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ON THE GENERALIZED LINDELOF
PROPERTY

Abstract

We consider two types of topological spaces which generalize the
notion of a Lindelof space. The invariance of these classes under some
operation is discussed. We also show that the density topology in R™ is
an example of both generalizations.

1 Preliminaries and Basic Properties

By (X, T), or simply X, we denote a topological space on which, unless other-
wise stated, no separation axioms are assumed. Thus we define compactness
and paracompactness without 75 and the Lindel6fness without 75 (cf. [15]).
We will also consider some other covering properties of topological spaces, so
we recall the corresponding definitions.

A family U of sets in X is said to be locally countable if for each x € X
there is a neighborhood W of x such that card{U e U : UNW # (1} < Ry.

A topological space X is said to be:

e almost compact if for each open cover U of X there is a finite family
{U1,Us,...,U,} CU whose union is dense in X, [6, p.239];

e almost paracompact if for each open cover U of X there is a locally finite
family V of open subsets of X which refines &/ and whose union is dense in
X [17];

e para-Lindelof if for each open cover U of X there is a locally countable open
cover V which refines U, [14].

Key Words: Lindelof space, paracompact space, P-space, density topology, Vitali cover,
multivalued map, quasicontinuity

Mathematical Reviews subject classification: 54D20

Received by the editors July 26, 1999

177



178 J. EWERT AND S. P. PONOMAREV

In regular spaces the compactness and the almost compactness (resp. para-
compactness and almost paracompactness) coincide [6, 17]. Examples of an
almost compact (almost paracompact) space which is not compact (paracom-
pact) are given in [1,p.270] and [8]. Furthermore, each T3 Lindel6f space is
paracompact and a T paracompact space is Ty [15, p.90, 85].

A topological space X will be called:

e almost Lindeldf if each open cover U of X contains at most countable family
{U, : n € N} C U whose union is dense in X;

e almost para-Lindelof if for each open cover U of X there is a locally countable
family V of open subsets of X which refines i/ and whose union is dense in
X.

Then we have the following relations between the classes of spaces men-
tioned.

compact >~ Linfelof
paracompact para-Lindelof
almost compact— > almost Lindelof
almost paracompact » almost para-Lindelof

All inclusions (depicted by arrows) are proper in this diagram, which fol-
lows in part from previous remarks. Examples illustrating other cases will be
given in the sequel.

For a subset A in a topological space X the symbols cl A, int A will be used
to denote the closure and the interior of A respectively.

Example 1.1. (a) Each separable space is almost Lindelof.
(b) Each uncountable discrete space is almost para-Lindelof but is not almost
Lindelof.

Example 1.2. The Niemytzki plane is separable; so it is almost Lindel6f.
Furthermore, it is T3 and not Ty. Therefore it is neither almost compact, nor
almost paracompact nor Lindelof.
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Example 1.3. Let m be the Banach space of all bounded real sequences
with the usual norm ||z|| = sup,cy |tn|, Where = (t1,t2,...). Since m is
paracompact, it is also almost para-Lindel6f. We claim that m is not almost
Lindelof. Suppose that this is not the case. By B(x,r) we denote the open
ball with center z and of radius » > 0. Then from the open cover U =
{B(x,1/6) : = € m} we can choose a countable family {B(z,,1/6) : n € N}
with cllJ;—, B(2,,1/6) = m. Now by A we denote the set of all z € m, z =
(t1,t2,...), such that ¢; € {0,1} for j € N. The set A is uncountable and
|l —yl|=1forall z,y € A, x #y. If x € A, then B(x,1/6) N B(xy,1/6) # 0
for some k > 1; hence x € B(zy, 1/3). Thus for some k > 1 we have card(A N
B(xy,1/3)) > Ro. It follows that ||z — y|| < 2/3 for all z,y € AN B(xy,1/3),
and this contradiction finishes the proof.

It follows from Examples 1.2 and 1.3 that almost Lindel6fness and almost
paracompactness are independent properties, but we have the following.

Theorem 1.4. If X is an almost paracompact (almost para-Lindeldf) space
in which every locally finite (locally countable) family of non-empty open sets
is countable, then X is almost Lindeldf.

