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SELF-AFFINE CURVES AND SEQUENTIAL
MACHINES

Introduction

The nowhere differentiable function proposed by K. Weierstra$l (see [59], [29])
inspired many mathematicians to look for simple examples of such functions
and to investigate their properties. A similar source of impulses was given by
the examples of space-filling curves constructed by G. Peano (see [37], [38]) and
D. Hilbert (see [25]). A unified description of the construction methods leading
to the previous examples was given by B. Mandelbrot, when he introduced
the initiator-generator construction (see [34]). This general concept has been
formalized and further developed in several directions: In the direction of
recurrent sets initiated by M. F. Dekking (see [13], [14], [15]), and in the
direction of iterated function systems (IFS) introduced by J. E. Hutchinson
(see [26]). Tterated function systems have later been generalized by T. Bedford
(see [4]), M. Barnsley (see [2]), C. Bandt (see [1]), D. Mauldin and S. Williams
(see [35]) as well as many other authors.

The concept of M. F. Dekking probably is the most general and best known
method to generate fractal curves. It involves combinatorial and geometrical
aspects. The combinatorial part consists of a substitution rule, which assigns
to each element of a finite set of symbols, called an alphabet, a word, i.e. a
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concatenation of finitely many symbols from the same alphabet. While the
symbols correspond to the initiators in the sense of B. Mandelbrot, the words
can be associated with the generators. The geometrical part of Dekking’s
method includes the geometrical interpretation of the symbols and of the words
by non-empty compact subsets of the n-dimensional Euclidian space as well as
a rescaling procedure. The set or the fractal curve, which is produced, is the
limit of the rescaled geometrical representations corresponding to the words
generated by the substitution starting from a given symbol or word.

S. Eilenberg introduced a different way to construct fractal curves by using
sequential functions (see [19]). A sequential function, which is obtained by
a finite state machine closely related to a finite automaton, assigns to each
word with letters from an input alphabet a word with letters from an output
alphabet. Assuming that a consistency condition is satisfied, an interpretation
of the words as the digital representations of numbers in two different number
systems gives rise to a continuous function from the real numbers into an
Euclidian space. S. Eilenberg found sequential machines producing the square-
filling curves of Peano and Hilbert with their standard parametrizations.

T. Kamae defined the general notion of a (m, «)-self-affine function and
proved that it is generated by a special kind of finite automaton (see [27]).
Later on C. Bandt observed that the graphs of (m, a)-self-affine functions can
be constructed by sequential machines (see [1]).

Our paper was motivated by the desire to understand to what extend the
notion of sequential functions is capable to construct self-affine functions and
curves. We shall prove that each self-affine curve is generated by a sequential
machine. This includes not only the curves obtained by the method of M.
F. Dekking but also curves produced by iterated function systems. In order
to expose the relations between the construction using sequential functions
and the previous established methods we introduce several types of self-affine
curves. Many classical examples will be discussed to illustrate the different
types of self-affinity. In the general case, the realization of the curves by
means of sequential functions is based on the classical Cantor representation
of the real numbers in the unit interval. The combinatorial part of Dekking’s
construction, the substitution, will appear as an ingredient of the sequential
machine. The geometrical part can be recovered in the consistency condition
for sequential machines, which assures that a sequential machine leads to a
continuous function.

For detailed information on the examples considered in this paper we refer
to [17], [18], [22], [34] and [39]. Moreover these books provide an introduction
to the concepts of fractal geometry, which are not explicated here. Further
books with a specific treatment of curves are [49] and [56].
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1 Preliminaries

Notations

An alphabet A = {ay,...,a,} is a set containing a finite number of symbols.
For an alphabet A we denote with A* = {a1...ar : k€ N,a; € A1 <j <k}
the set of all words with letters in A. The empty word is denoted with €. With
respect to the concatenation of words, (v,w) — vw for all words v and w, A*
is provided with the structure of a free semi-group generated by the letters of
A, whose unit element is ¢.

As a particular case we denote by [k] the alphabet whose elements are the
numbers {0,1,...,k — 1} for k € N.

Let @ be any alphabet. A map 6 : Q* — Q* with 6(q) # ¢ for all ¢ € Q is
called a substitution, provided it is compatible with the semi-group structure
of @*, i.e. for all v,w € @* we have 8(vw) = 0(v)(w). In the case that 6(q)
has the same number m of letters for all ¢ € @), we say that 6 is a substitution
of constant length m. Moreover, if 8(q) = qo ... gm—1, we write 0;(¢q) = ¢; for
all j € [m], (see [19]).

Self-Affine Functions

In this section we introduce a family of self-affine functions, which has been
defined by T. Kamae in [27] generalizing a concept of N. Kéno [32].

Definition 1. A continuous non-zero function f : [0,1] — R is called self-
affine of order a € (0,1] and with base m € N, m > 2 (or simply (m, a)-self-
affine), if the following conditions are satisfied.

(a) There is a finite number of continuous functions xg, ...,xn-1 :[0,1] —
R with z;(0) =0 for all j € [N], and o = f.

(b) There is a substitution 0 : [N] — [N]* of constant length m such that
for all (j,h) € [N] x [m] and fort € [0,1] we have

o (T
() (£) 20
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Remarks 1. T. Kamae defines self-affine functions by means of continuous

functions yo,...,ynv—1 : [0,1] — [0,1], where y;(0) in general is not equal
to zero and therefore property (a) is not satisfied. For technical reasons we
work with the functions zg,...,zy_1 : [0, 1] — R satisfying the properties (a)

and (b), which can be obtained from yo,...,yn—1 by the definition z;(t) =

y;(t) = 5(0).
2. Additionally to the conditions (a) and (b) T. Kamae requires that for
all 4,7 € [N] there are numbers k € N and h € [m*] such that

h+t h l‘j(t)
Ti\ Tk )~ T\ k) T ek

We omit this condition since it is not of any importance during the course of
this paper.

Example 1. The Coordinate Functions of the Peano Square-Filling
Curve, see [37], [29] pp. 117-122, [36].

The Peano curve p : [0,1] — [0,1]2 is defined as follows. Let k : [3] — [3] be
the map a— 2—a fora € [3]. Ift € [0,1] is given in its 3-adic representation
t =300, t;377, then p(t) = (x(t), y(t)), where

2(t) = 2 03,
y(t) = Ej:l v;377,

and
_ _ ot
up = ty, vy = k',
(5] - ktgt?)a U2 - kt1+t3t47
Up, — kt2+...+t2n,2t2n71) Up, — kt1+...+t2n,1t2n.

Let 6 : {0,1}* — {0,1}* be the substitution

6(0)=010010010,
6(1)=101101101.

Then the functions xo(t) = x(t) and z1(t) = —z(t) are (9, 3)-self-affine, since
we have for all h € [9], j € {0,1} and t € [0, 1]

h+t h 1
o(5)- 8) -t
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If 0 : {0,1}* — {0,1}* is the substitution

(0)=000111000,
6(1)=111000111,

and yo(t) = y(t) and y1(t) = —y(t), we have for all h € [9], 7 € {0,1} and

t€10,1]
h+t h 1
vil— )~ ¥uilg)= gyeh(j)(t)-

Hence, also the functions yo and y, are (9, %)—self—aﬁﬁne.

Figure 1: The fourth approximation to the first (left) and to the second (right) coordinate
function of the Peano curve.

Example 2. (Kiesswetter’s Nowhere Differentiable Function, see [28]).

The definition of K. Kiesswetters function f is based on the 4-adic repre-
sentation of numbers in the unit interval. Fort € [0,1], t = Z;‘;l t; 477, it is
given by

d,
1 =S (-2,
v=1
with
d - 0 ift, =0,
YTl -2 ift, >0,

and N, = #{k | t, = 0,k < v}. This function is (4, 3)-self-affine. Let 6 :
{0,1} — {0,1}* be defined by 0(0) = 1000 and 6(1) = 0111. Then we



SELF-AFFINE CURVES AND SEQUENTIAL MACHINES 451

obtain for fo(t) = f(t) and fi(t) = —f(t) that for all h € [4], g € {0,1}, and

te€[0,1]
h+t h 1
fa <4) —fq <4> = §f9h(q)(t)'
Figure 2: The fourth approximation to the Kiesswetter function fp and to f1 = —fo.

