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Abstract
We establish conditions for the existence of solutions of the linear
integral equation of Volterra

2 (1) +*/[ o)) ds = 5@), et (V2)

where the functions are Banach space-valued and * [ denotes either the
Bochner-Lebesgue or the Henstock integral. In some cases it is possible
to calculate the solution of (V). explicitly. We give several examples.

1 Introduction

In the literature, the study of Integral Equations deals mainly with the inte-
grals of Riemann, Lebesgue or Dushnik, (the latter is also called the interior
integral - see [9] or [10]). However these integrals have some deficiencies.
The Riemann integral is weak, the classical definition of the Lebesgue inte-
gral may be difficult to deal with, and the vector integral of Dushnik, though
more general than the Riemann-Stieltjes integral, may not coincide with the
Kurzweil-Henstock vector integral which, in turn, is more general than both
the Riemann-Stieltjes and the Lebesgue-Stieltjes integrals. On the other hand,
when we consider integral equations in the sense of the Kurzweil-Henstock inte-
grals, we benefit from its easy to handle Riemannian definition and well-known
good properties.

The aim of this paper is to give conditions for the existence of a solution
of the linear integral equation of Volterra

a(t) +° /[ | CIls)ds = £0), 1ot Vi)
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in the sense of the variational integral of Henstock which coincides with the
integral of Kurzweil in the real-valued case. We also obtain special results for
the equation (V). when the integral is that of Bochner-Lebesgue.

We work in a general Banach space-valued context. Let [a, b] be a compact
interval of R, X be a Banach space and L(X) = L(X, X) be the space of linear
continuous functions from X to X. Let z and f be functions from [a, b] to X
and let « be a function from [a,b] to L(X). As we intend that the kernel « of
(V). is weak enough so that discontinuities, singularities, infinite variation or
nonabsolute integrability can be taken into account, we consider o Henstock
integrable. We consider the functions z, f : [a,b] — X where X is a Banach
space in order to use fixed point theorems and we prove that if either z is
a continuous function or x is of bounded variation, then ax : [a,b] — X is
Henstock integrable (see Theorem 2.5 and [6]).

It is a well-known result that if « is Henstock integrable, then there exists
a sequence of closed sets { X}, oy such that X,, 1 [a,0], (i.e., X,y C X1 C
[a,b], for every n € N and UX,, = [a,b]), and the restriction of a to X,,
(we write a|x, ), is Bochner-Lebesgue integrable for every n € N, (see, for
instance, [16], Th. 2.10). However, it is a recent result, (see [7]), that

lim © o= K/ a (1.1)
n—o X,,N[a,t] [a,t]

uniformly for every t € [a, b], where © f and ¥ f denote respectively the inte-
grals of Bochner-Lebesgue and of Henstock, (we use K for Kurzweil). From
the Contraction Principle we can deduce the existence and uniqueness of
a solution of (V). in the sense of the Bochner-Lebesgue integral, provided
L f[a_’b] lle()]] < 1. Then we obtain conclusions about the existence of a so-
lution of (V), in the sense of the Henstock integral by applying a fixed point
theorem for sequences of mappings corresponding to the sequence of equations
(V)4 in the sense of the Bochner-Lebesgue integral obtained through (1.1) and
such that © fX”ﬂ[a,t] lla( )] < 1, for every n € N.

Since the space of Bochner-Lebesgue integrable functions is a subspace of
the space of Henstock integrable ones, then we obtain similar but stronger
results when we suppose that « is Bochner-Lebesgue integrable.

In Section 1 we give the basic definitions and the introductory results. The
main theorems lie on Section 2. Sections 3 and 4 consist of consequences and
applications of the main results.
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2 The Integrals of Kurzweil and Henstock

Let [a,b] be a compact interval of R. We say that d = (&;,t;) is a tagged
division of [a, b] whenever (¢;) is a division of [a,b] (i.e., a =ty < t; < ... <
tn, = b) and x; € [t;_1,t;], for every i. We denote by T'Dj, ) the set of all
tagged divisions of [a,b]. A gauge of [a,b] is a function § : [a,b] — (0,00)
and d = (t;) € TDpy is d-fine if for every i, [t;i—1,t;] C By, (&) =
{t€la,b); |t — &I <o (&)}

In what follows X and Y are Banach spaces, L (X,Y) is the Banach space of
linear continuous functions from X to Y, L(X) = L(X, X) and X' = L(X,R).

Given functions f : [a,b] — X and « : [a,b] — L(X,Y), we say that f
is Kurzweil a-integrable, (we write f € K*([a,b], X)), and that I € Y is its
integral, (we write I = & f[ayb} daf =¥ f[a’b} da(t)f(t)), if given € > 0, there
is a gauge 0 of [a, b] such that for every d-fine d = (t;) € T Djq ),

HZ[O‘ (ti) — o (ti-1)]f (&) — IH <e.

We say that f is Henstock a-integrable or variational a-integrable, (we write
f e H*([a,b], X)), if there is a function F* : [a,b] — Y, (called the associated
function of f with respect to «), such that for every € > 0, there is a gauge ¢
of [a,b] such that for every d-fine d = (t;) € T'Dyq ),

Z [eu(ts) — ati=)]f (&) = [F(t:) — F(ti-1)]l| <e.

Clearly H*([a,b],X) C K*([a,b],X) and if X is of finite dimension, then
H*([a,b],X) = K%([a,b],X). We denote by f the indefinite integral of

f € K%(a,b], X) that is, f*(¢t) = Kf[a g do f for every t € [a,b]. When
o (t) = t, then we replace K*([a,b], X), H*([a,b], X) and f* respectively by

K ([a,b], X), H([a, ], X) and f.
Given A C [a,b], let x4 denote the characteristic function of A and f |4
denote the restriction of f to A. Let a : [a,b] — L(X,Y) be a function and

[e,d] C [a,b]. The following properties are not difficult to prove.

i) If f e K*(a,b],X) (vesp. f € H*([a,b], X)), then f € K*([c,b],X)
(resp. f € H([¢e,d], X)).

ii) If f € K%([a,b], X), then & f[a,b] doc (t) Xje,q) () f (1) = K f[c)d] doc(t) f (t).