PROOF. Let U = {Us : s € S} be an open cover of X. There exists a
locally finite (locally countable) family V of open sets which refines ¢ and
H{V : V € V} is dense in X. It follows from our assumptions that V is
countable; i.e., V = {V,, : n € N}. For each n = 1,2,... we fix U,y € U with
Vi € Ug(ny; hence X = cllUJp— Ugn)- O

Lemma 1.5. If X is an almost Lindeldf space, then every locally countable
family of non-empty open sets is at most countable.

PROOF. Let U be a locally countable family of non-empty open sets in X.
For each x € X we fix a neighborhood V, which intersects at most countably
many sets belonging to U. The open cover {V, : z € X} contains a countable
family {V,, : n € N} such that |J0—, V,, is dense. Since each set from U

n=1

intersects some V., it follows that cardif < Nj. O]
Lemma 1.5 leads to the following two corollaries.

Corollary 1.6. A topological space X is a Lindeldf space if and only if it is
almost Lindelof and para-Lindelof. O

Corollary 1.7. [7, Coroll. 5.1.26]. Every separable paracompact space is a
Lindelof space.

Theorem 1.8. If an almost para-Lindeldf space X contains a dense almost
Lindeldf subspace A, then X is almost Lindelof.
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ProOOF. Let U = {U; : j € J} be an open cover of X. Then there is a
locally countable family ¥V = {V; : s € S} of open sets which refines & and
clJ,eg Vs = X. Since A is dense, {ANV; : s € S} is a locally countable family
of non-empty open sets in the almost Lindel6f space A. According to Lemma
1.5, we have card S < ¥y. Thus

X=dA=d(|JAnV) cd|]V.
seS sES

For each s € S we choose j(s) € J such that Vi C Uj(); hence X =
cl(U,es Uj(s)) which completes the proof. O

Theorem 1.9. If X is an almost Lindelof (para-Lindeldf, almost para-Linde-
l6f) space, then each open-closed subspace M in X is almost Lindeldf (para-
Lindelof, almost para-Lindeldf).

PROOF. Assume that X is almost para-Lindel6f. (For an almost Lindel6f or
a para-Lindelof space the proof is analogous.) Let U = {Us : s € S} be an
open in M cover of M; then U; = M N Vy, where V, are open in X. For the
open cover {X \ M} U{V; : s € S} of X there is a locally countable family of
open sets {Wj : j € J} which refines this cover and such that cl{J;. , W; = X.
Hence V = {W; N M : j € J} is a locally countable in M family of open sets
in M which refines Y. Furthermore,

M =c(MnX)=c(Mned(| W) =d(|JMnWw;)c M,
JjeJ jeJ
which completes the proof. O

As an immediate consequence of the above theorem, we obtain the following
theorem.

Theorem 1.10. Let @, g X, be the topological sum of a family {X, : s € S}
of topological spaces such that X; N Xy =0 for s,s' €S, s # 5.

(a) The sum @, g X is almost Lindeldf (para-Lindeldf) if and only if all X
are almost Lindelof (para-Lindeldf) spaces and the set S is countable.

(b) The space @, g Xs is almost para-Lindeldf (almost paracompact) if and
only if all spaces X5 are almost para-Lindeldf (almost paracompact).

Example 1.11. Let X denote the Niemytzki plane and m the Banach space of
all bounded sequences of reals. It follows from Examples 1.2, 1.3 and Theorem
1.10 that the space X @ m is almost para-Lindelof, but it is neither para-
Lindel6f nor almost Lindelof, nor almost paracompact.
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A topological space is said to be a P-space if the intersection of any count-
able family of open sets is again an open set [14].

Lemma 1.12. [14, Lemma 4.4]. If A is a locally countable family of subsets
in a P-space X, then cl(U{A: A€ A}) =J{clA: A c A}.

Theorem 1.13. Let X be a T3 P-space.
(a) If X is almost Lindeldf, then it is a Lindeldf Ty space.
(b) If X is almost para-Lindeldf, then it is paracompact.

