

More generally, suppose that I is a G-invariant σ-ideal of subsets of E. We
say that G acts I-freely in E if, for any two distinct transformations g and h
from G, the set {x ∈ E : g(x) = h(x)} belongs to I.

Let X be a subset of the basic set E.

Definition 1 We say that X is (G, I)-thick (in E) if there exists a family
{gk : k < ω} of transformations from G satisfying the relation

E \ ∪{gk(X) : k < ω} ∈ I,
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where ω denotes, as usual, the first infinite ordinal (cardinal) number.

Obviously, if X is (G, I)-thick in E and X ⊂ Y ⊂ E, then Y also is
(G, I)-thick in E.

Definition 2 We say that a set X is (G, I)-thin (in E) if X is not (G, I)-thick
in E.

Clearly, if X is (G, I)-thin and Y ⊂ X, then Y also is (G, I)-thin.

Definition 3 We say that a set X is (G, I)-scattered (in E) if, for any two
distinct transformations g and h from G, the sets g(X) and h(X) are I-almost
disjoint, i.e. g(X) ∩ h(X) ∈ I.

Evidently, if X is (G, I)-scattered and Y ⊂ X, then Y is (G, I)-scattered,
too.

Definition 4 We say that a set X is a (G, I)-selector (in E) if there exists a
selector Y of the family of all G-orbits, such that X4Y ∈ I, where 4 denotes,
as usual, the operation of symmetric difference of sets.

If I is a trivial σ-ideal, i.e. I = {∅}, then each (G, I)-notion can be changed
by the corresponding G-notion. In particular, a (G, {∅})-thick set will be called
a G-thick set, a (G, {∅})-thin set will be called a G-thin set, etc.

Example 1. Let µ be a nonzero complete σ-finite measure defined on some
σ-algebra of subsets of E. Let us denote by I(µ) the σ-ideal of all µ-measure
zero subsets of E. The measure µ is called G-quasiinvariant if the classes of
sets dom(µ) and I(µ) are invariant with respect to the group G. In this case,
we can consider the notions of a (G, I(µ))-thick set, of a (G, I(µ))-thin set, of
a (G, I(µ))-scattered set, and of a (G, I(µ))-selector.

Actually, we may restrict our further considerations to probability G-
quasiinvariant measures on E, since every nonzero σ-finite measure is equiva-
lent to a probability measure.

A particular case of the concept of a quasiinvariant measure is the concept
of an invariant measure. We recall that a measure µ on E is G-invariant if
dom(µ) is invariant with respect to G and, for each set Z ∈ dom(µ) and for
each transformation g ∈ G, we have µ(g(Z)) = µ(Z).

Example 2. Let (E,G) be a space equipped with a transformation group. It
can easily be seen that

1) if G is countable, then every G-selector is a G-thick subset of E;
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2) if G acts freely in E, then every G-selector is a G-scattered subset of E;

3) if G is uncountable and acts freely in E, then every G-selector is a G-thin
subset of E.

In the present paper, we deal with some properties of (G, I)-thick, (G, I)-
thin and (G, I)-scattered subsets of E, and discuss several applications of those
properties to the theory of G-quasiinvariant (G-invariant) measures.

We begin with the discussion of some relationships between (H, I(µ))-thick
sets and (H, I(µ))-scattered sets, where H is a countable group of transforma-
tions of E and µ is an H-invariant measure on E. Let X be an (H, I(µ))-thick
subset of E and let Y be an (H, I(µ))-scattered subset of E. One can assert
that if the sets X and Y are measurable with respect to µ, then the inequality
µ(Y ) ≤ µ(X) is true. This result is essentially due to Minkowski who found
various applications of it in the theory of convex sets and in geometric number
theory (see, e.g., [4]). The proof of the Minkowski inequality is very simple.
Indeed, we can write

µ(Y ) = µ(Y ∩ E) = µ(Y ∩ (∪{h(X) : h ∈ H})) ≤
∑
h∈H

µ(Y ∩ h(X)).

Taking into account the facts that H is a group, µ is an H-invariant measure
and Y is an (H, I(µ))-scattered set, we obtain∑

h∈H

µ(Y ∩ h(X)) =
∑
h∈H

µ(h−1(Y ) ∩X) ≤ µ(X).