iii) Given f € K ([c,d], X), let f : [a,b] — X be such that ., = f and

f (t) = 0 otherwise. Then ¥ f[mb] da(t)f(t)= XK f[gd] da (t) f (t).
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Let C([a,b], X) and G([a,b], X) be respectively the Banach spaces of contin-
uous and of regulated functions from [a, b] to X endowed with the supremum
norm which we denote by ||[|,,. We denote respectively by f({+) and by
f(&=) the right and left limits of f : [a,0] — X at & € [a,b] when they
are defined and exist. Let C7 ([a,b], L (X,Y)) be the set of all functions
a: [a,b] — L(X,Y) that are weakly continuous, (i.e., for every z € X, the
function t € [a,b] — a (t) x € Y is continuous), and let and G ([a,b], L (X,Y))
be the set of all weakly regulated functions « : [a,b] — L(X,Y) (i.e., for
every x € X, the function ¢ € [a,b] — «a(t)x € Y is regulated). Given

rz e X, let a (fjr) T = lilr% (azx) (£4), for every € € [a,b), and let « (5 )a: =
p

lilné (ax) (€—), for every £ € (a,b]. By the Banach-Steinhauss Theorem, a ()

p

and « (f ;) exist and belong to L (X,Y’). Then by the Uniform Boundedness
Principle it follows that G ([a, ], L (X,Y)) is a Banach space when equipped
with the supremum norm. Let SV ([a,b], L (X,Y)) be the space of all func-
tions « : [a,b] — L (X,Y) of bounded semivariation (also called of bounded B-
variation - see [19]) with semivariation denoted by SV («) and let BV ([a, b], X)
be the space of all functions f : [a,b] — X of bounded variation with vari-
ation denoted by V (f). Then BV ([a,b],L(X,Y)) C SV ([a,b],L(X,Y))
and SV ([a,b], L (X,R)) = BV ([a,b],X’). Moreover, SV ([a,b],L (X)) =
BV ([a,b], L (X)) if X is of finite dimension. When endowed with the norm
given by the variation, the space BV, ([a,b],X) = {f € BV([a,b], X); f (a) =
0} is complete. For more information about the above spaces see [8], [9] or
[10].

The following result is the analogous of Saks-Henstock Lemma for the
Stieltjes case. Its proof follows the standard steps (see, for instance, [19])

Lemma 2.1. (Saks-Henstock Lemma) Let o : [a,b] — L(X,Y) and f €
K%([a,b], X). If for ¢ > 0, the gauge § of [a,b] is such that for every 0-fine
d= (tz) S TD[ayb],

|d|

[ Xk —atnlr@ - | daewsa]<e

then fora < c; <m <d; <cg <my <do <...< ¢, < < di < b with
[cj,ds] C (nj = 0(n;),n; +6(ny)) for every j,

sz: {[O‘ (dj) — a(e)f (ny) — K/

[Cj 1dj]

da (t)f(t)}H <e.
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Theorem 2.2. ([2], Th. 2.1.10) If a € G7 ([a,b], L(X,Y)) (respectively o €
C? (la,b], L(X,Y))) and f € K*([a,b], X), then f* € G([a,b],X) (resp. f* €
C([a, 0], X)).

PROOF. In what follows we prove that
FEH) = Q) =la (64 —a@1f €,
for every ¢ € [a,b). The proof that f* (€) — f* (£—) = [a(€) — a (62)]f (),

for every £ € (a,b], follows in an analogous way.
By hypothesis, f € K%([a,b], X ). Hence, given £ > 0, there is a gauge § of
[a, b] such that for every é-fine d = (t;) € TDjqy),

[ Z[a(ti) —a(ti)|f(&G) - * daf|| < %

i [a,b]

Let € € [a,b). Since a € G ([a,b], L(X,Y)), there exists (ax) ({+), for every
x € X. In particular, there exists p > 0, such that for every 0 < p < p,

lla(¢ +p) —aleHIFE < 5

If 0(§) < pand 0 < p < (), then Lemma 2.1 implies that

|M@+M*MMﬂ®*K/

do f|| < =
[€,6+0] 2

Thus,

Fren) -7 © —la () —a©lr ©)
I [ des—lateh) —air

<" [ dar-latern-air |
[€,€+0]
+late+p) = a©lf © - o (eH) —a @ @] <= O

Given a division d = (¢;) of [a,b], let Ad = max {t; —t;—1}. Then the

Riemann-Stieltjes integrals are given by

/[a,b] do f N la,b] dor (t) f (t) - Alilgo ;[Ol (tZ) - (ti_l) f (51)]



394 M. FEDERSON AND R. BIANCONI

and

/w adf = /M o (t)df (1) = Al(iirgozi:a DU () — f (b)),

The following assertion is well known.

Theorem 2.3. ([8], 1.3.4 and 1.4.5 or [9], 1.4.6, 1.4.12, 1.4.19 and I1.4.20)
i) If « € SV ([a,b], L(X,Y)) and f € C(la,b], X), then f[a,b] do f exists

and | [,y do f]| < 5V (@) £l

ii) If a € C([a,b],L(X,Y)) and f € BV([a,b],X), then f[a y odf emists
Jam @ df| < ol v (5).
Theorem 2.4. ([2/, Th. 1.4.1) f[a p do f exists if and only if f[a p v df eaists

and, in this case, the Integration by Parts Formula f[a pdaf =« (b) f(b) —
a(a) f(a) — f[a p v df holds.

and ‘

PROOF. Suppose that the Riemann-Stieltjes integral, f[a b da f, exists. Then,

for every € > 0, there is a § > 0 such that for every d = (t;) € T'Di, ) with
Ad = max {ti — ti—l} < (S,

‘)Z[a(ti) —afti-1)]f(&) — /[a ) do fH <e.

Hence,

(@O -a@r@- [ des}-Da@lw-s (ti_o]H
= Z[am)fm)—a(u D1 i) = [ docs - el )1 e
= Z[O‘( i) —a(&)lf Z (&) —a(tim1)]f (tiz1)

/[ab]d“f Z (&)1F (k) = f (ta-0)]|| < =

Analogously, if f[a p v df exists, then f[a p dov f exists with f[a pdof =
a((b) f () —ala)f(a)— f[a p @ df and the proof is complete. O
The next assertion follows from Theorems 2.3 and 2.4.
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Theorem 2.5. The Riemann-Stieltjes integrals f[a b da f and f[a e df exists
and the Integration by Parts Formula holds if one of the following conditions
is satisfied:

i) a € SV (la,b], L(X,Y)) and f € C([a,b], X);
ii) a € C([a,b],L(X,Y)) and f € BV ([a,b],X).

Theorem 2.6. ([19], Th. 15) If « € SV ([a,b], L(X,Y))NG" ([a,b], L(X,Y))
and f € G(la,b], X), then f € K%([a,b], X).

The next result comes from the definitions.

Theorem 2.7. Let a € H ([a,b], L(X,Y)) and f € K%([a,b], X) (respectively
f € H¥[a,b],X)). If [ is bounded, then o f € K ([a,b],Y) (resp. af €
H ([a,b],Y)) and Kf[a,b] af = Kf[a,b] da f, where & denotes the indefinite
integral of c.

Corollary 2.8. Let a € H ([a,b], L(X,Y)) with & € SV ([a,b], L(X,Y)) and
f € G([a,b],X) (respectively f € C([a,b],X)). Then o f € K ([a,b],Y) with
K f[a,b] af = Kf[a’b} da f (resp. & f[a,b] af = f[a,b] daf ).