PROOF. (a) Let U be an open cover of X. For each point z € X we fix U, € U
and an open set W, such that x € W, C clW, C U,. Then we can choose a
countable family {W,, : n € N} for which cl({J,—, W,,) = X. But according
to Lemma 1.12 we have cl(J,—, Wa,) = Uy, clW,,. Hence {U,, : n € N}
is a countable subcover chosen from U. As it is stated in [14, Prop. 4.2], each
Hausdorff Lindeléf P-space is normal; so item (a) is proved.

(b) Let U be an open cover of X. For each z € X we fix U, € U and an
open set W, satisfying x € W, C clW, C U,. Then there exists a locally
countable family of open sets V; which refines {W,, : « € X} and such that
cd(H{V : V € V}) = X. From Lemma 1.12 we have cl((J{V : V € V1}) =
U{clV : V eVi}. Thus V = {clV : V € V;} refines U. So we have shown that
for each open cover U there is a closed locally countable cover which refines
U. By [14, Th. 4.3], in each T3 P-space the last property is equivalent to
paracompactness. O

Corollary 1.14. [14]. Let X be a T5 P-space. Then X is para-Lindeldf if
and only if it is paracompact.

Finally we will give an example of a space which is not almost para-
Lindelof. Given a cover U of X and a set M C X, let

St(M,u) = U eu : UM #0}.

A cover U is said to be a star refinement of another cover V if the family
{St(U,U)} : U € U} is a refinement of V.

Example 1.15. Let X = {p = (z,y) € R? : 2 >0,y > 0} \ {(0,0)} and U, =
{z} x [0,00), W, =[0,00) x {y} for all z >0, y > 0. For each p = (z,y) € X
write
{{r}} ifz>0,y>0
B(p) =< {U,\L:cardL <Ry, p¢ L} ifz>0,y=0
{Wy\L:cardL <No, p¢ L} ifz=0,y>0.
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Then B = |J{B(p) : p € X} is a base of a Hausdorff topology 7 on X. The
base B consists of open-closed subsets; so (X, 7) is a Tychonoff space. Let
V., n € N, be open subsets of (X, 7) and p = (z,y) € oy Vu. Ifz > 0,y > 0,
then {p} is an open set and thus p € int (2, V,,. If z = 0,y > 0, then for each
n € N there is at most countable set L,, such that p ¢ L,, and W, \ L,, C V.
This implies Wy, \ U;—; Ly, C (),—; Vi and consequently p € int(),—, V,,. In
case x > 0, y = 0 we use the analogous argument. Thus we have shown that
(X,7) is a P-space. Now we take the open cover U = {U, : x > 0} U{W,, :
y > 0} and let A be an open refinement of Y. For each p, = (x,0),p¥ =
(0,y),z # 0,y # 0, we fix neighborhoods U, \ Lg, W, \ L, contained in some
fixed sets belonging to U. Then we can choose a point py = (zg,yo) such
that po € (Ugy \ Lay) N (Wy, \ Ly,) and Ay, Ay € A with Uy, \ Ly, C Ay
and Wy, \ Ly, C As. Therefore (Uy, \ Ly,) U (Wy, \ Ly,) C St(Aq,A), thus
St(A;,.A) is not contained in any set from Y. So we have shown that the open
cover U has no any open star refinement, whence by [7, Th. 5.1.12] the space
(X, 7) is not paracompact. Applying Theorem 1.13(b) we obtain that (X, 1)
is not almost para-Lindelof either.

2 Invariance under Mappings

Let X and Y be topological spaces and F' : X — Y a multivalued map. For
any sets A C X, B C Y we will write as usually F(A) = J,c4 F(z), FT(B) =
{re X :F(z)CB},and F~(B)={x € X : F(x)N B # 0}.

A subset A of a topological space X is said to be:

e semi-open, if A C cl(int A);

e semi-closed, if X \ A is semi-open.

The union (intersection) of any family of semi-open (semi-closed) sets is semi-
open (semi-closed). The intersection of all semi-closed sets containing A is
called the semi-closure of A; we will denote it by scl A [3,4,12]. For each set

A we have int(cl A) = int(scl A), [3,4]. A multivalued map F : X — Y is said
to be:

e semi-open, if for each open set U C X the set F(U) is semi-open;
e closed, if for each closed set A C X the set F(A) is closed.