Example 3. The Devil’s Staircase, see [8].

G. Cantor constructed a monotone function c: [0,1] = R, which is known
as the devil’s staircase or as Cantor’s singular function. It has a derivative ex-
cept for points in the Cantor set, which has Lebesgue measure zero. Moreover,
if the derivative exists for t € [0,1] then ¢/(t) = 0. On the Cantor set

C=St=> ;37 |t;€{0,2} foralljeN},

j=1

It takes the same values on the endpoints a = 0.t ...1,02 and b= 0.t ...t,1
of the interval It, +.1 = la,b], and it is defined to be c(t) = c(a) for all
t € [a,bl.
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Let Q@ = {0,1} and 0 : Q — Q* be the substitution given by 0(0) = 010
and 0(1) = 111. Then the functions co(t) = c(t) and ¢1(t) =0 for allt € [0,1]
are (3,1)-self-affine, i.e. for allt € [0,1], i € {0,1}, and h € [3] we have

h+t h 1
Ci (3> —¢ <3) = gceh(i)(t)-

For this function the additional condition of T. Kamae is not satisfied (see the
previous remark).

Sequential Functions

A sequential function is a function between the words over two different alpha-
bets A and B. In this section we will give a brief introduction to sequential
machines and sequential functions according to S. Eilenberg (see [19], chap.
X). Moreover, we show how sequential functions can be applied to generate
and describe (m, a)-self-affine functions f : [0,1] — R.

Definition 2. A sequential machine M = (Q, A, B,o,T) consists of a finite
set of states @, an input alphabet A, an output alphabet B, a transition func-
tion o : Q X A — @, and an output function 7 : Q Xx A — B.

The transition function and the output function can be uniquely extended
too:Qx A* = Q and 7: Q x A* — B*, such that o(q,e) = q for all g € Q,
and for all words v,w € A* and all ¢ € Q

o(gow) = o(o(q,v),w),
(g, vw) = 7(g,v)7(0(q,v), w).

For each q € Q the sequential machine M = (Q, A, B,o,T) defines a function
fq + A® — B*, which is called the sequential function corresponding to M and
q. It is defined by

folar...an) =7(q,a1...an).

Usually a sequential machine M = (Q, A, B, o, T) is represented by a directed
graph T"pq, whose vertices are the states ¢ € Q. An arrow with label a/b leads
from a vertex ¢; to a vertex ¢o if and only if 0(q1,a) = ¢2 and 7(q1,a) = b.

Remark A sequential function f; has the following properties.

(a) If fr(ay...an) =b1...by, then n =m.

(b) filar...ants) = bi...bnys implies that fr(ai...an) = by...b, for
s,n € N.
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All sequential machines M = (Q, A, B, o0, 7) considered in this section will be
used to generate continuous functions f : [0,1] — R. The input alphabet is
A = [m] for some number m € N, and the output alphabet B is a subset of R
with 0 € B. We will assume that 7(¢,0) = 0 for all ¢ € @ during the course
of this section.

Let € R be a number with » > 1. We say that the machine M =
(Q,[m], B,o,T) is r-consistent, if for all ¢ € @ and for all ¢ € [0,1] with two
different m-adic representations

o0 o0
_ ) — 5 —J
t= g a;m~—’ = E a;m-7,
j=1 Jj=1
we have
o0 oo
= — Do—d
g b;r 7§ bjr—7,
=1 =1

where for all n € N
filara) = biob
f;(aflén) = blbn

Definition 3. Let M = (Q, [m], B,o,T) be a r-consistent sequential machine.
Then for each q € @Q the sequential function f; gives rise to a continuous
function f, :[0,1] — R. Fort € [0,1] witht =372, tym™7 and fr(ty ... t,) =
dy...dy for alln € N we define

fq(t) = i djr_j'
j=1

We say that f, is generated by the sequential function fy.

Proposition 1. Let M = (Q,[m], B,o,7) be a r-consistent sequential ma-
chine such that B C R, 0 € B, and 7(q,0) = 0 for all ¢ € Q. Then for each
q € Q the function f, : [0,1] — R generated by fy is (m,a)-self-affine, where
« s determined by m® = r.

Proor. We set N = #Q, and for x; we take the function f,, which is
generated by fy., where @ = {qo,...,qn—1}. The condition 7(¢,0) = 0 for all
g € @ ensures that z;(0) = 0 for all j € [N].

Now conversely the following proposition will show that an arbitrary (m, «)-
self-affine function f : [0,1] — R can be generated by a sequential function.
This relation has been observed also by C. Bandt in [1] without using the
concept of sequential functions. O
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Proposition 2. Let f : [0,1] — R be a (m,a)-self-affine function. Then
there exists an alphabet B C R and an m®-consistent sequential machine M =
(Q,[m], B,o,7), such that f is generated by fy : [m]* — B* for some q € Q.

ProOOF. Let zg,...,zn—1 : [0,1] = R be the collection of continuous func-
tions, such that f =z and for all (j,h) € [N] x [m] and ¢t € [0, 1]

<h+t) (h) _ Zoa(y)(t)
i | — |~z | = | =—4—-
m m m

We will define a sequential machine (Q, [m], B, o, 7). Then an easy calculation
shows that the corresponding sequential function f; : [m]* — B generates f.
o the set of states is Q = {zg,...,2n_1},
e the input alphabet is A = [m],
e the output alphabet is

5={mea; (1) i eWine i},

e the transition function is given by o(x;, h) = x, (),

e the output function is 7(z;, h) = m®xz; (£).
The m®-consistency of this machine can be concluded from the continuity of
the functions xg,...,zN_1. O]

Remark  Self-affine functions f : [0, 1] — R with m® € Nand z;(0),z;(1) €
{0,1} for all j € [N] have been studied by S. Takahashi in [55]. If we do not
assume that z;(0) = 0, we obtain 7 = m® and B = [r] in this case.

2 (m, L)-Self-Affine Curves

In this section we extend the definition of (m,a)-self-affine functions f :
[0,1] — R to curves ¢ : [0,1] — R% We will show that self-affine curves
can be realized by sequential functions. Moreover it turns out that the family
of (m, L)-self-affine curves coincides with a class of recurrent curves consid-
ered by F. M. Dekking in [14]. In this section we only consider curves in R2.
However, the results can be extended directly to curves in R”.

Recall that a linear map L : R? — R? is called an expanding map, if the
absolute values of all eigenvalues of L are larger than 1.

Definition 4. Let L : R? — R? be a linear expanding map and m € N. A
curve ¢ : [0,1] — R? is called an (m, L)-self-affine curve, if the following
conditions are satisfied.
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(a) There is a finite number of curves xo,...,xn_1 : [0,1] — R? with
x;(0) = (0,0) for all j € [N], and zo = .

(b) There is a substitution 6 : [N] — [N]* of constant length m, such that
for all (j,h) € [N] x [m] and fort € [0,1] we have

x; <hm+t> — (:;) = L™ (g, (5(1))-

Example 4. Hilbert’s Square-Filling Curve, see [25], see also [14].
Set Q@ ={0,1,2,3} and let 6 : Q — Q* be the substitution

6(0) = 1003,
g(1) = 0112,
0(2) = 3221,
9(3) = 2330.
Let h: [0,1] — [0, 1] be the Hilbert curve and define

ho(t) = h(?) ha(t) = —h(?),

( - )h(t), s (1) ( R >h(t).

Then {hg, hi, ho, hs} is a family of (4, L)-self-affine curves, where L(x,y) =
(27, 2y).

hi(t)



456 PEITGEN, RODENHAUSEN AND SKORDEV

:

Figure 3: The third approximation to the Peano curve (left) and the fifth approximation
to the Hilbert curve (right).

Example 5. Peano’s Square-Filling Curve.