PROOF. Suppose that f € G([a,b], X). Then f is bounded. From Theorem
2.2, a € C([a,b],L(X,Y)). Hence by Theorem 2.6, f € K%([a,b], X). Sup-
pose now that f € C([a,b], X). By Theorems 2.2 and 2.5, f € R%([a,b], X).
But R%([a,b], X) C K%([a,b],X) (see the comments bellow) and the proof is
complete. O
If we take constant gauges in the definition of K*([a,b], X), then we obtain
R*([a,b], X) and this fact that the Riemann-Stieltjes integrals are particular
cases of the Kurzweil vector integrals was essential in the previous proof. If X
is of finite dimension, then the Riemann-Stieltjes integrals are also Henstock
vector integrals, once in this case the spaces of vector integrable functions of
Kurzweil and of Henstock coincide. However, when the dimension of X is
infinite, then we may have f € R([a,b], X)\ H([a,b], X) as shown by the next
example.
Example 2.1. Let X =15 ([a,b]) and f : [a,b] — X be defined by f (t) = e;
(e, e (s) =1if s = ¢, and e, (s) = 0 if s # t). Given € > 0, there exists

5 > 0 with 6%/2 < such that for every d = (t;) € TDj,y with
(b )1/2 [a,b]

—a

Ad = max {t; —t;_1} < 4,

DTG 5 ) ST

7
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where we applied the Bessel’s equality. Hence,
D> - t; 1)%]"? < 512 STti—ti)) =[50~ a)]'? <e
and it follows that f € R([a,b], X) with f[a nf =0
Now, suppose that f € H([a,b], X) and let F' be the associated function of
f. Then F (t)—F (r) = f[r,t] f(s)ds=f(t)—f(r)=0, for every [r,t] C [a,b].
Hence F is constant and, therefore, for every d = (t;) € T' Dy, 3,

Z | F (i) — F (tio1) — £ (&) (i —ti1) || = Z lleg; (t:i —ti—1)|
:Z|ti_ti71| =b—a

and we have a contradiction. Thus, f ¢ H([a,b], X).
Theorem 2.9. Let o € H ([a,b], L(X,Y)) with & € BV ([a,b], L(X,Y)) and
f € C(la,b],X). Then o f € H ([a,b],Y) with Kf[a nof= f[a pdaf .

PROOF. Since a € H ([a,b], L(X,Y)), for every € > 0, there is a gauge § of
[a, b] such that for every d-fine d = (t;) € T'Dyq ),

ZHa (&) (ti —tiz1) — K/[

ozH <eE.
tifl,ti]

From the Corollary 2.8, a f € K ([a,b],Y) with Kf[a nof = f[a p 4o f-
Hence,

;Hoz@i)f(@) (t—ti)— & /[ o
<zi:Ha(£i)f(€i) (ti —ti1) — K/[ti_l,t,;} a(t)f(fi)dtH

+X¢:HK/[ti_1,ti]af_ K/[ti_hti]oz(t)f(fi)dtH
<HfHOO;HO‘(§z) (ti —tic1) — K/[ti,l,ti] aH
Rl

a1 ) -1 @l

ti—1,t;

<7l e+ 3 \/[ ,EOle- (€l

7
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Now applying the Integration by Parts Formula and then the Fundamental
Theorem of Calculus for the Riemann integral we have that

zwﬁlﬂﬁwww—ﬂmw
_ZH = f(&)] — alti-)[f(ti-1) — f(&)]

6= S€) = [ OO )t~ f 6]

- /[ ERCHHORN)
-3 ac
—/ a@#wH
[ti—1,8:]
:ZH&(ti)/[é.t‘]df(t)—/[ét‘]&(t)df(t)

rat [ ww- [ awaol
Y| Ee-sowes [ Ee)-awo]

[ti—1,6i]
<V(a)

where w (f) denotes the oscillation of f on [a,b]. Since f is continuous and &
is of bounded variation, the proof is complete. O
We denote by £1([a,b],X) the space of all functions f : [a,b] — X
which are Bochner-Lebesgue integrable with ﬁnite integral. The integral of
f € £1([a,b], X) is denoted by © f[a nf = f[a p f (t) dt and we write || f]|; =
L f[a,b] IIf Oll. From the Riemannian definition of .,€ ([a,b],X) (see [18] and
[13]), it follows that £1([a,b], X) C H([a,b], X). Besides, if X = R, then the
positive functions which are Kurzweil-Henstock integrable are also Lebesgue
integrable. Thus, if f € H ([a,b],R) is absolutely integrable (i.e., ||f ()| €
£1 ([a,b],R)), then f is Lebesgue integrable. From Example 1.1 before Theo-
rem 2.9, we also observe that when the dimension of X is infinite, then it may
happen that f € R([a,b], X) \ £1([a,b], X).

Theorem 2.10. ([15], 9) Let f € H([a,b],X). Then f is absolutely integrable
if and only if f € BV ([a,b],X). In any case, ||f|l1 = V(f).
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PROOF. Suppose that f is absolutely integrable. Since

v (7) = { S0 - T
we have that

Z\\f<ti>—f<t“>H=ZHK/m EE Z/ WA=

Now, suppose that

a=ty<t; <. <tn:b}

f e BV([a,b], X).

We will prove that there exists & f[a w11l = L f[a wllfl=V (f) Given € >
0, we will find a gauge ¢ of [a, b] such that for every d-fine d = (t;) € TDjqy,

e

But if d = (t;) € TDj4y) is 6-fine, then

(ti — ti_1> — V(,]?)‘ < €.

> [ren| -t v
Sfls@le-wn-I7 [ SIS A-v )]
=Y GICEE /[ ’ £+ 1227 @ - Feof - v (7))

By the definition of V' (f), we may take the division of [a,b] such that the
last summand is smaller than €/2. Since f € H([a,b], X ), then we may take a
gauge ¢ of [a, b] such that for every d-fine d = (t;) € T'Djq ), the first summand
is also smaller than £/2, and we may suppose that the points chosen for the
second summand are points of the J-fine tagged division d = (¢;). The proof
is then complete. O

Theorem 2.11. If a € £1([a,b], L(X,Y)) and f € G([a,b], X), then a f €
£1([a,b],Y) and © f[mb] af=~x f[a,b] da f.

PROOF. Since f is bounded, then | f||,, < oco. The function [ja () f ()] :
[a,b] — R is m-measurable (m for the Lebesgue measure) and || (¢) f ()| <
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Il £l llee (t)]] for every ¢ € [a,b]. From the fact that £1 ([a, b], R) is a vector lat-
tice it follows that ||a () f ()|| € £1 ([a,b],R) and therefore o f € £1 ([a,b],Y).
Now we prove the equality. Let ¢ > 0. Since a € £1([a,b],L(X,Y)) C
H ([a,b], L(X,Y)), there is a gauge 01 of [a,b] such that for every d;-fine
d= (ijsj) € TD[a,b]v

Z o (G) (55— sj—1) — [@(s;) —a(s;—1)]] <e.

By Theorem 2.10, « is a function of bounded variation and therefore regulated
and of bounded semivariation. Then by Theorem 2.6, there exists the Kurzweil
integral & f[a pda f which means that there is a gauge 0y of [a,b] such that

for every do-fine d = (pr, ) € TDiqy),

H;[a () — & (re—1)]f (ox) — X /H @ fl| <<

Let § be a gauge of [a, b] such that §(§) < §;(£), for every £ € [a,b] and | = 1, 2.
Then for every é-fine d = (t;) € T D4y, we have that

HZ (N F(E)(ti — tisn) /[ab]da fH
SZHCV &) f (&)t —tioa) — [ (ti) —a(ti-1)]f (&)

¥ HZ[&(&) ~aClf @) =< [ d ] <elflere O

Corollary 2.12. Let I([a,b],X) denote one of the spaces BV ([a,b], X) or
C(la, b, X). If a« € £1(a,b],L(X,Y)) and f € I([a,b],X), then af €
£1 ([a,0],Y) wu‘th jof = fabdaf

PrROOF. In any of the cases the result comes from Theorem 2.5, since a €
C ([a,b], L(X,Y)) (Theorem 2.2) and & € BV ([a, b], L(X,Y")) (Theorem 2.10).