In the sequel we will use the following well known characterization of closed
multivalued maps.
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Lemma 2.1. A multivalued map F : X — Y is closed if and only if for each
pointy €Y and each open set U containing F~ (y) there exists a neighborhood
V of y such that F~— (V) C U.

A multivalued map F': X — Y is said to be:
e upper semicontinuous, if for each open set V C Y the set F'*(V) is open;

e lower quasicontinuous, if for each open set V' C Y the set F~ (V) is semi-
open [9].

If F is single-valued, then upper semicontinuity means continuity of F'. More-
over, in this case lower quasicontinuity coincides with quasicontinuity [11, 12].

Lemma 2.2. A multivalued map F : X — Y is lower quasicontinuous if and
only if F(scl A) C cl F(A) for each set A C X.

We omit the standard proof.

Theorem 2.3. Let X and Y be topological spaces and let F' be an upper
semicontinuous and lower quasicontinuous multivalued map from X onto Y
such that F(x) has the Lindeldf property for each x € X.

(a) If X is almost Lindeldf, then Y is also.

(b) Assume,in addition, that F is semi-open closed and F~(y) has the Lindeldf
property for each y € Y. Then X is almost para-Lindeldf if and only if Y is
almost para-Lindeldf.

PrROOF. (a) Let V be an open cover of Y. For z € X we choose a count-
able cover V, C V of F(z) and we set V, = [J{V : V € V,}. Since F is
upper semicontinuous, the family {F*(V,) : 2 € X} forms an open cover
of X. Now we choose a countable family {FT(V, ) : n € N} such that
c(UsZ, FT(V,,)) = X. Hence we obtain

X =t FF (V) = int(sel( | F*(Va,));

n=1 n=1

so X =scl(U;2, F*(V,,)). This fact and Lemma 2.2 give

Y = F(X) =F(scl(|J F* (V) € l(F(|J FH (V)

o0

ce(|JVa,) = {V:V eV, neN}).

n=1



184 J. EWERT AND S. P. PONOMAREV

Thus V; = {V : V €V, , n € N} is a countable subfamily whose union is
dense and (a) is thus proved.

(b) Suppose that X is almost para-Lindelof and let 1V be an open cover of Y.
For each z € X we choose a countable cover V, of F(z), V, C V, and we set
Ve =U{V : V € V. }. Since F is upper semicontinuous, Y = {F+(V,):z € X}
is an open cover of X. Then there exists a locally countable open refinement
Ur = {Uj : j € J} of U such that cl(U,c;U;) = X. For each j € J we fix a
point z; € X for which U; € F*(V,,). Then F(U;) C V,, and F(U;) is semi-
open. Hence Us = {int F(U;) NV :j € J, V €V} is an open refinement
of V. We show that Us is locally countable. Let y € Y. Since the set F~(y)
has the Lindelof property and U; is locally countable we can choose an open
set A C X such that F~(y) C A and the set Jo = {j € J: AnU; # 0}
is at most countable. By Lemma 2.1 there is a neighborhood W of y such
that F~ (W) C A. This implies {j € J : F(U;) "W # 0}} C Joy, so W
intersects at most countably many sets F'(U;). Furthermore, each family V,,
being countable, W intersects at most countably many sets belonging to UQ
We have thus shown that Us is locally countable. Since the union of the family
U, is dense we have

= int(cl(| J U;)) = int(scl(|  U}))

jed jed
and this implies X = scl(UjeJ Uj). Applying Lemma 2.2 we obtain
Y = F(X) = F(sd(| J U))) c a(F (| U;)
JjEJ JjEJ

which gives Y = cl(U,c; F'(U;)). The sets F'(U;) are semi-open; so the last
equality implies cl(U, ¢, int F'(U;)) = Y. On the other hand we have