Let p : [0,1] — [0,1]? be the Peano curve, p(t) = (x(t),y(t)) for all t €
[0,1]. We take the set of states @ = {0,1,2,3} together with the substitution
0:Q — QF, which is given by

0(0) = 010323010,
6(1) = 101232101,
6(2) = 232101232,
6(3) = 323010323

The following family of curves {po,p1,p2,ps} is (9, L)-self-affine for the ex-
panding map L : R? — R? given by L(x,y) = (3x,3y). For allt € [0,1]

pO(t) = p(t)a

pi(t) = (=x(t),y(t)),
p2(t) = (=2(t), —y(1)),
p3(t) = (2(t), —y(t)).

Example 6. Heighway’s Dragon, see [12], [16]

Recall that the approximation to Heighway’s dragon can be obtained by
folding a sheet of paper a certain number of times in the middle. Unfolding
the paper with angles of 90° at any crease establishes the curve. Let Q = [8]
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Figure 4: The 12th approximation to Heighway’s dragon with an unfolding angle of 90°.

be a set with eight states and define 6 : [8] — [8]* to be the substitution

0(0) = 1636, 6(4) = 2725,
6(1) = 2707, 0(5) = 3436,
0(2) = 3414, 9(6) = 0507,
0(3) = 0525, 0(7) = 1614.

Let dy : [0,1] — R? denote the Heighway dragon curve. We now introduce
the following family of curves {do,dx,...,d7}, which is (4, L)-self-affine with
L(z,y) = (2z,2y).

aw=(] "o )a.  ao=( 75 )0,

ds(t) = ( 0 )do(t),
and dj(t) = dj_4(—t) - dj_4(1) fO’f’j = 4, 5, 6, 7.

Example 7. Heighway’s Dragon with Unfolding Angle 120°.
Now we consider the dragon curve ¢ : [0,1] — R2, whose approzimations
are obtained by using angles of 120° instead of 90°, as in the previous example.
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Figure 5: The 7th approximation to Heighway’s dragon with an unfolding angle of 120°.

In this case let L : R?2 — R? be the expanding map L(x,y) = (3x,3y), and let
0 : [12] — [12]* be given by

60) = 19509, 9(6) = 6264,
6(1) = 210 0 10, o7 = 7375,
0(2) = 3111 11, 08) = 8480,
6(3) = 4626, 69) = 9591,
6(4) = 5737, 6(10) = 10 0 10 2,
6(5) = 6848, 6(11) = 111 11 3.

_ cos(zij:) —sin(zLJ:)
vi(t) = ( sin(%) cos(%) )ap(t)

Finally, for j =6,...,11 set ¢;(t) = ps—;(1 —t) — @e_;(1). Then the family
of curves {¢; : [0,1] = R? | j € [12]} is (4, L)-self-affine.

Remark  The Heighway dragon curve is (4, L)-self-affine for any choice of
a rational unfolding angle o € [%, 7]. The set of states @ then has exactly 2k
elements, if £ € N is the smallest number such that k3 = 0 mod 27, where
B = 5%. If a is an irrational number, the Heighway dragon curve is not
(4, L)-self-affine for any L, but we will see later that it will be self-affine in a

more general sense.

Example 8. Lévy’s Dragon, see [33].
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Figure 6: The 6th approximation to Levy’s dragon.

Let 1:[0,1] — R? be the Lévy dragon and 6 : {0,1,2,3} — {0,1,2,3}* the
substitution

0(0) = 3001,
6(1) = 0112,
0(2) = 1223,
0(3) = 2330.

The following family of curves {ly,l1,12,13} is (4, L)-self-affine with L(z,y) =
(22, 2y).

W(t) = 1), a = (T 1 )i,

(?é)wx la(t) = (f @)uﬁ

Example 9. Sierpinski’s Gasket Curve, see [52].

The gasket curve s : [0,1] — R? has been defined by W. Sierpinski as
an example for a curve, where each point is a point of ramification. We set
Q = [6] and define the substitution 6 : [6] — [6]* to be

11 (t)

6(0) 504, 0(3) 132,
0(1) 315, 0(4) 240,
0(2) = 423, 0(5) = 051.
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1 _3 1
Sl(t) = ( L% 21 >50(t), Sg(t) = < 7& 721 >So(t)

Forj =3,4,5 we set sj(t) = sj—3(1—t)—s;_3(1). Then the family {so,...,s5}
is (3, L)-self-affine, where L : R? — R? is the expanding map L(x,y) =
(2z,2y).
Example 10. The Graph of the z-coordinate Function of the Peano
Curve.

Let z : [0,1] — R be the x-coordinate function of the Peano curve and
wo(t) = (t,x(¢)). If p1(t) = (t,—x(t)) and L(z,y) = (9z,3y), the curves ¢q
and @1 are (9, L)-self-affine. For all j € [2], h € [9] and t € [0, 1] we have

@j<h;t)‘—@j<g)<—L%¢%uKU%

where 0 : [4] — [4]* is the substitution of example 5.

Example 11. The Graph of Kiesswetter’s Function.

Let f : [0,1] — R be the Kiesswetter function and o : [0,1] — R? its
graph, wo(t) = (¢, f(t)) for all t € [0,1]. If p1(t) = (t,—po(t)), the curves
{¢o, 1} are (4, L)-self-affine. For a verification take again the substitution
0 :{0,1} — {0,1}* which is given by 6(0) = 1000 and (1) = 0111, and
L(z,y) = (4z,2y). Then we obtain for all g € {0,1},h € [4], and t € [0,1]

oo (") e (3) = L Pmw )

Remark In general, if f : [0,1] — R is a (m,«a)-self-affine function, the
curve vy (t) = (¢, f(t)) for all t € [0, 1] is a (m, L)-self-affine curve for the same
substitution # and L : R2 — R? defined by

(3 2)(3)

Similar as before we assume that M = (Q, [m], B, 0, T) is a sequential machine
with B C R? such that 7(g,0) = (0,0) for all ¢ € Q. We say that M is L-
consistent, if for all ¢ € @ and for all ¢ € [0,1] with two different m-adic

representations
(o) o0
_ I — G
t= E a;m’ = g a;m
=1 j=1
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and
filar...a,) = bi.b,
foar...an) = bi...by
for all n € N, it follows that
oo ) [ee) o
DLy =) LT(by).
Jj=1 j=1

Proposition 3. Let M = (Q,[m|, B,o,7) be an L-consistent sequential ma-
chine such that B C R?, (0,0) € B, and 7(g,0) = 0 for all ¢ € Q. Then each
q € Q gives rise to a sequential function f;. The sequential function generates
a continuous function f, that is (m, L)-self-affine.

Proposition 4. Let ¢ : [0,1] — R? be an (m, L)-self-affine curve. Then
there exists an alphabet B C R? and an L-consistent sequential machine M =
(Q,[m], B,o,7), such that ¢ is generated by f; : [m]" — B* for some q € Q.

PROOF. Let xg,...,zn_1 : [0,1] — R? be the curves, such that ¢ = x¢, and
let 6 : [N] — [N]* be the substitution such that for all (j,h) € [N] x [m] and

te0,1]
o () = o () = Lm0

In the same way as in Proposition 1 we find the sequential machine M =
(Q, A, B,0,7) and the sequential function f generating ¢ : [0,1] — R? by
the following definition.

o the set of states is @ = {zg,...,xNn_1},

e the input alphabet is A = [m)],

e the output alphabet is

B={ros; (L) 1jeWlnem},

e the transition function is given by o(x;, h) = xg, (j),
e the output function is 7(z;,h) = Loz, (£).

m

Again, the L-consistency of M = (Q, [m], B,o,7) can be concluded from the
continuity of the curves zg,...,zy—_1, and the condition z;(0) = 0 for all
J € [N] implies that 7(¢,0) = (0,0) holds for all ¢ € Q. O

Now we consider in which way (m, L)-self-affine curves are related to the
recurrent curves studied in [14]. Let 6 : @ — Q* be a substitution and
i Q* — R? a homomorphism. Suppose that we can find a linear expanding
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map Lg : R? — R?, such that Ly o = po@. According to [14] we will call a
system (Q, 0, p, L) with Loy = pro 6 an L-system.

