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A REMARK ON GRAPHS OF
MARCZEWSKI MEASURABLE

FUNCTIONS

Abstract

We give a direct and simple proof of a result of Marczewski about
graphs of (s)-measurable functions. We also prove some related general
results about graphs of measurable functions in metric spaces from which
Marczewski’s result follows immediately.

1 Introduction

A subset M of a complete separable metric space X is Marczewski measurable
if every perfect set P in X contains a perfect subset Q such that either Q ⊆M
orQ∩M = ∅. We also say thatM is (s)-measurable orM has property (s). We
also write M ∈ s(X). The class of (s)-measurable sets of X form a σ-algebra.
A function f : X → Y where Y is any metric space is Marczewski measurable
or (s)-measurable if f−1(O) ∈ (s) for every open set O ⊆ Y . Marczewski has
proved in [2] that a function f : X → Y , where X,Y are complete separable
metric spaces, is (s)-measurable if and only if every perfect subset P of X
contains a perfect set Q such that the restriction of f to Q, f |Q, is continuous.
The latter property was introduced by Sierpinski in 1935.

Marczewski has stated in [2] that the graph of an (s)-measurable function
f : X → Y is (s)-measurable in X × Y , where X,Y are complete separable
metric spaces. He has not given a proof of this as well as some related results
in that same paper. He mentioned that the proofs are similar to those used in
the theory of functions in metric spaces, and he referred to [1] pp. 182, 183,
180 and a paper by him that was in preparation at the time. That paper was
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never published as far as we know, and what Marczewski had in mind was not
quite clear.

We will first give a direct and simple proof to Marczewski’s result. We will
then prove some general results about measurable functions and their graphs
in metric spaces from which Marczewski’s result follows immediately.

2 Graphs of (s)-measurable functions

We give a direct and simple proof of Marczewski’s result concerning graphs of
(s)-measurable functions. We assume that X and Y are complete separable
metric spaces.

Theorem 1. Let f : X → Y be (s)-measurable. Then its graph Gr(f) is
(s)-measurable in X × Y .

Proof. We have Gr(f) = {(x, f(x))| x ∈ X}. We need to show that every
perfect set P in X × Y contains a perfect set Q such that either Q ⊆ Gr(f)
or Q ∩ Gr(f) = ∅. So let P ⊆ X × Y be perfect. Consider the following two
cases:

case1:
∏
X(P ), the projection of P on X, is countable. So the set P \

{(x, f(x))| x ∈
∏
X(P )} is an uncountable Gδ set since its complement is

countable. It must then contain a perfect set Q. Clearly Q ∩Gr(f) = ∅.
case2:

∏
X(P ) is uncountable. Since this is the projection of a Borel set, it

is analytic and it must contain a perfect set P1. Since f is (s)-measurable, there
is a perfect set P2 ⊆ P1 such that f |P2

is continuous. Let Q1 = {(x, f(x))| x ∈
P2}. Q1 is clearly perfect. If P ∩Q1 = ∅, then the set Q2 = {(x, y) ∈ P | x ∈
P2} is an uncountable closed set, and it must contain a perfect set Q. Clearly
Q ∩ Gr(f) = ∅. If P ∩ Q1 is countable, then P \ (P ∩ Q1) is uncountable,
and it must contain a perfect set Q. Clearly Q ∩ Gr(f) = ∅. If P ∩ Q1 is
uncountable, then it must contain a perfect set Q. Clearly Q ⊆ Gr(f). So
Gr(f) is (s)-measurable which finishes the proof.

The converse of this Theorem is not true if we assume the continuum
hypothesis. An example can be found in [2]. We still do not have any examples
in (ZFC).

3 Some General Results

We will give some general results about measurable functions in metric spaces.
We believe that these are the results that Marczewski had in mind about
(s)-measurable functions and their graphs. If X, Y are metric spaces with
σ-algebras F and G respectively, the product σ-algebra on the product space
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X×Y , denoted by F⊗G is the smallest σ-algebra that contains the measurable
rectangles A×B where A ∈ F and B ∈ G. If F1,F2, ... are σ-algebras on the
spaces X1, X2, ..., respectively, then the product sigma algebra F1 ⊗ F2 ⊗ ...
on X1 × X2 × ... is the smallest σ-algebra that contains all the measurable
cylinders X1× ...×Xk−1×A×Xk+1× ..., A ∈ Fk, k = 1, 2, .... If a set A is
F-measurable, we will write A ∈ F . A function f : X → Y is F-measurable
if f−1(O) ∈ F for every open set O ⊆ Y .

Lemma 2. Let X,Y1, Y2, ... be metric spaces with Y1, Y2, ... separable, and let
S be a σ-algebra on X. Let fi : X → Yi, i = 1, 2, .... Define a function
F : X → Y1 × Y2 × ... by F = (f1, f2, ...). Then F is S-measurable if and only
if fi, i = 1, 2, ... are S-measurable.

Lemma 3. Let X1, X2, ... be metric spaces with σ-algebras S1, S2, ... respec-
tively. Let Y1, Y2, ... be separable metric spaces, and let fi : Xi → Yi, i =
1, 2, ... be Si-measurable functions, respectively. Let g : Y1 × Y2 × ... → R
be a continuous function. Define the function h : X1 × X2 × ... → R by
h(x1, x2, ...) = g(f1(x1), f2(x2), ...). Then h is S1 ⊗ S2 ⊗ ...-measurable.

The proofs of these lemmas are similar to those of the results in [1] pp.182,
183.

Theorem 4. Let X,Y be metric spaces with σ-algebras S on X, and T on
Y . Assume that Y is separable and that T contains the open sets of Y . Let
f be an S-measurable function from X to Y . Then the graph of f , Gr(f), is
S ⊗ T -measurable.

Proof. Note that Gr(f) = {(x, y) ∈ X × Y : φ(x, y) = 0} where φ is the
function from X×Y → R defined by φ(x, y) = d(y, f(x)) where d is the metric
on Y . By the previous two lemmas φ is S⊗T -measurable. Since {0} is closed,
Gr(f) is S ⊗ T -measurable.

Marczewski’s result is an immediate consequence of Theorem 4 and the
following lemma, which follows from the facts that the product of two (s)-sets
is an (s)-set in the product space while the class of (s)-sets form a σ-algebra.
These facts can be found in [2]. From now on, we assume that X and Y are
complete separable metric spaces.

Lemma 5. The class of (s)-measurable sets in a product space X×Y contains
the smallest σ-algebra containing all the measurable rectangles A×B where A
is (s)-measurable in X and B is (s)-measurable in Y .

Corollary 6. Let f : X → Y be an (s)-measurable function where X and
Y are complete separable metric spaces. Then the graph of f , Gr(f), is (s)-
measurable in X × Y .
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