U U int F'(U OV)—CI(U int F/(U. U V)

jeJ Vevgr jeJ Vev
= cl(|J int F(U;) NVa,)
jeJ
= cl(|J int F(U;)).
jeJ

This implies cl(U;¢; UVeV int F(U;) N V) =Y. Thus we have shown that

U is a locally countable open refinement of V whose union is dense and this
means that Y is almost para-Lindelof.
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Conversely, assume that Y is almost para-Lindel6f. Consider the multival-
ued map G : Y — X defined by G(y) = F~ (y). Then for any sets A C X, B C
Y the equalities G~ (A) = F(A) and G(B) = F~(B) hold. Hence G is upper
semicontinuous, lower quasicontinuous, semi-open and closed. Furthermore,
the sets G(y), G~ (x) have the Lindelof property for all x € X, y € Y. Thus
according to the proved part, X is almost para-Lindelof. O

Corollary 2.4. Let X, Y be topological spaces and a continuous surjection
f: X =Y be given.

(a) If X is almost Lindeldf, then so is Y.

(b) Assume, in addition, that f is semi-open, closed and f~'(y) has the Lin-
delof property for each y € Y. Then X is almost Lindelof if Y 1is.

Corollary 2.5. Let f: X — Y be a continuous semi-open, closed surjection
such that f~(y) has the Lindelof property for each y € Y. Then X is almost
para-Lindelof if and only if Y is.

Lemma 2.6. [14, Th. 2.1]. A topological space X is a P-space if and only if
for each Lindeldf space Y the projection p: X XY — X is a closed map.

Theorem 2.7. For a P-space X the following conditions are equivalent:
(a) X is almost para-Lindeldf;
(b) for each Lindeldf space Y the product X XY is almost para-Lindeldf.

PRrROOF. According to Lemma 2.6, the projection p : X x Y — X is a con-
tinuous open closed map such that p~1(y) has the Lindel6f property for each
y € X. Thus the conclusion follows from Theorem 2.3. O

3 Hashimoto Topologies and Almost Para-Lindelofness

Let P be an ideal of subsets in a topological space (X,T). For any set A C X
we write

Dp(A) ={r € X : UN A ¢ P for each neighborhood U of z}.
If the following condition (x) is satisfied
A€eP < Dp(A)=0 <= ANDp(4) =0, (%)

then the family T(P) = {U\ H : U € T, H € P} is a topology on X [10]. The
T(P) closure of any set A will be denoted clp A.

Lemma 3.1. [10]. If P is any ideal satisfying (x) and T N P = {0}, then for
every U € T, H € P, the equalities clp(U\ H) = cl(U\ H) = clU = clpU
hold.
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Theorem 3.2. Let P be an ideal of subsets in a topological space (X,T) sat-
isfying (x) and T NP = {0}. Then:

(a) (X,T) is an almost Lindelof space if and only if (X, T(P)) is almost Lin-
deldf.

(b) (X,T) is an almost para-Lindeldf space if and only if (X, T(P)) is almost
para-Lindeldf.

PROOF. (b) Assume that (X, T') is almost para-Lindelof and let U be a T'(P)-
open cover of X; U = {U; \ H; : j € J} where U; € T,H; € P for each
j € J. The family Uy = {U; : j € J} is a T-open cover of X; so there
exists a T-open T-locally countable refinement Vi = {V; : s € S} of Uy such
that cl(J,cg Vs) = X. For each s € S we fix j, € J with Vi C Uj,. Then
V={V,\H;, :s € S}isaT(P)-open T(P)-locally countable refinement of .
Let € X and let W\ H be a T'(P)-open neighborhood of . Then WNV; # ()
for some s € S. Thus (W\ H)N (Vs \ H;,) = (WnNVy)\ (HUH,,) # 0. So we
have shown that (J,.g(Vi \ Hj,) is T'(P)-dense, and consequently (X,T(P))
is almost para-Lindelof.

Conversely, suppose that (X,T(P)) is almost para-Lindelof and let U =
{Uj; j € J} be a T-open cover of X. The assumptions and the condition T' C
T(P) imply the existence of a T'(P)-open T(P)-locally countable refinement
Vi = {Ve\Hs : s € S},V, € T,H, € P, of U such that (J, q(Vs \ Hy) is
T(P)-dense. For each s € S we fix j, € J for which V; \ Hy; C Uj,. Then
V={V,nU,, :s e S}is aT-open T-locally countable refinement of ¢/ and
Uses(Vs NUj, ) is T-dense. Hence (X, T') is almost para-Lindelof.