O
3 The Volterra-Henstock Linear Integral Equation

The first result of this section gives a necessary condition for the existence of
the Henstock integral.
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Lemma 3.1. If f € H([a,b],X), then there exists a sequence of closed sets
{X,}nen such that X, 1 [a,b] (i.e., X, C Xni1 C [a,b], for every n €
N and UX,, = [a,b]) and [ € £1(Xn,X), for every n € N. Furthermore,

lim Lanﬁ[a,t] f= Kf[a’t] f uniformly for every t € [a, b].

n—oo

PRrOOF. It suffices to adapt the proof given in [7] for the Banach space-valued
case. O

Lemma 3.2. ([14], Th. 7.1.2) Let {T,},, .y be a sequence of mappings from X
to X such that each mapping has a fixved point x, =T, (x,), let T : X — X be
such that for some integer m, T™ is a contraction, where T™ is the composition
of T 'm times, and suppose that T,, — T uniformly. Then x, — xo =T (x¢).

Theorem 3.3. Given o € H ([a,b], L(X,Y)) and a function f : [a,b] — X,
then a f € H ([a,b],Y) if one of the following conditions is satisfied:

i) f € BV([a,b],X);

it) f € C(la,b],X) and & € BV ([a,b], L(X,Y)).
In any case, f[ayb} af = f[a,b] da f.
PRrOOF. For i), see [2], Th. 2.2.8, or [6]; for ii) see Theorem 2.9. O
Remark 1. It is also true that if « € BV ([a,b], L(X,Y)) and f € H([a,b], X),
then o f € H ([a,b],Y) and Kf[mb] af= f[a’b] adf, (see [2], Th. 2.2.6 or [6]).

We consider the next Volterra-Henstock linear integral equation
o0+ [ alsat(s)ds = £(6), € lad], (V)
[a,t]

in the following two cases

a) a € H ([a,b], L (X)) is bounded and z, f € BV,([a,b], X);

b) a € H ([a,b], L (X)) with @ € BV ([a,b], L (X)) and z, f € C([a,b], X).
In view of Theorem 2.10, we can replace b) by

b’) a € H ([a,b], L (X)) is absolutely integrable and z, f € C([a,b], X).

In the real case when X = R, it follows from the considerations before Theorem
2.10 that b’) is equivalent to a case when o € £ ([a,b],R). But this will be
treated in a more general context (the Bochner-Lebesgue integral) in Section
4.

By means of Lemmas 3.1 and 3.2 we will be able to obtain conclusions
about equation ((V)g) through the analysis of equations of ((V)1) type in
any of the cases a) and b’).
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Case a): Let o € H ([a,b], L (X)) be bounded and f € BV,([a,b], X). By
Lemma 3.1 and the Corollary 2.12, given n € N, we can consider the mapping
T,, given by

(Tyx) (t) = £ (1) — © / xx, (s)a(s)z (s)ds, t€ [a,b],

[a,t]

where xx, denotes the characteristic function of X,,. By Theorem 2.10, T,
takes elements from BV, ([a,b], X) to BV,([a,b], X). Furthermore, each T,
is continuous since [|xx, () ()||; < oo, and T, is a contraction whenever

Ixx, OOl <L
Consider the continuous mapping T : BV, ([a,b], X) — BV,([a,b], X) de-

fined by
(Tx)(t):f(t)—K/ a(s)x(s) ds, teab).

[a,t]

Given z € BV,([a,b], X), Tz really belongs to BV,([a,b], X). In fact, given
any division (¢;) of [a, ], then

S ITa (1) = Totia)ll < Y| () £ (6|
K
I

<V () + ol [l (0 —a).-

a(s)x(s) dSH

i—1,t4]

With the notation and considerations above, the proof of the next theorem
follows easily.

Theorem 3.4. Given o € H ([a,b], L (X)) bounded, consider the Volterra-
Henstock linear integral equation

;v(t)—i—K/[t]a(s)x(s)ds:f(t), t € [a,b], QDr:;

the Volterra-Bochner-Lebesque linear integral equations obtained from Lemma

3.1
x(t) + L/ xx, (s)a(s)z(s)ds = f(t), te€]a,b], andn €N M.,
[a,]
and the mapping T : BV, ([a,b], X) — BV, ([a,b], X) defined by

(Tz) (t) = f(t) — K/ a(s)x(s)ds, tE€]la,b],

[a,t]
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where in all cases x, f € BV,([a,b],X). If |xx, Oa()|1 <1 for each n € N,
then given f € BV,([a,b], X), each equation (V)r, admits one and only one

n

solution x,, € BV,([a,b],X). Consider also the following conditions:
i) {Zn}, ey has a convergent subsequence T, — xo;

it) T™ is a contraction for some m > 1.

If i) is satisfied, then xy € BV,([a,b],X) is a solution of (V)g. If i) is
satisfied, then there exists x = limx,, and x € BV,([a,b], X) satisfies (V)g.
n

ProOOF. Foreachn eN, ||xx, ()a()|l; < 1. Hence each T}, given by

(Thz) (1) = f(t) — L/ xx, (8)a(s)xz(s)ds, t€]la,b],

[a,t]

is a contraction and therefore has a unique fixed point x,, by the Contraction
Principle. Therefore (V') has one and only one solution x,, € BV,([a, b], X).
If i) holds, then given n; € N,

[0 — To|
< on - xnk” + ||xnk - Tnkxnk” + ||Tnkwnk - TﬂkxOH + ||Tnk‘r0 - TzO” )

where the first summand tends to zero as k — 0 (by the convergence of the
subsequence), the second summand is equal to zero (once x,, is a fixed point
of Ty, ), the third summand is smaller than |xx, ()@ ()| [|[Zn, — @0l which
tends to zero as k — 0 (because |[xx, ()@ ()|l; < 1 and by the convergence
of the subsequence), and the fourth summand tends to zero as k — 0, (by
Lemma 3.1).

Suppose now that ii) holds. From Lemma 3.1, T,, — T. As a matter
of fact, T,, — T uniformly. Thus z,, — = = Tz, (by Lemma 3.2), and we
complete the proof. O

Lemma 3.5. (see [12], 3.3; see [17] for the real-valued case) Suppose that
f € H([a,b], X) and g : [a,b] — X is a function such that g = f m-almost
everywhere (m for the Lebesque measure). Then g € H([a,b],X) and g = f.