Thus, we have the desired inequality µ(Y ) ≤ µ(X).
This simple result can immediately be applied to a question concerning the

existence of a nonmeasurable set with respect to µ (in that case when µ is not
identically equal to zero, of course). In order to show such an application, we
need the following notion.

Definition 5 Let (E,G) be a space equipped with a transformation group and
let ν be a G-quasiinvariant measure on E. We say that ν is weakly metrically
transitive if, for each ε > 0, there exists a (G, I(ν))-thick set Z ∈ dom(ν) with
ν(Z) < ε.

This notion is closely connected with the usual notion of metrical transi-
tivity of a quasiinvariant measure. We recall that a G-quasiinvariant measure
ν on E is metrically transitive (ergodic) if each set Z ∈ dom(ν) with ν(Z) > 0
is (G, I(ν))-thick in E. Let us observe that if ν is a nonatomic metrically
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transitive measure on E, then ν is weakly metrically transitive, too. The con-
verse assertion is not true, in general. Moreover, it can easily be seen that
every G-quasiinvariant extension of a weakly metrically transitive measure is
also weakly metrically transitive, and it is well known that there are invari-
ant extensions of the metrically transitive Lebesgue measure which are not
metrically transitive. For instance, a nonseparable invariant extension of the
Lebesgue measure, constructed by Kakutani and Oxtoby in their famous work
[6], is not metrically transitive.

Proposition 1 Let (E,G) be a space equipped with a transformation group,
H be a countable subgroup of G, and let µ be a nonzero H-invariant weakly
metrically transitive measure on E. Suppose also that H acts I(µ)-freely in
E. Then each (H, I(µ))-selector is nonmeasurable with respect to µ.

Proof. Let Y be an arbitrary (H, I(µ))-selector. Since H acts I(µ)-freely
in E, the set Y is (H, I(µ))-scattered. Suppose, for a moment, that Y ∈
dom(µ). Let us fix ε > 0. Since µ is weakly metrically transitive, there
exists an (H, I(µ))-thick set X ∈ dom(µ) such that µ(X) < ε. Applying
the Minkowski inequality to the sets X and Y , we get µ(Y ) < ε. But ε
was taken arbitrarily small, so we conclude that µ(Y ) = 0. The latter equality
immediately implies µ(E) = 0, because Y is an (H, I(µ))-thick set in E. Thus,
we obtained a contradiction with the assumption that µ is a nonzero measure.
This contradiction completes the proof.

Notice that the same argument simultaneously yields a more general result.
Namely, each (H, I(µ))-selector is nonmeasurable with respect to every H-
invariant measure on E extending the original measure µ.

The following example shows that an analogue of Proposition 1 is not true
for quasiinvariant measures.

Example 3. Let H be an infinite countable group of transformations of E,
acting freely in E. It is not hard to construct a probability weakly metrically
transitive H-quasiinvariant measure ν on E such that dom(ν) coincides with
the family of all subsets of E. In particular, all (H, I(ν))-selectors are mea-
surable with respect to ν and, hence, the statement analogous to Proposition
1 does not hold for ν.

Of course, we can directly apply Proposition 1 to the classical Lebesgue
measure given on a finite-dimensional Euclidean space (sphere) equipped with
the group of all its isometric transformations. In this way we easily get a
Lebesgue nonmeasurable subset of the space (sphere).

Here it is reasonable to remind that several approaches to the problem of
existence of nonmeasurable sets are known. An algebraic approach is due to
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Vitali (1905), a topological approach is due to Bernstein (1908) and a purely
set-theoretical approach was developed by Ulam (1930).

The first example of a Lebesgue nonmeasurable subset of the real line
(equipped with the group of all its translations) was constructed by Vitali
[17]. The standard Vitali argument can be found in various mathematical
textbooks devoted to the theory of real functions, measure theory and related
topics (see, e.g., a well-known book by Oxtoby [11] where Vitali, Bernstein
and Ulam constructions are discussed in detail). Here we wish to notice only
that the argument used in the Vitali construction, as well as the proof of
Proposition 1 presented above, is based on the assumption of invariance of
a given measure (cf. also [14] and [15] where some other constructions of
nonmeasurable sets, with respect to nonzero σ-finite invariant measures, are
considered). If we want to obtain the corresponding statement on the existence
of nonmeasurable sets for nonzero σ-finite quasiinvariant measures, then we
need an essentially different argument. We shall return to this question in our
further considerations.