Let H(R?) denote the metric space of all non-empty compact subsets of
R? together with the Hausdorff metric (see [22]). The polygon map K : Q —
H(R?) is defined by

K(q) = {t-pulq) : t € [0,1]}.
It can be extended to K : Q* — H(R?) by

K(qi-.-qn) = K(q1) U{K(q2) + p(q)} U... U{K(qn) + p(q1 ... qn—-1)}.

It is proved in [14] that the sequence of polygons L, "™ (K (6"(qo))) converges
with respect to the Hausdorff metric to a set Ky(qop), which is a curve.

We set 0"(qo) = Wn1 ... Wpp(n)- In order to give a parametrization for
Ko(qo), we define ¢, : [0,1] — R? in such a way, that ¢, (t) is parametrized
uniformly on the interval [jr(n)~!, (j + 1)r(n)~!] for all j € [r(n)]. It is
shown in [14] that the polygonal curves @, (t) converge uniformly to a curve
¢ :[0,1] — R? which is a parametrization of Ky(qo)-

Proposition 5. Let ¢ : [0,1] — R? be the parametrization of a recurrent
curve Kg(qo), where 6 : Q — Q* is a substitution of constant length m. Then
the curve ¢ is (m, Lg)-self-affine.

PROOF. We consider the parametrizations ¢ ,, : [0,1] — R? of L= (K (6™(q)))
and the parametrizations ¢, (t) of Ky(g) for all ¢ € @), which is explicitly
Pq(t) = nh_?;o Pq.n(t)-
Then for all h € [m], n € N and ¢ € [0,1] it follows that
h+t h _
o <m> e (m) = L5 (Pon@ 1 (1):
In the limit n — oo we therefore obtain for all ¢ € @, h € [m] and ¢ € [0, 1]
h+t h _
®q <m> — g <m) = Ly ' (0,(9)(1))-
O

Finally we will see that each (m,L)-self-affine curve ¢ : [0,1] — R? is a
recurrent curve corresponding to a substitution 8 : Q — Q* of constant length.

Proposition 6. Let ¢ : [0,1] — R? be an (m, L)-self-affine curve. Then there
is a homomorphism p: Q* — R2, such that Loy = pof, and a state gy € Q
such that ¢ is the parametrization of Kg(qo).
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PRrOOF. Let Q = {zg,...,zy—1} be the family of curves, such that z¢ = ¢,
and let 6 : Q — Q* be the substitution such that for all j € [N], h € [m], and

t€10,1]
z; (hmH> — <:1> = L™ (@, (1)),

where L : R? — R? is a linear expanding map. The substitution 6 : Q — Q*
is given by 0(z;) = xg,(j).--%s,,_,(;) for all z; € Q. The homomorphism
p: Q% — R% is given by u(x;) = x;(1). Then for g =z; € Q

n0(@) = w(@eoi)--- o, 1))
= xf)o(]) 1)+ -+ g, () (1)

= ( (1))
= L(0(9)),
which shows that ©(0(q)) = L(p(g)) for all ¢ € Q. Therefore the conditions
from [14] are satisfied for 6 : Q* — Q*, p: Q* — R? and L : R? — R2. If g,

denotes the curve constructed in [14] corresponding to g € @, the curves g,
and ¢4 coincide. Since they are continuous maps, it is sufficient to verify that

for all h € [mk]
h h
20\ ) =90 \x )

This follows directly from the definition by induction with respect to k. O

3 Cantor Representations of Reals in the Unit Interval
Corresponding to a Substitution

The idea of representing a real number z € [0,1] in its m-adic expansion is
motivated by the geometric fact that each z € [0,1] is the intersection of at
least one sequence of subintervals of length m =", where the (n + 1)st interval
is obtained from the nth interval by a decomposition into m smaller intervals
all of which having the same length.

In the same way each z € [0,1] can be described as the intersection of a
sequence of nested intervals, where again the (n 4 1)st interval is obtained
from the nth interval by an equidistant decomposition into subintervals, but
the number of subintervals depends on the nth interval itself. This process
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leads to the Cantor representation of real numbers in the unit interval [0,1] = I
(see [7]).

Let @ be an alphabet and 6 : Q — Q* a substitution, such that r(q) > 2
is the number of symbols in the word 0(q) for all ¢ € Q. We assign a finite
directed graph I'y with labeled arrows to the substitution #. The vertices of
T’y are the letters of the alphabet @), and an arrow has the initial vertex ¢,
the terminal vertex g2, and the label h € [r(q1)], when 0 (¢q1) = ¢a.

Example 12. The graph Ty for 0 : {a,b} — {a,b}*, where a — aba and
b+— ba is shown in Figure 7.

Rosson:

Figure 7: The graph for the substitution # of Example 12.

We call a (finite or infinite) sequence of arrows (e;);>1 a directed path in Iy,
if the terminal vertex of e; is the initial vertex of e;;; for all j. The initial
vertex of e; is the initial vertex of the path. We denote by %, the set of all
infinite paths in I'y with initial vertex ¢g. To each directed path e = (e;);>1 in
Y4 corresponds a number

me(e) = Z r(qo) ... 7(gj—1)’

Jj=1

where ¢; are the initial vertices of e; and h; € [r(g;—1)] are the labels of e; for
all j € N. Here we set gy = ¢. Note that m,(e) € [0,1] for all e. Therefore =,
is a map from X, to the unit interval.

We will show that m, : £, — [0,1] is onto, i.e. for each t € [0,1] there is
a directed path e € X, such that m,(e) = t. Let the tree T, with root ¢ € Q
be the set of all finite paths in 'y starting in ¢ € Q. We define ¢ to be the
vertex of the Oth generation in the tree T,. Assume that the vertices of the
kth generation in T, are already defined for £ € N. Then 7 is a vertex of the
(k + 1)st generation with label g if there is a vertex © of the kth generation
with label ¢ and a h € [r(q)], such that 0,(¢) = q.

Example 13. The first two generations of the trees T, and Ty, corresponding
to the substitution 0 : {a,b} — {a,b}* given by a — aba and b — ba are
illustrated in the Figures 8 and 9.
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Figure 8: The tree T, corresponding to the substitution 6 of Example 13.

Figure 9: The tree T} corresponding to the substitution 6 of Example 13.

To each vertex v of the tree T, corresponds a subinterval of [0, 1], which can
be defined as follows. Let ¢ = e; ...e; be the unique path in 7; connecting
the root ¢ = go with v. If the label of ¢; is h; € [r(g;—1)] for j =1,...,k, the
interval I, ., corresponding to e is

Iel...ek = whl,r((m) ©...0 whk,r(qk,l)(l)7
where vy, .. : [0,1] — [0, 1] is defined for ¢ € [0, 1] by

wh,r (t) = M .

r
Then I, ..c, C ley..cp_y> and Ie; e, = Ule, .. cpeny,- These properties imply
that there is at least one path e = (ex)r>1 € X, such that t € I, ., for all
n € N. From the definition of w, we have my(e) = NS¢, .., , and therefore
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t = my(e). In particular,

) hn
b= Z r(qo) - - r(qn_1)’

We call this representation of ¢ the (6, ¢)-representation.

Remarks 1. If0: Q — Q* is a substitution of constant length, i.e. r(q) =r
for all ¢ € @, then the (0, ¢)-representation is the r-adic representation.
2. The (0, q)-representation of a number ¢ € [0, 1] is not unique in general.
3. For each t € [0,1] and a path e in the tree T, such that w(e) = t, the
(0, g)-representation of ¢ corresponding to e is the Cantor representation with
respect to the sequence (r(qn))n>0 (see [7], [6], pp. 215-221).

4 (0, L)-Self-Affine Curves

We have seen in Section 2 that recurrent curves Ky(q) in the sense of Dekking
corresponding to a substitution 0 : Q — Q* of constant length m, a homo-
morphism g : Q* — R2, and a linear expanding map L : R?> — R? can be
described by an (m, L)-self-affine curve ¢ : [0,1] — R2. In particular, ¢ can
be generated by a sequential function.