We say that two functions g and f of H([a, b], X) are equivalent if g = f and
we write H ([a, b], X) 4 to denote the space of all equivalence classes of functions
of H([a,b], X) endowed with the Alexiewicz norm f € H([a,b], X) — || f|| , =

HfHOO In what follows we will write f € H([a,b], X)4 to denote that we have
picked up a function f = fg € ®, where ® € H([a,b], X)a.
The next assertion is a consequence of [11], Th. 3.5.
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Theorem 3.6. Given a € SV ([a,b],L (X)) with a(b) = 0, consider the
Volterra- Henstock linear integral equation

z<t>+K/Ma<s>z<s>dsf<t>, € [a.b), (V)1

where z, f € H([a,b], X)a. Then for every f € H([a,b], X)a there exists one
and only one solution x € H([a,b], X)a with

x(t):f(t)—K/[t]p(t,s)x(s) ds, t€[a,b],

where the kernel p : [a,b] X [a,b] — L (X) is bounded and can be given by the
Neumann series which converges in L (H ([a,b],X)4).

Theorem 3.7. Let o € H ([a,b], L (R)) = H ([a, b], R) be bounded and suppose
that there exists a sequence {Xy,},cy such that each X, is a finite union
of nonoverlapping closed intervals, X,, T [a,b] and « € BV (X,,,L(R)) =
BV (X,,R), for every n € N. Consider the Volterra- Kurzweil-Henstock linear
integral equations

and
x (t) + K/[ t]XXn (sYa(s)z(s)ds=f(t), te€]ab], andneN, (V)g,

where z, f € BV, (la,b],R). Then given n € N and f € BV, ([a,b],R), (V)u,
admits one and only one solution x,, € BV, ([a,b],R), there exists x = limx,

and z € BV, ([a,b],R) satisfies (V)g.

bn
Proor. For every n € N, let X,, = | [a%,b,]. By Lemma 3.5, we may
i=1

suppose that « (b%,) = 0 for every i and every n. Since a € BV (X, L (R))
implies that o € BV ([a},b}], L (R)) for every i, then given n € N and i €

n-n
{1,...,k,}, it follows from Theorem 3.6 that there exists a unique solution
i, € H ([a},b}],R) , of

n»-n

w1+ K / ol oy () (s)ds = F(8), tela bl (V.
[ag,t]

n?



404 M. FEDERSON AND R. BIANCONI

such that

@, (t) = f

g ()= K /[ GO A
a? ,t

with bounded kernel pf :[af,b%] x [al,b%] — L(R) given by the Neumann

series which converges in z’(;l ([aﬁl,rl;i],nR) A). As a matter of fact, xi €
BV ([a},b%],R) because f € BV ([a!,,b%],R) and HpﬁlHoo < 00 (see the consid-

ny’’n n»-n

erations before Theorem 3.4). Now, for every n € N and every ¢ € {1,...,k,},
let 4% : [a,b] — R be given by y’ = z¢, on [a’,b}] and 3, = 0 otherwise, and

let ¢! : [a,b] x [a,b] — L (R) be defined by ¢!, = pi, on [a},,b] x [af,b%] and

n)’-’n n»-n

. k X .
¢t = 0 otherwise. Then, z,, = >_ y’, € BV, ([a,b],R) is a (unique) solution of

i=1
(V) m,. Moreover,

kn kn

SICEDSIACED I CERITICER A CDPACEY

i=1 i=1

K . .
/ o (t,5) vl (s) ds)
[a,,0%,] Nla,t]
kn

—f(t) - ¥ /X I CACOIACE:

i=1

n

=fm->

=1

/N

<.

=f(t) — K/X . t]pn(t,s)xn(s)ds, t € la,b),

kn .
where p,, (t,8) = > &, (t,s), for each n € N.
i=1
Given n € N, let T), : BV, ([a,b],R) — BV, ([a,b],R) be defined by
(Thx) (t) = f(t) — K/ xx, (s)a(s)z(s)ds, tE€]la,b].
[a.2]

Since the Dominated Convergence Theorem holds for the real-valued Hen-
stock integral and X,, 7 [a,b], then T,, — T, where T : BV, ([a,b],R) —
BV, ([a,b],R) is given by

(Tz) (t) = f(t) — K/[ ) a(s)xz(s)ds, tela,b],

with z, f € BV, ([a,b],R). From the fact that the functions z, f, x, and
Xxx, () a(:) are of bounded variation, then T;, — T uniformly. The rest of
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the proof follows the steps of the proof of Theorem 3.4, (see the Remark after
Theorem 3.4). O

Remark 2. When we consider Banach space-valued functions, then neither
the Dominated Convergence Theorem nor the Monotone Convergence Theo-
rem hold for the Henstock integral. The next example of Birkhoff ([1]) shows
us that fact.

Example 3.1. Consider f : [0,1] — X = I3 (N) defined by f = Y_ fi, where
i=1

filt) =2 if & <t<d 4+ i=1,2...,7=01,...,2—1. Weusee;;
to denote a doubly infinite set of orthonormal vectors of I3 (N). Then f* =
fi+ ...+ fiis such that f* € H ([0,1], X) for every i € N*, but f is nowhere
differentiable and hence f ¢ H ([0,1],X) (by the Fundamental Theorem of
Calculus - see [12] or [5] for the Banach case or [16] for the real-valued case).

We point out however that f (t) = X [ (0,4 f exists in the sense of the Kurzweil

integral for every ¢ € [0,1]. Indeed, because the space X = [ (N) fulfills the
required conditions which make the Monotone Convergence Theorem be valid
for the Kurzweil integral (see [3]). O

The next result comes directly from the Contraction Principle.

Theorem 3.8. Let a € H ([a,b],L (X)) be bounded with (b—a)|al, <1,
then given f € BV,(la,b],X), there is one and only one x € BV,([a,b], X)
that satisfies the linear integral equation of Volterra-Henstock

:v(t)JrK/[t]a(s):c(s)dsf(t), t € [a,b]. V)u

Case b’): Let a € H ([a,b], L (X)) be absolutely integrable and suppose

f € C([a,b], X). By Theorems 2.5 and 2.6 we can consider the mapping
T :C([a,b],X) — C([a,b], X) defined by

T =10~ [ a@)a()ds telat)
[a,t]
In addition, by Lemma 3.1, for every n € N, we can consider the continuous
mapping T, : C([a,b], X) — C([a,b], X) given by
(Thx) (t) = f(t) — L/ xx, (s)a(s)x(s) ds, t€]la,b].
[a,1]

Likewise case a), if |[xx, () a()||; <1, then T, is a contraction.
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Theorem 3.9. Given o € H ([a,b], L (X)) absolutely integrable, consider the
linear integral equation of Volterra-Henstock

x@+K%ﬂa@x®®:f@,t6M% (V)n

the Volterra-Bochner-Lebesgue linear integral equations obtained through Lemma
3.1

x () + L/[ ) Xx, ()a(s)z(s)ds=f(t), telab], andneN, (V).
and the mapping T : C([a,b], X) — C([a,b], X) defined by
) =10~ [ aa(s)ds, tela,
[a,1]

where x, f € C(la,b], X). If [[xx, ) (f; <1 for each n € N, then given
f e C([a,b],X), each equation (V) admits one and only one solution x,, €
C(la,b], X). Consider also the following conditions:

i) {Tn},en has a convergent subsequence T, — To;

it) « is bounded and T™ is a contraction for some m > 1.