The proof of item (a) is quite analogous; so we omit it. O

Given any topological space (X,T), we denote by SO(X,T) the class of
all its semi-open subsets. The equality SO(X,T) = SO(X,T}) induces the
equivalence relation on the family of all topologies on X. The class [T] of all
topologies equivalent to T" has the finest one T,,. This is exactly the topology
T(P), where P is the ideal of all T-nowhere dense sets in X, [2, 5]. Thus as a
consequence of Theorem 3.2 we have the following corollary.

Corollary 3.3. If a topological space (X, T) is almost Lindeldf (almost para-
Lindeldf), then all topologies belonging to the equivalence class [T] have the
same property.

A bijective map from (X, T') onto (Y, 7) is said to be a semi-homeomorphism
if for any semi-open sets A C X, B C Y the sets f(A) and f~!(B) are semi-
open [2, 5].

Theorem 3.4. Almost Lindeldfness and almost para-Lindeldfness are invari-
ant under semi-homeomorphisms.
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Proor. If f: (X,T) — (Y,7) is a semi-homeomorphism, then f : (X, T,) —
(Y, 7o) is a homeomorphism, [2. 5]. Thus the proof is a consequence of Theo-
rem 3.2 and Corollary 2.4. O

4 Covering Properties of the Density Topology

The result of this section is closely related to the notion of the almost para-
Lindel6fness discussed above.

By 7 we mean the standard topology in R", whereas the ordinary density
topology in R™ will be denoted by 74, [13, p.167]. The symbol cl; F will stand
for the closure of E C R" in the topology 74. The Lebesgue measure of £ C R"
will be denoted by |E|. The topological space (R™, 74) is completely regular
(This follows from [13]: (a) on p.198 and Coroll. 3.13.), but it is not normal.
(This is a consequence of Th. 6.23; Ex. 6.24; Coroll. 2.14 and Th. 2.1 in [13].)
On the other hand, as it was mentioned in Section 1, each T3 Lindelof space is
a paracompact Ty space. Thus (R™,74) is neither Lindel6f nor paracompact.
We will prove the following covering property of (R™, 74) which is stronger
than the almost Lindel6fness.

Theorem 4.1. The space (R™,74) has the following property:

For each t4-open cover U of R™ there exists a Tq-open refinement W of U such
that

(i) the elements of W are pairwise disjoint (Hence W is at most countable.);
(i) clg(U{W : W e W}) =R™.

PROOF. Let U be a 74-open cover of R™. The construction of W will be carried
out inductively.

1st step. For each © € R™ we fix an E(x) € U with = € E(z). For each
x € R™ we let V(z) be the family of all 7-closed cubes Q(z), centered at x,
with edges parallel to the coordinate axes, and such that

|Q(z) N E(x)| > §|Q(JU)\ for each Q(z) € V(). (1)

Let V = (J,cgn V(). Since each z is a point of density of the corresponding
E(z) € V(x) we have inf{diam Q(z) : Q(z) € V(x)} = 0 for each z; so we
have that V is a Vitali cover of R™. By the Vitali covering theorem there
exists a family of pairwise disjoint cubes {Q(z;) : j € N} extracted from
V so that [R" \ U;cy Q(25)] = 0. By (1) there is a corresponding family
{E(x;) : j € N} CU such that

Q) N B, > 21Q(,) 2)
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for all 7 € N. Aiming at a “uniformization” of our notations in the sequel, we
will write {Q;, : ¢1 € N} and {E;, : i1 € N} instead of {Q(z;) : j € N} and
{E(x;) : j € N}, respectively. So by (2) there exist 7-open sets G;, such that
int Qil \Eil C Gil C int Qh and |Gi1| < %‘Q,J for i1 € N.