In this section we will show how sequential machines can be generalized
to produce recurrent curves corresponding to arbitrary substitutions. The
functions generated by these generalized sequential machines will be called
(0, L)-self-affine curves. During the course of this section let 8 : Q — Q* be a
substitution such that r(g) > 2 is the number of symbols of 6(q) for all g € Q.
In particular, (m, L)-self-affine curves are (6, L)-self-affine curves, where 6 is
a substitution of constant length.

Definition 5. Let § : Q — Q* be a substitution and L : R? — R? q linear
ezpanding map. A curve ¢ : [0,1] — R? is called a (0, L)-self-affine curve, if
the following conditions a. and b. are satisfied.

(a) There is a family of curves {x4 : [0,1] — R? | ¢ € Q} with z,(0) = (0,0)
for all g € Q and zy = .

(b) For allt € [0,1], for g € Q and § = 0,,(q) with h € [r(q)] one has
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Figure 10: Third approximation to the curve f, of M. F. Dekking.

Example 14. Dekking’s Square-Filling Curve, see [1/], ex. 4.7.

Let Q = {0,1,2,3} be the set of states and 0 : Q — Q* the substitution

212123032123,

01030301,
21210301,
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for q € {0,1} and h € [8],

for h € [12],
for h € [4].

Lilf@h(Q) (t)
L™ fo, (1)
L™ fo.3)()

3)
)

Hence, the family of curves {fo, f1, f2, f3} is (0, L)-self-affine.

h
5
%
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Figure 11: Third approximation to the curve f;, of M. F. Dekking.

Figure 12: Third approximation to the curve f. of M. F. Dekking.



SELF-AFFINE CURVES AND SEQUENTIAL MACHINES 469

Figure 13: Third approximation to the curve f; of M. F. Dekking.

Definition 6. Let 6 : Q — Q* be a substitution, and rpq, = max{r(q) :
q € Q}. Then the sequential machine My = (Q, A, B, o, T) corresponding to 0
consists of the set of states Q, the initial alphabet A = [rimaz], and an output
alphabet B C R? containing (0,0). Transition function o and output function
T are defined on the set

Q={(¢;h):q€Q,her(q)]} CQ x [rmazl-

The transition function is given by o(q,h) = 0x(q). The output function sat-
isfies 7(q,0) = (0,0) for all ¢ € Q.

The transition and output function can be extended to all (q,hy...h,) €
Q X [Fimaz]®, where e = ey ...ey is a path in the tree T, and hj € [r(j —1)] are
the labels of e; for all j €N, qo = gq.
Example 15. The Sequential Machine My for the substitution 0 : {a,b} —
{a,b}* given by a — aba and b — ba is shown in Figure 14. Here B =
{do, dy,dy, 00,01} C R
Now let L : R? — R? be a linear expanding map, and let My = (Q, A, B, 0,7)
be a sequential machine with B C R? such that 7(¢,0) = (0,0) for all ¢ € Q.

We say that My is L-consistent, if for all ¢ € @ and all ¢ € [0,1] with two
different (6, ¢)-representations

00 hn
t:z::r(qo)~...-r(

n=1

anl)
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0/d,
1/d,
(D D
175,

Figure 14: The sequential machine My for the substitution 6 of Example 15.

2/d,

where
filn ..
fq*(hl ..
holds for all n € N we obtain

S LTMdy) = L7"(dy).

n=1

hp) = dy...dy
h

n)

|
QU
=
o
3

If My is L-consistent, we find for each ¢ € Q a curve f, : [0,1] — R%
If 0.hy hy... is the (6, q)-representation of ¢ corresponding to the path e =
(én)n>1 with initial vertex ¢, and if for all n € N

fy(hi . hy) =di...dn,
then f; is defined by

=3 17"(d)
n=1
The condition 7(g,0) = (0,0) implies that f,(0) = (0,0) for all ¢ € Q.

Proposition 7. The curves {f, : [0,1] — R? | ¢ € Q} generated by an L-
consistent sequential machine My, which corresponds to a substitution 0 are

(0, L)-self-affine.
PROOF. Suppose that o(qo, h1) = Go for hy € [r(qo)] and

o0 h (o]
=2 7(qo) - r(gn- 2:: (qn 1)

1

;~z

t+h1: i

r(qo) it
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From the definition of f,, it follows that for d = 7(qo, h1)

t+ hy I “1/p.
oo (S8) = 1)+ 17 (4 0,

The condition 7(gg,0) = (0,0) implies that

m(ib)zr%w

() ()

and therefore,

Proposition 8 shows that the opposite assertion is also true.

Proposition 8. Let {f, : [0,1] = R? | ¢ € Q} be a family of (0, L)-self-affine
curves. Then there is an L-consistent sequential machine Mg = (Q, A, B, 0, T)
corresponding to a substitution 0, such that Mg generates the curves f,.

PROOF. Let My be the sequential machine corresponding to the substitution
0 : Q — Q*. The output alphabet B C R? is the set

B = {(0,0} H{for0)(1) + -+ fogm(1) | ¢ € Q,h € [r(a)]},

and the output function is given by 7(g¢,0) = (0,0) for all ¢ € @ and

7(q,h) = fo(q,00(1) + .. + fogn-1)(1)

for all (¢, h) with h € [r(¢g)]. Since the curves f, are continuous, My is L-
consistent, the curve generated by the sequential function f; is f;. O

Finally we want to discuss how the (6, L)-self-affine curves are related to the
L-systems (Q,0, i, L) in the sense of F. M. Dekking, where 6 : @ — Q* in
general is a substitution of nonconstant length, L is a linear expanding map,
and u : Q — R? is a homomorphism, such that Loy = pof. Then (Q, 0, u, L)
generates a curve ¢, : [0,1] — R? given by
Pq(t) = nlgngo Pgn(t);

where ¢4, (t) is the parametrization of the polygon K, , = L™ "(K(0"(q))).
Here we denote with K : Q* — R? the polygon map.
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Proposition 9. The curves ¢, : [0,1] — R? are (0, L)-self-affine.

PrOOF. From the definition of Dekking follows the recursive relation

h+t h —1
_— — _— = L
Pq,n+1 < r(q) ) Pq,n+1 (r(q)) QDGh(q),n(t)

forall g € Q, t € [0,1] and n € N. If n tends to infinity we obtain the
assertion. O

Proposition 10. Let My be a L-consistent sequential machine gemerating
the curves {f, : [0,1] = R? | ¢ € Q}. There is a L-system with substitution
0:Q — QF such that f, is the parametrization of the curve
_ : —-n n
K, = lm L7 (K(0"(q))).
PROOF. The homomorphism p : Q@ — R? can be defined by u(q) = f,(1).

Then (Q,0, 1, L) is an L-system, i.e. Loy = pod, such that the curves f; are
generated by (Q,0, i, L). O

5 (0,~)-Self-Affine Curves

We have seen in the previous section how sequential functions generate curves
in R? which are (f, L)-self-affine with respect to a linear expanding map
L : R? — R% Now we consider more generally sequential functions whose
interpretation leads to curves in R? which are self-affine with respect to a finite
number of linear expanding maps. Just as in the previous section 0 : @ — Q*
is a substitution such that r(q) > 2 is the length of the word 6(q) for all ¢ € Q.

Let
v: (J{a} x [r(@)] — GL(R?)
q€Q
be a map into the group GL(R?) of all invertible linear maps of R?, such that
v(q, h) are expanding maps for all ¢ € Q and h € [r(q)].

Definition 7. A curve ¢ : [0,1] — R? is called a (6,7)-self-affine curve, if
the following conditions are satisfied.

(a) There is a family of curves {z, : [0,1] — R? | ¢ € Q} with z,(0) = (0,0)
forall g € Q and xy = .

(b) For allt € [0,1], for ¢ € Q and § = 0x(q) with h € [r(q)] holds

. (h (f];) _a, ((”q)) — (g, 1) (g ).
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If in particular 0 is a substitution of constant length m, we also say that ¢ is
a (m,~)-self-affine curve.