If i) is satisfied, then xo € C([a,b], X) is a solution of (V). If ii) is satisfied,
then there exists x = limx,, and x € C([a,b], X) satisfies (V)u.

PROOF. The proof is analogous to the that of Theorem 3.4. O

Theorem 3.10. Let « € H ([a,b], L (X)) be absolutely integrable and bounded
with (b—a) |||, < 1. Then for every f € C([a,b],X), there is one and
only one © € C([a,b], X) that satisfies the Volterra-Henstock linear integral
equation

)+ % [ aa)ds=f), telab) (V)

[a,1]

PrOOF. The assertion follows directly from the Contraction Principle. O

4 The Volterra-Bochner-Lebesgue Linear Integral Equa-
tion

Let I([a,b],X) denote one of the Banach spaces G([a,b], X), BV,([a,b], X)
or C([a,b],X). From Theorem 2.11 and its Corollary, we can consider the
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Volterra-Bochner-Lebesgue linear integral equation
s+ [ a@@ds=fio), telay (V)
[a,t]

where a € £1 ([a,b], L (X)) and z, f € I(]a,b],X). Then the Contraction
Principle implies the following.

Theorem 4.1. Suppose o € £1 ([a,b],L (X)) with ||af|; < 1. Then given
f € I([a,b], X), there is one and only one x € I([a,b],X) that satisfies the
linear integral equation of Volterra-Bochner-Lebesgue

(t)—i—L/[t]oz(s)x(s)ds:f(t), t € la,b). V)L

Let I C [a,b] be finite. We say that f : [a,b] — X is of bounded variation on
[a, ]\ I whenever f is of bounded variation on every closed interval contained in
[a,b]. Let f € £1([a,b], X) be continuous or of bounded variation on [a, b] \ I.
Then it is immediate that there exists a sequence of sets { X}, such that
each X, is the finite union of nonoverlapping closed intervals and X,, NI = (),
X, 1 [a,b], and for every ¢ € [a, b],

lim © f(s)ds= "L f(s)ds.

n XnN[a,t] [a,t]
If I C [a,b] is finite and o € £4 ([a,b], L (X)) is continuous or of bounded
variation on [a,b] \ I, then there exists a sequence {X,}, .y as above such
that for every t € [a, b],

lim © a(s)ds = L/ a(s)ds. (4.1)
" XnN[a,t] [a,t]
Similarly, if # € G([a, b], X ), then there exists the integral © f[a qoT (Theorem
2.11) and we can find a sequence {Y,,}, . such that each Y, is the finite union
of nonoverlapping closed intervals and Y, NI = 0, Y,, 1 [a,b] and for every
t € la,b],
lim © a(s)z(s)ds= "L / a(s)x(s)ds.

n Y, N[a,t] la,t]
We affirm however that in fact the same sequence for a € £ ([a,b], L (X))
suits for az € £1([a, b], X), that is

lim © a(s)z(s)ds="T a(s)x(s)ds,
@@=t [ a0

n XpNla,t]
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for every t € [a,b]. Indeed. Taking approximating Riemannian sums for the
integrals © f[a g (s)a(s)ds and L me[a 4 @ (s)  (s) ds we have that

|- ateatet = tio) = > wx, (€aea(e) b — tia)|
< flalloe 2 (1 = )€€t — i)

which can be made sufficiently small by (4.1) and by the Riemannian definition
of Bochner-Lebesgue integral, (see [13] and [18]).

Theorem 4.2. Let I([a,b], X) denote one of the two spaces C([a,b],X) or
G(la,b], X), BV,([a,b], X). Givena € £1([a,b],L(X)), consider the Volterra-

Bochner-Lebesgue linear integral equations

x(t)—l—L/[t]oz(s)x(s)ds:f(t), te b, (V)2

x (t) + L/ xx, (s)a(s)x(s)ds=f(t), te€la,b], andneN, (V)r,

where z, f € I([a,b], X) and the sequence { Xy}, cy s obtained as in the pre-
vious paragraph for a € £1([a,b],L(X)). Suppose f € I([a,b],X), and that
Ixx, OaQll; <1 for everyn € N. Then (V)r, has one and only one solution
xn € I([a,b], X). Consider also the following conditions:

i) {%n},en has a convergent subsequence T, — xo;

it) « is bounded and T™ is a contraction for some m > 1.

If i) is satisfied, then xo € I([a,b], X) is a solution of (V). If i) is satisfied,
then there exists © = limx,, and x € I([a,b], X) satisfies (V).

PRrROOF. For each n € N, let T, : I([a,b], X) — I([a,b], X) be given by

Lo =f0-" [ xx (alel)ds el
a,t]

where « € I([a,b], X). Then T,, is continuous (because ||xx, () a()||; < o)
and T;, is a contraction whenever ||xx, () & ()||; < 1. The rest of the proof is
analogous to the proof of Theorem 3.4 replacing the integral of Henstock by
the integral of Bochner-Lebesgue. O

If either I([a,b],X) = C([a,b],X) or I([a,b],X) = BV,([a,b], X) in the
theorem above, we obtain the stronger results of Theorems 4.3 and 4.5 below.



LINEAR INTEGRAL EQUATIONS OF VOLTERRA 409

Theorem 4.3. Given a € £1 ([a,b], L (X)), and I C [a,b] finite, suppose that
a is continuous on [a,b] \ I and consider the Volterra-Bochner-Lebesgue linear
integral equations

x (t) + L/[ t]XX” (s)a(s)z(s)ds=f(t), te]lab], andneN, V),

where x, f € C([a,b], X) and the sequence {X,}, oy satisfies the conditions

of the paragraph before Theorem 4.2. Then given f € C([a,b],X) and n € N,

(V), has a solution x,, € C(la,b], X). Besides, there exists © = limx,, and
n

x € C([a,b], X) satisfies (V).

Proor. For each n € N, (V) has a solution z,, € C([a,b], X). Indeed.

kn . . . .

For every n € N, let X,, = |J [a},b%]. Then a € C([a},b}], L (X)), for
i=1

every n € Nand ¢ = 1,...,k, and by a well-known result from the Theory

of Integral Equations (see, for instance, [15], p. 74), there exists a solution
zt € C([al,bi], X) of

n»-’n

xl () + L/ o
[af, 2]

such that

@, (t) = f

[ai ,bE)] (t) - L/[ ]P; (tas) x:z (S) d57 te [G/;,b;],
a? ,t

with continuous kernel pf, :[a?,, b%] x [at,b%] — L (X) determined by the Neu-

n»vn n»vn

mann series method. For every n € N and every i € {1,...,k,}, let 3/ :
[a,b] — X be given by y{ = x% on [a},b}] and y! = 0 otherwise, and let

#% : [a,b] x [a,b] — L(X) be defined by ¢! = pi on [a,b}] x [a},b}] and

nyYn nyvn

. kn .
¢, = 0 otherwise. Then x,, = >_ y! is a solution of (V) and
i=1

xn(t)=f(t)—L/Xm[ o) (9)ds, <ot
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kn
where p, (t,s) = > @& (t,s), for each n € N. Moreover z,, € C([a,b], X),
i=1

since f and the indefinite integral are continuous (Theorem 2.2). Hence, for
every n € N, the mapping T, : C([a,b], X) — C([a,b], X) given by

(Thx) (t) = f(t) — L/ xx, (s)a(s)x(s) ds, te€]a,b],

[a,]

has a fixed point. The rest of the demonstration follows the steps of Theorem
3.4 and the observation in the proof of Theorem 4.2. O

Let Lq([a,b], X)a denote the space of all equivalence classes of functions
of £1([a,b],X) endowed with the Alexiewicz norm. When we write f €
Li([a,b], X)a we mean that we have chosen a function f = fg € ®, where
® € Li([a,b], X)a. The next result is a consequence of [11], Th. 3.5 and the
Remark that follows it.

