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DIMENSIONS OF WEAKLY CONVERGENT
DERANGED CANTOR SETS

Abstract
We calculate the Hausdorff and packing dimensions of a generalized

Cantor set which satisfies some condition on contracting ratios of its
construction stages.

1 Introduction

In [2] we investigated the Hausdorff and packing dimensions of a deranged Can-
tor set whose contracting ratios and gap ratios in its construction are random
but uniformly bounded away from 0. We used Frostman’s density theorems
in this study. In this paper, we consider a weakly convergent deranged Cantor
set, which satisfies a condition that all the sequences of the solutions of some
power equations related to the contracting ratios in its construction converge
to some number. We note that in this case we deal with a deranged Cantor set
having a weaker condition (a condition of a local uniform boundedness) than
that of uniform boundedness of contracting ratios and gap ratios. We prove
that its Hausdorff and packing dimensions are equal to the number and find
the dimensions of the product of these kinds of sets. We finish with concrete
examples of such deranged Cantor sets of positive and finite Hausdorff and
packing measure of the corresponding dimension.

2 Preliminaries

We defined deranged Cantor set [2]. Let Iy = [0,1]. We obtain the left
subinterval I, and the right subinterval I, of I. by deleting the middle
open subinterval of I inductively for each 7 € {1,2}", where n =0,1,2,--- .
Consider E,, = U;eq12ynIr. Then {E,} is a decreasing sequence of closed
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sets. For eachm, weput | I;1 | /| I; |=¢crqpand | Iro | /| Ir |= ¢ for
all 7 € {1,2}", where | I | denotes the diameter of I. Then F = (" E, is
a deranged Cantor set. We note that if ¢, 1 = an41 and ¢ 2 = by for all
T € {1,2}" for each n, then F = (| —_, E,, is called a perturbed Cantor set [1].

We recall the s-dimensional Hausdorff measure of F' is defined by H*(F) =
lims_,o H§(F') where

H§(F) = inf{z | U |°: {Un}o2q is a 6 — cover of F'}

n=1

and the Hausdorff dimension of F' is defined by
dimg (F) =sup{s > 0: H*(F) = oo}(=inf{s > 0: H*(F) = 0})(see[3]).

Also we recall that the s-dimensional packing measure of F' is defined by

P (F) =inf{> P*(F,): | F.=F},

where P*(E) = lims_0 P§(E) and P§(E) = sup{d_.~, | U, |*: {U,} is a
d-packing of E }, and the packing dimension of F:

dim, (F) = sup{s > 0: p*(F) = co}(= inf{s > 0 : p*(F) = 0})([3]).

We note that if {a,} and {b,} are given, then a perturbed Cantor set F is
determined. If numbers ¢, are given, then a deranged Cantor set is determined.
We also note that a perturbed Cantor set is a special example of a deranged
Cantor set. But in this paper we consider a specific class of deranged Cantor
sets which is essentially different from a perturbed Cantor set. We are now
ready to study the ratio geometry of the deranged Cantor set.

3 Main results

In this section, F' denotes a deranged Cantor set determined by {c,} with
7 € {1,2}" where n = 1,2, - - -. Hereafter we only consider a deranged Cantor
set whose contracting ratios ¢, and gap ratios d.(= 1 — (¢;1 + ¢r2)) are
locally uniformly bounded away from 0 in the sense that for each o € {1,2}",
{eok}ey and {dyi}32, are uniformly bounded away from 0 . We note that
if z € F, then there is o € {1,2}" such that 2, Iox = {z}. (Here olk =
i1yin, - ip Where o = iy, da, g, ks, )
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Theorem 1. Let ¢, € (0,1). Let s, be the solution to the equation c;7y +c7y =
L for each T of finite length. Suppose that s, converges to s as k — oo for
each o € {1,2}Y (o corresponds to x € F). Then dimy (F) = dim,(F) = s.

PROOF. We may assume that for each o € {1,2}V, Colks Ao|i(= 1 = (o +
Colk,2)) > @ for all integers k for some small o, > 0. (In fact, it is redundant
to assume that c,|;, > a, for all integers k for some small o, > 0 since {45}
converges to s and dy|, > o, > 0 for all k. For, if not, {s,;} doesn’t converge
to s.) Let « € F. Then there is o € {1,2}" such that (), Iojx = {x}. Let

~ 1
En(m): m{SCEFZ ﬂLﬂk:{x}?SU\k >S*E}
E>n k=0

Now we only need to show that dimg (FE,(m)) > s — 2 for each m to have

dimgy (F) > s. Fix m and let o € {1,2}". Then ch,‘:l + cj“’]‘:Q =1 for each k.