Let My = (Q, A, B,0,7) be a sequential machine with B C R? and 7(q,0) =
(0,0) for all ¢ € Q. If v : Uyegla} x [r(9)] — GL(R?) is a map such that
v(g,h) is a linear expanding map for all ¢ € @ and h € r(q), we say that
My is y-consistent, if for all ¢ € Q and all ¢ € [0, 1] with two different (0, ¢)-
representations

oo r(gn-1) = 1(Go) - 7(dn-1)’
where
Jilhao b)) = di...d
f;(h1 Shy) = di...dy
holds for all n € N, we obtain that
o0 oo
Z an(dn) = Z &"(Jn)a
n=1 n=1

with

dn = H ’Y(O’((L hl I hjfl), hj)il.
j=1
If My is a ~y-consistent sequential machine, we find for each ¢ € @ a curve
fq:10,1] = R2. If 0.hy ho ... is the (q, §)-representation of ¢ corresponding to
the path e = (e,)n>1 with initial vertex ¢, and if f;‘(hl coohp)=di...d, for
all n € N, then f; is defined by

fq(t) = Z an(dn)-
n=1

Proposition 11. The curves {f, : [0,1] — R? | ¢ € Q} generated by a -
consistent sequential machine My, which corresponds to a substitution 6 are

(0, ~)-self-affine.

Proposition 12. Let {f, : [0,1] — R? | ¢ € Q} be a family of (0, ~)-self-affine
curves. Then there is a y-consistent sequential machine Mgy = (Q, A, B, 0, T)
corresponding to a substitution 0, such that Mg generates the curves f,.
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These propositions can be proved completely in the same way as the Propo-
sitions 6 and 7 in the previous section. Note that (6, L)-self-affine curves are
also (60, ~)-self-affine.

Example 16. Hilbert’s Square-Filling Curve.
Let h : [0,1] — [0,1]? be the Hilbert curve and @ = {0} and 6(0) =0000.
The map v : [4] — GL(R?) let be given by

=5 o) == 5) @=(_ )

Then it can be varified that the Hilbert curve is (0,7)-self-affine.

Example 17. Peano’s Square-Filling Curve.
If @ = {0} is the one point set, and

9 times

The Peano curve is (0,7)-self-affine, where v : [9] — GL(R?) is defined by
~v(h) = ( 3 g ) for h=10,2,6,8, ~(h)= < 73 g ) forh=1,7,

v(h)=<_03 _g) for h=3,5, W@:(f) _g) for h=4.

Example 18. Sierpinski’s Gasket Gurve.

Let Q = {0} be the one point set and §(0) = 000. Define~y : [3] — GL(R?),
such that v(0) is a reflection along the direction of § together with a scaling
by a factor of 2, (1) is just a scaling by the factor 2, and ~(2) is a reflection
along the direction of —¢ together with a scaling by the factor 2. Hence,

=33 ) 03 8) (e )

Then the Sierpinski gasket curve is (0, )-self-affine.
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Example 19. Lévy’s dragon.
Define Q@ = {0} to be the one point set and 8(0) = 00, and let v : [2] —
GL(R?) be defined by

wo=( 1) w=(1 ).

Then the Levy dragon 1 : [0,1] — R? is a (6,)-self-affine curve.

Example 20. Heighway’s Dragon Curve with Unfolding Angle o €
(5,7

Let fo : [0,1] — R? be the Heighway dragon curve and let fi : [0,1] — R? be
defined by fi(t) = fo(1 —1t) — (1,0). Set B = =5%. Define 0 :{0,1} — {0,1}*
by 0(0) =6(1) =01 and v:{0,1} x [2] = GL(R?) b

_ e Cos( B) —sin(=p)
v(0,0) = 2 osﬁ< n(—p)  cos(—p3) ) ’
B cos( +8) —sin(a+p)
v(0,1) = 20085( n(a+8)  cos(a+ ) ) 7
cos(—(a + 3)) —sing

v(1,0) = 2cos,6( sin(—(a+ 8))  cos
~v(1,1) = 26055(08?;5 —sing>.

Then for all (¢, h) € {0,1} x [2] holds

(50 =4 (5) =@ .

In contrast to the case where fq is described as a (4, L)-self-affine curve, the
condition that the angle « is rational is not necessary (see the remark on page

458).

Example 21. Steinitz’s Nowhere Differentiable Function, see [54].

E. Steinitz constructed a nowhere differentiable continuous function f :
0,1] — R. We consider the graph of f as a curve @ : [0,1] — R2, p(t) =
t

[
(t, f(t)) for allt € [0,1]. Take the set of states Q = {0,1} and the substitution
0(0) = 0(1) =001100. Then 0 is a substitution of constant length 6. Let
v :Q x [6] = GL(R?) be the map defined by
~v(0,h) = ( g g )forh:0,1,4,5, ~v(0,h) = ( g g )forh:2,3,
2 5
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’y(l,h):<g g)forh:051?4757 7(17h):<g 75

Then we obtain the (0, v)-self-affine curves ¢y and ¢1.

Example 22. Tagaki’s Nowhere Differentiable Function, see [57], [30],

[47].
Let g : R — R be the function defined for allt € R by

)forh:2,3.

5

o(t) = It~ Lt + 2l

where |a| = max{n € Z : n < a}. Then the function of T. Tagaki is for t € R
f6)y =" " 27"g(2").
k=0
It is continuous and nowhere differentiable. K. Knopp considered the functions

F&) =Y ag(b"),
n=1

with b € 2N, o € R and t € R (see [30], p. 18). He proved that it is nowhere
differentiable for ab > 4. The function studied by L. B. van der Waerden is
the special case of K. Knopp’s functions, which is obtained for a = % and
b=10. It is also continuous and nowhere differentiable (see also [23], [58]).

Here we shall consider the function of T. Tagaki. Similar arguments can
be applied for the other examples. For t € [0,1] set ¢(t) = (t, f(t)) and
Q = {0} a one point set. Then 6(0) = 00 is a substitution of length 2. Let
v :Q x [2] = GL(R?) be defined by

w=(33)  w=(33)

Then ¢ is a (0,7)-self-affine curve.

Example 23. Salem’s Singular Sunction

R. Salem constructed a continuous function s : [0,1] — R, which is strictly
increasing and s'(x) = 0 for almost all z € [0,1]. With Q@ = {0}, 6(0) =00
and v : [2] — GL(R?) defined by

w=(3 ) - (3 0)

Salem’s function is (2,7)-self-affine, where Ao, A\1 € R, AgA1 > 0, and Ao +
A1 =1, and moreover \g # % (see [50]).



SELF-AFFINE CURVES AND SEQUENTIAL MACHINES 477

Remark Tagaki’s function f is not (m, a)-self-affine for any o > 0. Other-
wise it would be a-Hoélder continuous, which contradicts the known relation

f(t+h) = f(t) = O (lh|log(|n] ™))

for all t € [0,1] and h — O (see [24]).

Example 24. The Self-Affine Curves of G. de Rham, see [/3], [{4],
[45], [46].

G. de Rham considered a curve f : [0,1] — R? which is (6,7)-self-affine
with 0 : {0} — {0}*, 6(0) = 00 and ~ : [2] — GL(R?), having the property
that v(0) " (z1,v1) = ¥(1) (w0, y0), where (x;,y;) is the fized point of the
contraction map ¥(3)~%, j € [2]. The curve is the unique non-zero solution of

the equation
(") -1 (5) =

for h € [2]. Without loss of generality we assume that f(0) = (0,0). Particular
cases are the curves for which v(0)~1(z) = az and v(1)7(2) = a+(1—a)Z for
z€Canda € C. G. de Rham observed that for a = %—i— “ég the corresponding
(6,7)-self-affine curve is von Koch’s curve (see [31]). For |a — 3| = § with
a € C we obtain the area filling curves of E. Cesaro (see [9]), W. Sierpinski

(see [51]), and G. Polya (see [{1]). For further examples see [44], [45], [46].

Example 25. The Scaling Function 5@ of I. Daubechies, see [10], [11],
140).