Theorem 4.4. Given o € SV ([a,b],L (X)) with a(b) = 0, consider the
Volterra- Bochner-Lebesgue linear integral equation

x(t)—l—L/[t]oz(s)x(s)ds:f(t), te b, (V)2

where z, f € L1([a,b],X)a. Then for every f € L1([a,b], X)a there exists one
and only one solution x € Ly ([a,b], X)a with

w(t) = (t) - /[ ps)e () ds te o,

where the kernel p:la,b] X [a,b] — L(X) is bounded and can be given by the
Neumann series which converges in L (L1([a,b], X)a).

Theorem 4.5. Given o € £1([a,b],L(X)) and I C [a,b] finite, suppose
that « is of bounded variation on [a,b] \ I and consider the Volterra-Bochner-
Lebesgue linear integral equations

x(t)—i—L/ a(s)x(s)ds=f(t), te]a,b], V)L
[at]
and

z (t) + L/[ t]XX" (s)a(s)z(s)ds=f(t), te]a,b], andneN, (V)i

where x, f € BV,y(la,b], X) and the sequence { X, }, .y satisfies the conditions
of the paragraph before Theorem 4.2. Then given f € BV,([a,b], X) and n €
N, (V)r, has a unique solution x, € BV,([a,b],X). Moreover, there ezists
x = livrlnxn and x € BV,([a,b], X) satisfies (V).
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PRrOOF. It follows from Theorem 4.4, each (V') has a unique solution z,, €
Li([a,b],X)a and

() = £ (t) - /[ SPEeE)ds, L€ i,

where the kernel p:[a,b] x [a,b] — L (X) is bounded and can be given by the
Neumann series. As a matter of fact, z,, € BV,([a, b], X) for every n € N, since
f € BV,(la,b], X) and the indefinite integral of a Bochner-Lebesgue integrable
function is of bounded variation (Theorem 2.10). This means that each T,
has a fixed point, where T;, : BV,([a,b], X) — BV,([a,b], X) is given by

(Tyx) (t) = £ (1) — © /[ o ©a@)aE)ds, e

The rest of the demonstration follows the steps of Theorem 3.4 and the obser-
vation in the proof of Theorem 4.2. [

5 Applications

5.1 Applications to Ordinary Differential Equations

Consider the equation

i=f(tz) (5.1)
where f : [a,b] x B — R is a function and B C R is an open set. Let J C [a, b]
be a closed interval. We say that = : J — R is a Carathéodory solution
(respectively a Henstock solution) of equation (4.1) if and only if the following
conditions are satisfied:

i) «(t) € B m-almost everywhere on J;
i) 2(t)=x(c)+ * f[c g f (s,2(s)) ds, for every t, c € J;

where m denotes Lebesgue measure and * [ = © [ (resp. * [ = & [), provided
the integral exists. From the Fundamental Theorem of Calculus it is immediate
that if = satisfies i) for * [ = L [ (resp. * [ = ¥ [), then z is absolutely
continuous and differentiable (resp. x satisfies the Strong Lusin Condition and
is differentiable m-almost everywhere) and & = f (¢, z) m-almost everywhere.

1
Example 5.1. Let F :[0,1] — R be given by F (t) = tsin; ift=£0, F(0)=

1 1 1
0, and f = F’, that is f (¢) = sing — sy if t # 0 and f(0) = 0. Then

feH([0,1,R)\ £1([0,1],R) and F = f (from the Fundamental Theorem of
Calculus). Consider the initial value problem
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t+ax=f  x(a)=0 (5.2)

where z € G ([0,1],R) and « € £1 ([0, 1],R). Integrating (5.2) we obtain the
Volterra-Lebesgue linear integral equation

os(t)JrK/[t]oz(s)x(s)dsf(t), t € [a,b], VL

By Theorem 4.1, if ||af|; < 1, then there exists a unique solution = €
G ([0,1],R) of equation (V)g (note that the indefinite integral F' is continu-
ous - Theorem 2.2). In other words, if ||a||; < 1, then there exists a unique
Carathéodory solution = (which is in fact absolutely continuous by the Fun-
damental Theorem of Calculus) of equation (5.1).

Example 5.2. Consider the initial value problem

T+ ar=pu, x(a)=0, (5.3)
where z € C([a,b,R), a € £1([a,b],R) and either 8 € H ([a,b],R) and
u € BV ([a,], ) or f € BV ([a,b],R) and v € H ([a,b],R). In any case
there exists F'(t Kf[mt]ﬁ(s)u(s) ds, for every t € [a,b] (see [2] or [5]).

Integrating (5.3) we obtain the linear integral equation of Volterra-Lebesgue
2O+ [ ae(ds=10), telat) (V)
[a,t]

If ||la|l; < 1, then there is a unique Carathéodory solution z € C([a,b], X) of
equation (5.3) (Theorem 4.1).

Now we change the hypothesis. Let 2 € BV, ([a,b],R), a € £1 ([a,b],R)
and either 8 € £1 ([a,b],R) and u € BV([ ] R)or g e B ([a,b],R) and
u € £1([a,b],R), then there exists F (¢ fat B(s)u(s)ds, for every
t € [a,b] (see [2] or [5]) and F' € BV, ([a, b] ]R) (Theorem 2.10). By Theorem
4.1, there is a unique Carathéodory solution = € BV,([a,b], X) of equation

(5.3) whenever |lal; < 1.

Example 5.3. The continuous-time linear dynamic system

Tt)=A)xz@t)+Bt)u(t) gi)=C{H)x@t)+D{H)u(t) (5.4)

where A, B, C and D are continuous matrix 1 x 1, has solution given by

2 (t) = elienr MOy (a) 4 / o 4% B (1) u (r) dr.

[a,]
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If z € C([a,b],R), A € £1([a,b],R) and either B € H ([a,b],R) and u €
BV ([a,b],R) or B € BV ([a,b],R) and u € H ([a, b],R), then

e (t) = e Jua Ay ) 4 K / e e A B (Y y (rydr (5.5)
[a,t]

is a Henstock solution of the system. If moreover we have that ||A||; < 1, then
(5.5) is the unique (continuous) solution of (5.4) and, according to the first
part of Example 5.2, it is in fact a Carathéodory solution.