Now, we are going to show some natural relationships between (G, I)-thick
sets and the theory of countable (G, I)-equidecomposability.

Let (E,G) be a space equipped with a transformation group and let X
and Y be any two subsets of E. We recall (cf., e.g., [18]) that X and Y are
countably (G, I)-equidecomposable if there exist two disjoint families of sets

{Xk : k < ω}, {Yk : k < ω}

satisfying the following conditions:

a) for each index k < ω, we have Xk ⊂ X and Yk ⊂ Y ;

b) X \ ∪{Xk : k < ω} ∈ I and Y \ ∪{Yk : k < ω} ∈ I;

c) for each index k < ω, the set Xk is G-congruent with the set Yk, i.e.
there exists a transformation gk ∈ G such that gk(Xk) = Yk.

It is easy to see that if there exist two I-almost disjoint families

{Xk : k < ω}, {Yk : k < ω}

of sets satisfying conditions a), b) and c) mentioned above, then X and Y are
countably (G, I)-equidecomposable.

Remark 1. Let (E,G) be a space equipped with a transformation group and
let µ be an arbitrary σ-finite G-invariant complete measure on E. Then the
following assertions are equivalent:
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1) µ is metrically transitive;

2) for any two µ-measurable sets X and Y such that µ(X) ≤ µ(Y ), the set
X is countably (G, I(µ))-equidecomposable with a subset of Y .

This result is essentially due to Banach and Tarski (see [2]).
Also, if ν is an arbitrary σ-finite G-quasiinvariant complete measure on E,

then the following assertions are equivalent:

(1) ν is metrically transitive;

(2) for any two ν-measurable sets X and Y , either X is countably (G, I(ν))-
equidecomposable with a subset of Y or Y is countably (G, I(ν))-equide-
composable with a subset of X.

Thus, we see that the metrical transitivity of a given σ-finite invariant (quasi-
invariant) complete measure can be expressed in terms of countable equide-
composability, modulo the σ-ideal of measure zero sets.

Lemma 1 Let (E,G) be a space equipped with a transformation group, I be
a G-invariant σ-ideal of subsets of E, and let X be a subset of E. Then the
next two assertions are equivalent:

1) X is a (G, I)-thick subset of E;

2) X contains an (H, I)-selector, for some countable subgroup H of G.

Proof. Suppose that the set X is (G, I)-thick in E. Then there exists a
family {hk : k < ω} of transformations from G such that

E \ ∪{hk(X) : k < ω} ∈ I.

Denote by H the subgroup of G generated by {hk : k < ω} and put

Y = E \H(X).

Obviously, H is a countable group and Y ∈ I. Further, it can easily be seen
that every H-orbit contained in the set E \ Y has a nonempty intersection
with the given set X. From this fact it immediately follows that X contains
an (H, I)-selector. Thus, implication 1)⇒ 2) is proved.

The converse implication 2) ⇒ 1) is trivial since, for any countable sub-
group H of G, every (H, I)-selector is an (H, I)-thick subset of E.

Lemma 2 Let (E,G) be a space equipped with a transformation group, I be
a G-invariant σ-ideal of subsets of E and let H be a countable subgroup of G.
Then any two (H, I)-selectors are countably (H, I)-equidecomposable.
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This lemma is trivial.

We say that a set X ⊂ E is (ω,G, I)-divisible if there exists a disjoint
family {Xn : n < ω} of subsets of X such that

a) X \ ∪{Xn : n < ω} ∈ I;

b) the sets Xn (n < ω) are pairwise countably (G, I)-equidecomposable.

Moreover, we say that a set X ⊂ E is strongly (ω,G, I)-divisible if there exists
a disjoint family {Xn : n < ω} of subsets of X satisfying relation a) and the
following relation:

b’) the sets Xn (n < ω) are pairwise G-congruent.