The Daubechies scaling function «® = ®, which is shown in Figure 15, is
a continuous function with support [0, 3] that satisfies the scaling equation

P(z) =a®(22) +1—a®(2z — 1)+ (1 — a)P(22 — 2) + a®P(2z — 3),

where a = 1"'4—\/5 and o + V3 = o — V3 for o, f € Q.

It is possible to generate the graph A(t) = (t,®(t)) for t € [0,3] by a
sequential machine using the dyadic representations of the real numbers in [0, 3]
as the input. However, we did not consider such machines, and therefore we
will here present another method to generate \(t) for t € [0,3]. For s =0,1,2
let us consider the self-affine curves g : [0,1] — R2, where \s(t) = (¢, ps(t))
is defined by the relations

)\s (t ; u) — Csu = Ls,u)\s<t)-
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Here v € {0,1}, co0 = c10 = c2,0 = (0,0), and
Co,1 = (%,2@2) y C11 = (%a —20/) y €21 = (%7 i) )

and moreover

1 1
s 0 = 0
Loy ((2) a)’ Loy = (2 a)’
1 9 )
= 2 — 2
Lo ( 0 a ) Lyia oa
1 1
= 0 = 0
_ 2 _ 2
Lzo = (—a a>’ L2y = <0 a)'

The sequential machines M, which generate the curves \s(t) for s = 0,1,2
satisfy the consistency condition. Therefore \s is a continuous (0, s)-self-
affine curve, where @ = {0}, 0(0) = 00, and s : [2] — GL(R?) is given by
¥s(u) = L, for u € [2].

The scaling function ® is related to pg, w1, and pa by

©o(t) if t €10,1],

B(t) =4 B 4oi(t—1)  ifte(l,2, (1)
L8 L op(t—2)  ifte[2,3].

Remark T. Bedford [4] generalized Dekking’s construction of curves with

L-systems using different expanding maps for different letters of the substitu-
tion. These curves are (6,)-self-affine.

6 Fractal Interpolation and (0, 5, v)-Self-Affine Curves

The following interpolation problem has been examined by M. Barnsley (see
[2], [3]). Let N € N be a positive integer and

{(zn, Fy),n € [N +1]}

a data set with x,, F, € Rand x¢p < z1 < ... < xy. The problem is to find a
continuous function f : [zg,zn] = R with f(z;) = Fj for all j € [N + 1], such
that the graph I'¢ has a given box dimension. M. Barnsley constructed such a
function f using iterated function systems. We will consider this problem for
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o(x)

1.0

0.5

0.0 -

Figure 15: The Daubechies scaling function ®. The decomposition of ¢ into the functions
©o, ¥1, and 2 given by equation 1 is indicated by the vertical dotted lines.

29 =0, zy =1 and Fy = 0, and we will show that the graph I'; correspond-
ing to an interpolation function is generated by a sequential machine, whose
inputs are the appropriate Cantor representations of the numbers ¢ € [0, 1].
These interpolation functions are self-affine in a more general sense, and in this
section we will give the suitable definitions. Let 6 : @ — Q* be a substitution,
such that r(q) is the length of the word 6(q) for all ¢ € @, and

v: U {g} x [r(g)] » GL(R?)
9€Q

such that (g, h) is a linear expanding map for all ¢ € @ and h € [r(q)].
Moreover, let

B: | J{a} xIr(@] = R

q€Q
be a map such that 8(g,h) > 0 and for all ¢ € @

r(g)—1

> Blgn) =1
h=0

For all ¢ € Q and h € [r(q)] we set
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Definition 8. A curve ¢ : [0,1] — R? is called (0, 3,7)-self-affine, if the
following conditions are satisfied.

(a) There is a family of curves {z, : [0,1] — R? | ¢ € Q} with z,(0) = (0,0)
for all g € Q and zy = .

(b) For allt €[0,1], for g € Q and h € [r(q)] one has that

oy (M0 iy (SR ) =200 0 0,

Recall that the Cantor representation of a number ¢ € [0,1] has been gen-
erated by constructing a sequence of nested intervals I, according to a
substitution 0 : Q — Q*, such that

t= m Iel...en~

neN

1---€n

Thereby the (n + 1)st interval has been obtained by a decomposition of the
nth interval into a certain number of subintervals of the same length. In the
following we represent the numbers ¢t € [0,1] more generally by sequences
of nested intervals, where the nth interval again is decomposed in a certain
number of subintervals according to a substitution 8, but the subintervals do
not necessarily have the same length. Take a substitution 6 : Q@ — Q* and
as above. Corresponding to ¢ and g we will find for each ¢ € [0, 1] a Cantor
(0, B, g)-representation. Consider the tree T, with root ¢ € @) corresponding
to 6. Now there is an arrow e with label (¢,b) pointing from ¢; to g2 if and
only if there is a number h € [r(q1)], such that 0,(q1) = g2, b = B(¢1, ), and
t = tp(q1). We say that h is associated to the label (¢,b). Let e = e1...e,
be a path in T, such that the label of e; is (¢;,b;) for j = 1,...,n. To e
corresponds a subinterval I, of I = [0, 1] defined by

Ie=1Ic . .e, =Vt 0, 0-..0 ’l/)t'rubn (I)’
where as before v, : [0,1] — [0,1] is given for ¢ € [0, 1] by

Yoty = 2L

r

For each t € [0,1] there is at least one path e = (e,)n>1 in the set ¥, of all
infinite paths with root ¢, such that
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and consequently

o] tn
t:;bl...bn’

where (t,,b,) is the label of e, for all n € N. We call this representation of ¢
the Cantor (8, 8, ¢)-representation corresponding to the directed path e.

Remark In the case of 8(q,h) = r(q) for all ¢ € @Q and h € [r(q)] the
(0, B, q)-representation coincides with the (6, ¢)-representation.

Let My = (Q, A, B,o, ) be the sequential machine corresponding to the sub-
stitution @, where B C R? and 7(q,0) = (0,0) for all ¢ € Q. The transition

function of My is
o: U {q} x [r(q
q€Q

and the output function

r: | J{a} x [r(@)] — B

q€Q

The machine is called (f,7)-consistent if for all ¢ € @ and the following
condition is satisfied. Suppose that ¢t € [0,1] has two different (6,8, q)-
representations corresponding to paths e and & with labels (¢;,b;) and (£;,b;)
for all j € N, such that

o0

o

Let h; and hj be associated to the labels (tj,b;) and (t;,b;) for all j € N. If
f*(h1 chy)=dy...d, and f*(h1 h n) = dy ...d, holds for all n € N, then
the machine My is (8, v)-consistent, if

S an(dn) = 3 dn(da)
n=1 n=1

with
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If My is (8, ~)-consistent, we find for each ¢ € Q a curve f, : [0,1] — R%
If 0.ty to ... is the (g, 5, 0)-representation of ¢ corresponding to the path e =
(€n)n>1 with initial vertex q and labels (t,,,b,), and if fy(hy... h,) =dy...dy
for all n € N, then f, is defined by

fq(t) = Z an(dy).
n=1

Proposition 13. The curves {f, : [0,1] — R? | ¢ € Q} generated by a (3,7)-
consistent sequential machine My, which corresponds to a substitution 0, are

(0, B,~)-self-affine.

Proposition 14. Let {f, : [0,1] — R? | ¢ € Q} be a family of (0,53,7)-
self-affine curves. Then there is a (8,)-consistent sequential machine My =
(Q, A, B,o,7) corresponding to a substitution 6, such that My generates the
curves fq.

The proofs of these propositions are essentially the same as in the previous
chapters. To find the output function 7 of the (f,~)-consistent sequential
machine corresponding to a given (6, 8, )-self-affine curves, take the output
alphabet

th(q)

B(q,h)

B:{y(q,h)fq( ):qu,he [r(a)]},

and let
7 (Jlgd x[r(9) — B

q€@
be defined by 7(gq,0) = (0,0) and for h € [N] — {0} by

o) =0 ), ().