Example 5.4. Consider the initial value problem

t+ar=f x(a)=0, (5.6)
where x € BV, ([0,1,R), f € £1([0,1],R) and « : [0,1] — R is given by
al(t) = SlTnt if t # 0 and «(0) = 0. Hence o € H ([0,1],R) \ £1 ([0, 1], R),

o € BV ([£,1],R) for every n € N*, and F = f € BV, ([0,1],R) (by Theorem
2.10). Let us consider the Volterra-Henstock linear integral equation obtained
from (5.6)

w(t) + ¥ /[ (s = 10, t€ ol (V)n

as well as the linear integral equations of Volterra-Henstock

x(t)—i—K/[ t]XX" (sYa(s)z(s)ds=f(t), te€]a,b], andneN, (V)g,

By Theorem 3.6, for every n € N* there exists a unique solution z, €
H ([0,1],R) 4 of (V)m, whose resolvent is given by the Neumann series:

(=1 sin(s)(—Si i(s))U—1

0.40[%.1] 521 (j—Dts

. (Si(t)—Si(s))
—Fit)+ K / sin(s)e F(s)ds, for t €[0,1]
[0.40(%.1] s

where Si (t) = f[o 9 Sl%ds. However, since F' € BV (|0,1],R) and the kernel

' (Si(t)—Si(s))
pn (t,s) = sin (s) e is bounded (Theorem 3.6), then it follows that

T, is of bounded variation. From Theorem 3.7, we have that

Sin (8) e(Si(t)_Si(s))

F(s) ds, t €]0,1],
(5.7)

z(t) =lima, () = F (t) + K/[O ) .
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is of bounded variation and satisfies (V). Thus x given by (5.7) is a Henstock
solution of (5.6).

5.2 Applications to Singular Integral Equations

We call singular integral equations those integral equations whose kernel has
a singularity. Such equations play an important role in the Theory of Integral
Equations with applications in various areas.

Example 5.5. Let z, f € BV ([0,1],R) and « : [0,1] — R be as in Example
4.4. Then according to Example 4.4, given f € BV, ([0,1],R), the singular
integral equation

x(t) + K/[ . a(s)xt(s)ds = f(t), t€la,b], V)

admits a solution of bounded variation which is given by

SRR

Sin (S) e(SZ(t)—SZ(S))

f(s)ds, tel0,1].

S

L fort € [0,1], and

Example 5.6. Consider the unbounded function « (t) = 7

« (0) = 0, and the singular integral equation

x(t)—i—K/[t]a(s)x(s)ds:f(t), t € la,b], )L

where z, f € C'([0,1],R). Since « is Lebesgue integrable on the interval [0, 1],
then a € £ ([%, 1], R) for each n € N*, and we can consider the linear integral
Volterra equations

x (t) + L/[ t]XXn (s)a(s)z(s)ds=f(t), te€]a,b], andneN, V)i,

where z, f € C([0,1],R) and X,, = [%,1] for each n € N*. Given f €
C ([0,1],R), since & € C([2,1],R) for every n € N*, then there exists a
continuous solution x,, of (V) whose resolvent is given by the Neumann
series:

a (t) = £ (8) + /[Otm s VI Vs) \/g £ (s) ds

'n7 Z:1

=/ +

[m]m[lu( Vs (Vi \/5—1



LINEAR INTEGRAL EQUATIONS OF VOLTERRA 415

By Theorem 4.3 and the Monotone Convergence Theorem,

is a continuous solution for the singular integral equation (V).

Let us suppose now that x, f € BV, ([0,1],R) instead of z, f € C'([0,1],R).
From the fact that o € BV ([%,1],R) for every n € N*, and given that
f € BV ([0,1],R) C H ([0,1],R), we can calculate the solution z, of each
(V) L, by the Neumann series method (see Theorem 3.6). We have that

) f(s)ds, te]o,1],

oo () = (1) + /

[0,)n[%

n’

=f@)+

Z f(s) ds
< \/5_1)>f(s),ds, teo,1].

Then, by Theorem 4.4 and the Monotone Convergence Theorem,

[0 alaleR

x(t):hrrlnxn(t):f(t)"‘l(/mt] <_\/§(\/E—1\/§—1

is a solution of bounded variation of the singular integral equation (V).

)> f(s)ds, te]o,1],

The basis for this paper is [4].

References

[1] G. Birkhoff, Integration of functions on Banach spaces, Trans. Am. Math.
Society, 38(1935), 357-378.

[2] M. Federson, Fdrmulas de Substituicdo para integrais de Gauge, MS
Dissertation, Institute of Mathematics and Statistics, University of Sao
Paulo, 1993.

[3] M. Federson, The Monotone Convergence Theorem for multi-dimensional
Kurzweil vector integrals, Semindrio Brasileiro de Anélise, 45(1997), 827—
833.

[4] M. Federson, Sobre a existéncia de solugdes para Equagdes Integrais Lin-
eares com respeito a Integrais de Gauge, Doctoral Thesis, Institute of
Mathematics and Statistics, University of Sao Paulo, Brazil, 1998.



416

[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

M. FEDERSON AND R. BIANCONI

M. Federson, The Fundamental Theorem of Calculus for multidimensional
Banach space-valued Henstock vector integrals, Real Analysis Exchange,
1999, to appear.

M. Federson, Substitution Formulas for Kurzweil and Henstock vector
integrals, pre-print, 1999.

L. Gengian, On mnecessary conditions for Henstock integrability, Real
Analysis Exchange, 18(1992-93), 522-531.

C. S. Honig, The abstract Riemann-Stieltjes integral and its Applica-
tions to linear differential equations with generalized boundary conditions,
Notes of the Institute of Mathematics and Statistics, University of Sao
Paulo, Mathematics Series #1, 1973.

C. S. Honig, Volterra-Stieltjes integral equations, Math. Studies, 16,
North-Holland Publ. Comp., Amsterdam, 1975.

C. S. Honig, Equations intégrales generalisées et applications, Publ. Math.
d’Orsay, 83-01, exposé 5, 1-50.

C. S. Honig, On linear Kurzweil-Henstock integral equations, Semindrio
Brasileiro de Andlise, 32(1990), 283—-298.

C. S. Honig, On a remarkable differential characterization of the functions
that are Kurzweil-Henstock integrals, Semindrio Brasileiro de Anaélise,
33(1991), 331-341.

C. S. Honig, A Riemannian characterization of the Bochner-Lebesgue in-
tegral, Semindrio Brasileiro de Anélise, 35(1992), 351-358.

V. L. Istratescu, Fized Point Theory - An introduction, D. Reidel Pub.
Comp., 1981.

A. J. Jerri, Introduction to integral equations with applications, Marcel
Dekker, Inc., New York and Basel, 1985.

J. Kurzweil and J. Jarnik, Equiintegrability and controlled convergence of
Perron-type integrable functions, Real Analysis Exchange 17(1991-92),
110-139.

R. M. Mc Leod, The generalized Riemann integral, Carus Math. Monog.,
20, The Math. Ass. of America, 1980.

E. J. McShane, A unified theory of integration, Am. Math. Monthly,
80(1973), 349-359.



LINEAR INTEGRAL EQUATIONS OF VOLTERRA 417

[19] S. Schwabik, Abstract Perron-Stieltjes integral, Math. Bohem.,
121(1996), 4, 425-447.



418 M. FEDERSON AND R. BIANCONI