Lemma 3 Let (E,G) be a space equipped with a transformation group, I be
a G-invariant σ-ideal of subsets of E and let H1 and H2 be two countable
subgroups of G such that

1) H1 ⊂ H2;

2) H2 acts I-freely in E;

3) the index of H1 in H2 is equal to ω.

Then there exists a strongly (ω,G, I)-divisible (H1, I)-selector in E.

Proof. Denote by Z an arbitrary H2-selector in E. Using this H2-selector
Z, we shall construct the desired (H1, I)-selector. First of all we need a rep-
resentation of the group H2 in the form

H2 = ∪{H1hn : n < ω},

where {hn : n < ω} is a countable family of elements of H2 such that

H1hn 6= H1hm (n < ω, m < ω, n 6= m).

Further, we put

X = ∪{hn(Z) : n < ω}.

Since H2 acts I-freely in E, we have g(Z) ∩ h(Z) ∈ I, for any two distinct
transformations g and h from H2. It immediately follows from this fact that
the set X is strongly (ω,G, I)-divisible. Also, it can easily be checked that X
is an (H1, I)-selector in E. Thus, X is the required (H1, I)-selector.
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Lemma 4 Let (E,G) be a space equipped with a transformation group, I be
a G-invariant σ-ideal of subsets of E and let H be a countable subgroup of
G acting I-freely in E. Suppose also that X is an (ω,G, I)-divisible (H, I)-
selector in E. Then the sets X and E are countably (G, I)-equidecomposable.

Proof. According to our assumption, we can write

X \ ∪{Xn : n < ω} ∈ I,

for some disjoint family {Xn : n < ω} consisting of sets Xn ⊂ X which are
pairwise countably (G, I)-equidecomposable. We have, on the other hand,
that

E \ ∪{h(X) : h ∈ H} ∈ I

and, consequently,

E \ ∪{h(Xn) : h ∈ H, n < ω} ∈ I.

Thus, we see that the basic set E can be represented as the union (modulo
I) of an infinite countable I-almost disjoint family of sets each of which is
countably G-equidecomposable with the set X0. Consequently, X and E are
countably (G, I)-equidecomposable.

Now, we can formulate and prove the following statement.

Proposition 2 Let (E,G) be a space equipped with a transformation group
and let I be a G-invariant σ-ideal of subsets of E. Suppose that the next two
conditions are satisfied:

1) card(G) > ω;

2) G acts I-freely in E.

Let X be a subset of E. Then the following assertions are equivalent:

a) X is a (G, I)-thick set in E;

b) the sets X and E are countably (G, I)-equidecomposable.

Proof. Obviously, if X is countably (G, I)-equidecomposable with E, then
X is a (G, I)-thick subset of E, i.e. implication b)⇒ a) is true for an arbitrary
space (E,G).

Let us establish implication a)⇒ b). Suppose that X is (G, I)-thick in E,
i.e. there exists a family {hn : n < ω} of transformations from G such that

E \ ∪{hn(X) : n < ω} ∈ I.
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Let us denote by H the subgroup of G generated by {hn : n < ω}. Since
H is countable and G is uncountable, there exists a countable group H ′ ⊂
G such that H ⊂ H ′ and the index of H in H ′ is equal to ω. Applying
Lemma 3 to the groups H and H ′, we obtain that there exists a strongly
(ω,G, I)-divisible (H, I)-selector Z. According to Lemma 4, the sets Z and
E are countably (G, I)-equidecomposable. Further, according to Lemma 1,
the given set X contains a certain (H, I)-selector. This (H, I)-selector will be
denoted by Y . Applying Lemma 2, we see that the sets Y and Z are countably
(G, I)-equidecomposable. So, by transitivity, Y and E are countably (G, I)-
equidecomposable, too. Finally, taking into account the relation Y ⊂ X ⊂ E,
we conclude that X is countably (G, I)-equidecomposable with E.

Remark 2. The referee suggested a shorter argument (skipping Lemmas 1
- 4) in order to give another proof of Proposition 2. However, we decided
to preserve the above-mentioned Lemmas in the text, because they are not
difficult and contain some additional information concerning (G, I)-thick sets
and countable (G, I)-equidecomposability.