Now consider an interpolation function f constructed by M. Barnsley corre-
sponding to the interpolation data {(z;, F;) : 5 =0,..., N} with zp = Fy = 0,
ey=land 0 =29 <21 <...<zy =1. Fortel0,1] let ¢(t) = (¢, f(t)) be
the graph of f considered as a curve. Set @ = {0} and 6(0) = 0. Then S and
v do not depend on Q. Let 3 : [N] — R be defined by 8(h) = (zp11 — x5) !
for h € [N] and set t), = B(h) Y=} B(j)~!. Let v : [N] = GL(R?) be given
for all h € [N] by the invers of the shear transformation, i.e.




SELF-AFFINE CURVES AND SEQUENTIAL MACHINES 483

where ¢(h) = Fp11 — F, — dpFp, and d(h) are the free parameters discussed
by M. Barnsley with |dy| < 1. Then ¢ is a (6, 3, v)-self-affine curve, i.e. for
t €10,1] and h € [N]

e (D) o () = ) (o)),
(5(@) (ﬁ(’ﬂ)

Remark Let H(R?) denote the space of all non-empty compact subsets of
R2. The set (f,(I))seq € H(R?)?l for a given family of (6, 3,7)-self-affine
curves (fq)qeq is the attractor of an hierarchical iterated function system (see
[4] and [1] for the case of (¢, h) = r(q)). More precisely, hierarchical iterated
function systems are generalizations of iterated function systems (see [17], [22],
[26], [39]). They are defined as follows. Let 6 : Q@ — Q* be a substitution and
let {X, | ¢ € Q} be a set of complete metric spaces. Suppose that for ¢1,¢2 € Q
and h € [r(q1)] with 6(q1) = g2 we have contractions

Par.gah * Xgo = X -
If for each ¢; € @ there is at least one contraction map ¢q, 4,1, the system

{Xq7SDtI1,q2;h | q,q1,92 € Q,h € [T(QI)]}

is called a hierarchical iterated function system or simply HIFS. The attractor
of a HIF'S is a vector of compact sets A = (Aq)qeq, such that A, C X, for all
q € @, and
Ag = U ©q,5:h (Xq)-
G€Q,G=0r(q)

If {fy | ¢ € Q}is afamily of (8, 3, v)-self-affine functions, the vector of compact
sets (fy(I))qeq can be described by an HIFS with metric spaces X, = R?
for all ¢ € Q. If 0,(q1) = q2 for h € [r(¢1)] we have a contraction map
©Oq1.q2:n - R? — R? given by

oras (2:9) = (M) (g ) ),

where as before t;, = 3(h) Z?;& B~

Remark Examples for interpolation functions are the examples 16, 17, 21,
22, 23, and 25.



484 PEITGEN, RODENHAUSEN AND SKORDEV

7 Final Remarks

The self-affinity of the logistic equation. For A € R with A # 0 consider
the parabola [(t) = At(1 —¢) for all ¢t € [0,1]. The graph o(t) = (¢,1(¢)) is
a (2,v)-self-affine curve, if 8 : {0} — {0}* is the substitution #(0) = 00 and
7y : [2] = GL(R?) is given by

7(0)=(_22A 2>, 7(1)=(22A 2)

More generally, if 6 : {0} — {0}* is the substitution of arbitrary length m,
then ¢(t) = (¢,1(t)) is (m,~y)-self-affine. M. Hata observed that for A = 2
the function [(¢) is generated by a similar procedure as Tagaki’s function (see
[24]). We have

2(1—1) =Y 47 "g(2"t),
n=0
where ¢ is the same function as in Example 22. To prove this equality it is
sufficient to show that the graph of the infinite sum on the right side is a
(2,7)-self-affine curve with the same 6 and 7 as for the function I(¢) for A = 2.
For all h € [2¥] and t = 2’—2 the values I(¢) and > 7 47" g(2"t) coincide.

The self-affinity of the standard parabola If f(¢) = t? is the standard
parabola and g(t) = (¢, f(t)) is its graph, then g is (m,~)-self-affine for all
m € N. Again let 0 : {0} — {0}* be the substitution of length m. For all

h € [m] we define
m 0
10 = (g )

o (58 <o () = tate

T. Kamae proved that if a function is both (m, a)-self-affine and (m, &) self-
affine, then m and m must be multiplicatively dependent, i.e. there are num-
bers k and [ such that m* = m! (see [27]). The fact that g is (m,)-self-affine
for arbitrary m € N shows that the result of T. Kamae cannot be generalized
to (m,~)-self-affine curves.

If f:]0,1 — R is a polynomial with degree strictly larger than 2, the
curve g(t) = (¢, f(t)) is not (m,~) self-affine for any m € N. However, in

Then for all i € [m]
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the same way as for the graph of the standard parabola it can be shown that
g(t) = (t,t2,t3) is (m,v)-self-affine in R3 for arbitrary m. Again we define
6 : {0} — {0}* to be the substitution of length m, and for all i € [m]

m 0 0
y(h) = —2hm  m? 0
3h?2m  —3hm? m?

The existence of (0, 3,~)-self-affine curves. Consider the substitution
0 : Q@ — Q* where r(q) is the length of the word 6(q) for all ¢ € @, together
with a map

v: J{g} x [r(g)) — GL(R?)
9€Q

such that v(gq, h) are expanding maps for all ¢ € @Q and h € [r(q)]. Moreover

let
8: | J{a} x[r(@)) — R
9€Q

be a map satisfying (g, h) > 0 for all ¢ € Q and h € [r(q)] and
r(g)—1

> Blan) =1
h=0

Let a(g,h) € R? for all ¢ € Q and h € [r(q)] and a(g,0) = (0,0) for all
q € Q. The question we want to discuss here is the existence of a family

{fy:10,1] = R | ¢ € Q} of (0, B,7)-self-affine curves such that

(85 -t

i. e. the family {f; : ¢ € @} is a non-zero solution of the system of equations

th(q) +1 B _
fq (B(q,h)) —a(gq,h) =v(q,h) 1f0h(‘1)(t)

for all t € [0,1]. In general such a non-zero continuous solution does not exist
for arbitrary 6, v, 8, and a(q, k). In all examples we consider some additional
condition, which is necessary and sufficient for the existence of a solution. The
condition we impose is the (8, v)-consistency of the machine My with output
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alphabet B = {v(q,h)a(g,h)}. This condition is equivalent to conditions
imposed in the work of other authors (see for example [14], [2], [26], [43], [44],
[45], [46], [20]). It should be mentioned that a different treatment of self-affine
functions is given in [53].

Functions and curves, which are not self-affine 1. Although it may
appear that many of the examples of nowhere differentiable functions and
area-filling curves are self-affine, there are also many examples which are not
self-affine, i.e. the function of G. Faber which is

fly =Y "27"g(2"t),

where g is the same function as in Example 22 (see [20]). Faber proved that
this function is not a-Holder continuous for any o > 0. Since (m, a)-self-affine
functions are a-Hélder continuous for some a > 0, f can not be (m, a)-self-
affine (see [32], [27], [21)).

2. P. Wingren proved in [60] that the graph of the function

w(t)y=>"27"g (22")
n=0

for t € [0,1] has Hausdorff dimension 2 (here g is the function from Example
22). The function w is not (m,a)-self-affine for any m > 2 and a € (0,1].
Otherwise w would be a-Hoélder continuous and therefore the box counting
dimension of the graph of w would be equal to 2 — « (see [22], p. 147, Cor.
11.2). Since the box counting dimension is larger or at least equal to the
Hausdorff dimension (see [22], chap. 3), this implies the contradiction « = 0.

3. In general the nowhere differentiable curves constructed by K. Knopp
are not self-affine, since in each step of the construction he is allowed to use
different polygonal curves (see [30]). Examples of space-filling curves which
are not self-affine are the curves examined by Prusinkiewicz et al. in [42]
except for the uniform curves, which can be described by sequential functions
(see [48]).

4. Faber’s and Wingren’s functions are not (6, 3, v)-self-affine for @ = {0},
the substitution §(0) = 00 and the inverse of the shear transformation

(B0
'Y(h) = ( C(h) d(h) s
for h € [2], if d(h) > B(h)~!. Otherwise it could be concluded from [5] that
Faber’s and Wingren’s functions are a-Holder continuous for some o > 0.
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