_2 _2
If s, > 5 — -, then Cj‘kf’{ + czlkj’é > a > 1 for some a@ > 1. Then

2 2 _2

s—

2 2 2
.. 5— = 5— & 5= AN Pt S—aEN
liminf(c; ™ 4y ™ )(eop +Eula) (Gl + Copla) = 00

for each = € E,,(m) with (,—, Loy = {x}.
We define a set function p by

I~ m
n(lr) = G2 2 s_2 2 . 2 s— 2
(er ™ ey ™) " e ) (G e T G i 2)

for each 7 = 41,49, -+ ,ix—1,k, where i; € {1,2}. Clearly u(I;) = pu(lr1) +
w(Ir2) for all 7 of finite length. Then p can be extended to a mass distribution
on F'. (See [3,Proposition 1.7].) Given a small positive number r, there exists k
such that [I;x41] <7 < [Iyx]. Since dg ;|15 ;] > o|lsk| > aor for 0 < j <k,
Ba,r(@) C Uy (sokyef1,2y+ Ir]°, where Bq,(2) is the ball of radius a,r with
center x. Thus p(Ba,r(z)) < p(Is;). Now,

/'L(Bocgr(x)) < /’L(Ia\k:)
L >3
(agr)™=m ag " Loy [
< .u(Io\k)
ST 2 =2 2
ag (o " Hopl*Tm)

2
FSTA L

2(s—2) a2 s 2 - — —m
ag T LyP T (] 4 6 )"'(CZ\k—1,1+c§\k—1,2)
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1

2(57%) 57% 87% 5,7” % s— 2 T%L
Qo (e ™ 4ey ™), +Ca|12)' (a\k 11+ca|k 1,2)

Then for z € E,(m),

. (B (x) . 1
lim sup % < lim sup CEERp— — — —— = 0.
e N O D R G Sy

There exists a large number n such that u(E,(m)) > 0 since E, (m) is a Borel
set in [0,1] and E,(m) T F as n 1 co with u(F) = 1. Thus HS_%(F) = 0o by
Proposition 4.9 [3]. Hence dimp (F) > s — 2.

Similarly we need only show that dim,(E,(m)) < s+ % for each m to have

dim,(F) < s. Fix m and let o€ {1 2}V, Then c(;")fl + cZ“’):'z =1 for each k.

If sopi < s+ , then cg‘k : —i—cg‘kr”z < b< 1 for some 0 < b< 1. Then

. 5+% S+% S+7 +731 S+7 s+
hlrcﬂjup(cl +ey ™)(e Col1n +Co’|1 5) - (c Colkn1 t Colk2 %) =0
oo

for each © € Gy, (m) with (.~ I,;x = {x}, where

= m{xEF: ﬂ[a|k:{I},Sg\k<5+%}'

k>n k=0

We define a set function v by

|I |s+%
V(IT) - s+2 s+2 s+2 s+2 s+2
(cy +C2 )(C“ 1" T Cs )"'(cil,ig,---,ik_l,l +Ci1,i2,-~~,ik_1,2)
for each 7 = 41,42, -+ ,ik—1,%%, where i; € {1,2}. Clearly v(I;) = v(I;1) +

v(I; ) for all 7 of finite length. Then v can be extended to a mass distribu-

tion on F. (See [3,Proposition 1.7].) Given a small positive number r, there
V(BT(x)) V(Ia\k+1) .

Tt > \Iu\k\“%' Since

exists k such that |I,,41] < 7 < |I5|. Then
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I ojk+1l/ Lok = Coj1 > ao for all k,

s+2
v(By(x)) S v({okt1) S Qo " V(Lokt1)
S (L)ﬁ%

QAo

DAY R A L

+2 2
ag’ ™ \Ig\k+1|s+ z

+2 s+ 2 s+2 s+2 s+ 2
|Ia\k+1‘ i ( +C2 )( g\11+00|12) (e g|k1+cg\k2)
s+ 2
— Qo
s+2 s+2\, st= s+2 s+2 s+2
(e ™4 m)(e |11+Ca\1 5) (Gt Cos)
Then for z € G,,(m),
s+%
1imi51f d ‘,.:_( ) Zlikminf 2 s+20éa e Tz =