Example 4. An analogue of Proposition 2 is not true, in general, for a
countable group G of transformations of E. Moreover, suppose that G is a
group of transformations of E such that there exists at least one point x ∈ E
for which we have the inequalities 1 < card(G(x)) ≤ ω. Then it is not difficult
to check that the set

X = (E \G(x)) ∪ {x}

is G-thick in E, but X and E are not countably G-equidecomposable.

Example 5. Starting with Proposition 2, one can easily obtain the existence
of nonmeasurable sets with respect to a given probability invariant measure.
More precisely, let E be a basic set, G be an uncountable group of transfor-
mations of E, and let µ be a complete probability G-invariant measure on
E such that G acts I(µ)-freely in E. Then we can assert that there exists
a µ-nonmeasurable subset of E. In order to show this, suppose to the con-
trary that dom(µ) coincides with the family of all subsets of E. Let H be an
arbitrary subgroup of G satisfying the inequalities

1 < card(H) ≤ ω.

Let us consider a set

Z = {z ∈ E : H(z) = {z}}.

Since G acts I(µ)-freely in E, we have Z ∈ I(µ). Obviously, for each point
z ∈ E\Z, the orbit H(z) contains at least two distinct elements. Consequently,
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there are two disjoint (H, I(µ))-selectors X and Y . According to Proposition
2, each of the sets X and Y is countably (G, I(µ))-equidecomposable with E.
Therefore, we have the equalities

µ(X) = µ(Y ) = µ(E) = 1, µ(X ∪ Y ) = 2,

which immediately imply a contradiction. This contradiction establishes the
existence of subsets of E nonmeasurable with respect to µ.

It is reasonable to emphasize here that the argument presented above is
essentially based on the assumption of invariance of µ and does not work for
probability quasiinvariant measures.

The next example contains an application of Proposition 2 to the classical
situation of a finite-dimensional Euclidean space equipped with a group of
affine transformations.

Example 6. Let E be the n-dimensional Euclidean space and let G be an
uncountable subgroup of the group of all affine transformations of E. We
denote by I the σ-ideal of subsets of E, generated by the family of all affine
hyperplanes in E. Obviously, the σ-ideal I is G-invariant, and G acts I-freely
in E. Thus, according to Proposition 2, a set X ⊂ E is (G, I)-thick in E if and
only if the sets E and X are countably (G, I)-equidecomposable. The following
question arises naturally: can the countable (G, I)-equidecomposability of sets
X and E be strengthened to the usual countable G-equidecomposability of X
and E. Clearly, a necessary condition for this is the following one: there does
not exist a nonemptyG-invariant set belonging to I. This condition can also be
formulated in another, geometrical, form: for each affine linear manifold P ⊂
E with dim(P ) < n, the family of manifolds {g(P ) : g ∈ G} is uncountable.
We are going to show that the latter condition is sufficient for deducing the
countable G-equidecomposability of sets X and E from the countable (G, I)-
equidecomposability of X and E. So, in our further consideration, we assume
that the group G satisfies the above-mentioned condition.

First of all let us note that if A and B are any two subsets of E and A
is countably G-equidecomposable with a subset of B, then we write A �G B.
For various properties of the relation �G, see e.g. [18]. In particular, the
conjunction of relations A �G B and B �G A is true if and only if the sets A
and B are countably G-equidecomposable.

Let Z be a set belonging to I. For a natural number k < n, we write
dim(Z) = k if Z can be represented as the union of a countable family of
affine linear manifolds in E such that each of those manifolds has dimension
k. Let us prove, by induction on k, that the sets E and E \ Z are countably
G-equidecomposable. This will give us the required result that the sets X and
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E are countably (G, I)-equidecomposable if and only if X and E are countably
G-equidecomposable.

1. dim(Z) = 0. Evidently, in this case, Z is a countable subset of E.
Taking into account the fact that all G-orbits of points of E are uncountable,
it is not difficult to define a set Y ⊂ E such that

a) card(Y ) = ω and Z ⊂ Y ;

b) Y �G Y \ Z.

Therefore, we can write

E = ((E \ Y ) ∪ Y ) �G ((E \ Y ) ∪ (Y \ Z)) = E \ Z,

and, thus, the sets E and E \ Z are countably G-equidecomposable.
2. Suppose now that our assertion has already been established for all sets

Z ∈ I with dim(Z) < k, where k < n, and let us prove that this assertion is
also true for all those sets which belong to I and have dimension k. Let us
take any set Z ∈ I with dim(Z) = k. An argument similar to the one used in
case 1 shows us that there exists a set Y ∈ I such that

(a) Z ⊂ Y and dim(Y ) = k;

(b) for some set Z∗ ⊂ Y with dim(Z∗) < k, we have Y \ Z∗ �G Y \ Z.

Therefore, we can write

E \ Z∗ = ((E \ Y ) ∪ (Y \ Z∗)) �G ((E \ Y ) ∪ (Y \ Z)) = E \ Z.

Applying the assumption of induction, we get

E �G E \ Z∗ �G E \ Z.

Finally, since we also have E \Z �G E, we conclude that the sets E and E \Z
are countably G-equidecomposable.

In particular, we see that any two (G, I)-thick subsets of E are countably
G-equidecomposable. For instance, if G acts transitively in E, then any two
subsets of E with nonempty interiors are countably G-equidecomposable (cf.
[18] where an analogous statement is established only for the group of all
translations of E).

Remark 3. A result similar to the one presented in Example 6 was also
obtained in [12].

The next simple proposition yields a characterization of (G, I)-thin sets
(and, consequently, of (G, I)-thick sets) in an arbitrary space (E,G).
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Proposition 3 Let (E,G) be a space equipped with a transformation group,
I be a G-invariant σ-ideal of subsets of E and let X be a subset of E. Then
the following three assertions are equivalent:

1) X is (G, I)-thin in E;

2) there exists a two-valued complete probability G-invariant measure µ on
E such that I ⊂ I(µ) and X ∈ I(µ);

3) there exists a nonzero σ-finite complete G-quasiinvariant measure µ on
E such that I ⊂ I(µ) and X ∈ I(µ).

Proof. Suppose that X is (G, I)-thin in E. Then it is not hard to verify
that there exists a proper G-invariant σ-ideal J of subsets of E, containing
I ∪ {X}. Let us denote by S the σ-algebra of subsets of E, generated by J .
Obviously, S is invariant under G and, for each Y ∈ S, we have either Y ∈ J
or E \Y ∈ J . Let us put µ(Y ) = 0 if Y ∈ J , and µ(Y ) = 1 if E \Y ∈ J . Then
µ is a two-valued complete probability G-invariant measure on E for which
I(µ) = J . In particular, I ⊂ I(µ) and X ∈ I(µ). Thus, implication 1)⇒ 2) is
proved.

The implications 2)⇒ 3) and 3)⇒ 1) are trivial.

We now return to the question concerning the existence of sets nonmeasur-
able with respect to general nonzero σ-finite quasiinvariant measures. More
exactly, let E be a basic set equipped with an uncountable group G of its
transformations and let µ be a nonzero σ-finite G-quasiinvariant measure on
E such that G acts I(µ)-freely in E. Does there exist a subset of E nonmea-
surable with respect to µ? An affirmative answer to this question was obtained
in the works [5], [7], and [13] (as mentioned in [5], the question was originally
raised by Oxtoby). The method of these works can be regarded as a certain
combination of the two classical approaches - an algebraic approach of Vitali
[17] and a set-theoretical approach of Ulam [16]. Namely, the next two facts
play an essential role for the method presented in [5], [7] and [13]:

a) if G′ is a subgroup of G with card(G′) = ω1 and X is an arbitrary
µ-measurable G′-selector in E, then µ(X) = 0;

b) ω1 is not a real-valued measurable cardinal, i.e. there does not exist a
nonzero σ-finite diffused (continuous) measure defined on the family of
all subsets of ω1.

We recall that statement b) was first established by Ulam in his famous
work [16] where, in particular, he constructed a special (ω × ω1)-matrix con-
sisting of subsets of ω1 (the construction of that matrix is also given in [11]).
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If we want to avoid the purely set-theoretical approach due to Ulam, we must
investigate more thoroughly the algebraic structure of G-thin sets. Following
this way, we can even get a stronger result. A tool for obtaining such a result
is the notion of a G-negligible set, which is a particular case of the notion of
a G-thin set.