— st I "
" r T (e e ) (Gt )

Thus p*t (Gn(m)) = 0 by Proposition 2.2 [4]. Since p**# (Gp(m)) = 0 for
each n and G,,(m) is a Borel set in [0,1] and G,,(m) 1 F asn 1 co,p** = (F) = 0.
Hence dim,(F) < s+ 2. O

Remark. If we consider two covering functions

h*(F) = hkfgi(gf ge%ig}k(ci"‘ca)(ciu,l +eo1,2)(Co2atCo2,2) (Cope 1 T ¢ k,2)

and

Q°(F) = h}injolip Uer?la};}k(C?H‘Cg)(cgu,l+C§\1,2)(Ci|2,1+03\2,2) (T Cok2)
we can get some information [2] concerning the Hausdorff and packing dimen-
sions of a deranged Cantor set using the covering dimensions generated by the
above two covering functions respectively. First, if we define the lower Cantor
dimension and the upper Cantor dimension of a deranged Cantor set F' by
dimg(F) = sup{s > 0 : h*(F) = oo} and dimg(F) = sup{s > 0: Q*(F) =
oo}, we see that

0 < liminf s, < dime(F) < dimg(F) < limsup S, < 1,

n—00 n— 0o

where s, = mingc(i2jn So, Sp = MaXseq12)n So and s, is the solution of
the equation c;7; + ¢;% = 1. We note that there are many examples which
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satisfy the assumption of Theorem 1 essentially but still have gaps between
liminf,, . s, and limsup,,_,. S,. However we observe that in a perturbed
Cantor set [1] for each n s, = s, = S, for all o € {1,2}".

Second, we see that dim¢(F) < dimpg(F) < dim,(F) < dimg(F) using
arguments similar to those used in the proof of Theorem 1. Similarly we have
the result that if 0 < h*(F) < Q*(F') < oo,then 0 < H*(F) < p*(F') < 0.

Corollary 2. In a deranged Cantor set A, let s, be the solution of the equation
cijl + Ci,Tz = 1 for each 7 of finite length. Suppose that s, converges to s
as k — oo for each o € {1,2}". In a deranged Cantor set B, let t, be the
solution of the equation ctTfl —I—Cifz =1 for each T of finite length. Suppose that
to|r converges to t as k — oo for each o € {1,2}V. Then dimg(A x B) =
dim,(A x B) =s+t.

ProOOF. It follows immediately from the fact [5] that if dimg(A) = dim,(A)
and dimg (B) = dim,(B), then dimy (A x B) = dimp,(A x B) = dimg(A4) +
Example 3. There is an alternating, strongly convergent deranged Cantor
set having positive and finite s-dimensional Hausdorff and packing measure

where s is the limit of the sequence of solutions of the power equations. (To
be precise, for each o € {1,2}V, {80k — s}7° alternates and |sy ), — 5| 1 0.)

PROOF. It is easy to show that there exist 0 < B; < By < oo such that
By <(cf +e3)(copg+ o)+ o) (Copn + o) < B2

for all o and k. In the proof of Theorem 1, using the above facts, for all x € F
we get
B, (x)) ABr(@) _ 1

ol LA .
O<—”§hm1nf(;§hmsup <— < 00
B r—0 s r—0 rs a2 By

where A is the Borel measure on F' generated from the set function

|- |*
A1) =
! (CTJF Cg)(cfhl + 65172) e (thizw‘ yik—1,1 + Cflai27"' ,ik—h?)
for each 7 = 11,42, -+ ,ig—1, %k, where ¢; € {1,2}. O

Example 4. If {s,} converges so fast to s for each o (To be precise, assume
Y oreo [log(cyp. 1 +¢5 i 2)| converges for each o and their limits are bounded. ),
the deranged Cantor set has positive and finite s-dimensional Hausdorff and
packing measure.
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ProoOF. The example can be produced by using arguments similar to those
used in Example 3.

Remark. In this paper, we only considered a construction of left subinterval
I; 1 and the right subinterval I, 5 of I deleting a middle open subinterval of
I, inductively for each 7 € {1,2}", where n = 0,1,2,--- . However we could
obtain the same result in a deranged Cantor set from the construction that
the left and right subintervals are just contained in the fundamental interval
with its contracting ratios uniformly bounded away from 0 and separated by
the gap ratios also uniformly bounded away from 0. In this case we need the
same arguments of this paper to show it.
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