Definition 6 We say that a G-thin subset X of E is G-negligible if, for each
probability G-quasiinvariant measure µ on E such that G acts I(µ)-freely in
E, we have the implication X ∈ dom(µ)⇒ µ(X) = 0.

Example 7. Let R2 denote the Euclidean plane and let Γ be the group of all
translations of R2. Let Z be a subset of R2 such that there exists a function
f : R→ R whose graph coincides with Z. Then it is not difficult to show that
Z is a Γ-negligible subset of R2.

Various properties of G-negligible subsets of E are considered in [8]. In
particular, it is established there that, for G-negligible sets X and Y , the set
X ∪ Y need not be G-negligible.

Suppose now that card(G) = ω1. Then, as proved in [8], there exists a
partition {Xk : k < ω} of E such that each set Xk is G-negligible in E (see
also [9] where a more general result, in group-theoretical and topological terms,
is presented). Actually, it was shown in [8] and [9] that each set Xk of the
above-mentioned partition is absolutely G-negligible with respect to the class
of all those probability G-quasiinvariant measures µ on E for which G acts
I(µ)-freely in E (the notion of an absolutely G-negligible subset of E is a
particular case of the notion of a G-negligible subset of E; it is defined and
investigated in [8]).

We wish to emphasize that the latter result does not require the real-valued
nonmeasurability of ω1 and immediately yields the next statement.

Proposition 4 Let E be a set and let G be an uncountable group of trans-
formations of E. Then there exists a partition {Xk : k < ω} of E with the
following property: for every probability G-quasiinvariant measure µ on E such
that G acts I(µ)-freely in E, at least one of the sets Xk is nonmeasurable with
respect to µ.

Proof. Let G′ be a subgroup of G satisfying the equality card(G′) = ω1.
Then, as mentioned above, there exists a partition {Xk : k < ω} of E
consisting of G′-negligible sets. Now, let µ be an arbitrary probability G-
quasiinvariant measure on E such that G acts I(µ)-freely in E. Obviously,
µ is also a G′-quasiinvariant measure and G′ acts I(µ)-freely in E. Suppose
that all sets Xk (k < ω) are measurable with respect to µ. Then we have
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µ(Xk) = 0, for all k < ω. Consequently, µ(E) = 0, which contradicts the
equality µ(E) = 1. This contradiction ends the proof.

We see, in particular, that if an uncountable group G acts freely in E, then
there exists a partition {Xk : k < ω} of E with the following property: for
every probability G-quasiinvariant measure µ on E, at least one of the sets
Xk is nonmeasurable with respect to µ.

In connection with this result, let us remark that if µ is an arbitrary prob-
ability measure on E and {Yk : k < ω} is a countable partition of E, then
there always exists a measure ν on E extending µ and satisfying the relation

{Yk : k < ω} ⊂ dom(ν).

For the proof, see [1] or [3]. Moreover, it can be proved that if µ is a probability
measure on E and {Yt : t ∈ T} is an arbitrary partition of E, then there exists
a measure ν on E extending µ and satisfying the relation

{Yt : t ∈ T} ⊂ dom(ν).

Thus, we see that the situation of quasiinvariant measures essentially differs
from the situation of ordinary (i.e. nonquasiinvariant) measures.

Proposition 4 inspires us to formulate the following problem.

Problem. Let G be an uncountable group of transformations of E, acting
freely in E. Does there exist a finite partition of E consisting of G-negligible
sets?

More generally, it would be interesting to find a precise characterization of
all those spaces (E,G) for which such a partition does exist.

Example 8. Let G be an arbitrary uncountable commutative group. Let us
put E = G and let us identify the group G with the group of all translations
of E. Hence, we have the space (E,G) with a transformation group. It was
shown in [10] that there exists a partition {A,B,C} of E such that each of
the sets A, B and C is G-negligible in E. We thus see that, in the case of
uncountable commutative groups, the answer to the question posed above is
positive.
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