To summarize, on the first step we have constructed:

e a family of 7-closed pairwise disjoint cubes {Q;, : i1 € N};
e a family of 74-open sets {E;, : i1 € N} C U;
e a family of 7-open sets {G;, : i1 € N};
so that the following conditions are satisfied for each i; € N :
int@Q;, \ E;;, C G, CintQ,,,
Gil < 51Ql
IR™ \ U Qi,| =0,

11 €N
2
|Qi, N By | > §|Q¢1|-

2nd step. We will define the second induction step, since the first one is
not entirely “typical”. We proceed just like on the first step but this time
the Vitali cover will be constructed for each G;,,i; € N. Namely, given any
x € Gy, we fix a set B, (z) €U, x € E;,. Since z is a density point of F;, (),
there is a family V;, (z) consisting of 7-closed cubes Q;, (z) centered at x, with
edges parallel to the coordinate axes, such that x € @Q;, (x) C G4, and

Qi) 0 Bi ()] > 513, (0) 3)

for each Q;, () € Vi, (z). (One should carefully distinguish between Q;, and
Q;, (z) as well as between F;, and E;, (). This warning extends to similar
notation with multiindexes to come.) As in the first step, for each z € G,
we have inf{diam Q;, (z) : Qs, () € V4, (x)} = 0, whence it follows that

Vil = U{V“ (33) T e Gil} (4)

forms a Vitali cover of G;,. Therefore there exists a family {Q;, (z;) : j € N}
of pairwise disjoint 7-closed cubes from V;, such that |G, \U;ey @i, (z;)] =0
and

Qi (23) 0 B (25)] > 31Q1 () (5)
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for all i1,j € N, where, of course, F; (z;) € U is a set in (3) with z = ;.

Keeping in mind the uniformization of our notations, we will write again
Qiyi, and E;,;, instead of Q;, (z;) and E;, (x;) respectively. In view of (5) we
can fix, in each int Q);,;,, a T-open set G4, so that we have

int Qiliz \Ei1i2 - Giﬂz C int Qiliz

and |Gi1i2| < %lQi1i2|'
Thus on the second induction step we have constructed for each i, € N:

e a family of 7-closed pairwise disjoint cubes {Q;,4, : iz € N};
e a family of 74-open sets {F;,;, : i2 € N} C U;
o a family of 7-open sets {G;,;, : 12 € N};
so that the following conditions are satisfied for all 41,70 € N

int Qiyi, \ Eiyi, C Giyip Cint Qi

|Giyiy | < %‘Qi1i2|;
Gl =D 1Qusl;
i

2
|Qiyiy N Eiyiy| > g\Qm’J%
Qiri, C Giy-

Now we are in a position to pass to the general case. Namely, suppose that
for a natural k£ > 2 we have already constructed:

(I). The families {Qi, }, {Qiyin} s---,{Qi;.. 4, }; cach family
{Qiy.i.} ={Qi,.i, (11 ...45) € N},

1 < s <k, being composed of pairwise disjoint 7-closed cubes.
(IT). The families of 74-open sets {E;, }, {Ei iy }s-- s {Fiy..ir, }» €ach family

{Ehla} = {.E“zé : (il .. .is) S Ns},

1 < s < k, being composed of some elements of the cover U.

(III). The families of 7-open sets {G;, }, {Giyin}, -+ {Giy..ip }» SO that the
following conditions are satisfied:

(AV). int Qy,. i, \ Biy i, CGiy i, Cint Qi i, 1 <5< Ky

(V). |Giy i) < 2Qiyiy[,1 < s < ks
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(VD.|Giyal =225, |Qirivin [, 1 S s <k =1
(VID.|Qsy..i. N Eiy il > 21Qiy ], 1 < s < k;
(VIII)'Qil‘--'L‘sisﬂ»l C Gil-uis? 1<s< k—1.

Observe that from (IV), (VIII) one gets immediately

Qiy..igivey CINEQ4, i, -

Now, to define the families {Q;,...i, 1 }s {Eiy.insi > {Gis..inis }» as before
we construct a Vitali cover of each set Gy, ;, C intQy, i, (i1...ix) € NF,
repeating, in fact, the argument we used for G;, on step two. As a result, we
obtain:

e a family of pairwise disjoint 7-closed cubes {Qi, . .ivir.r}s Qiy..iins C

e a family of 74-open sets {Ej, . ii,.,} CU;
e a family of T-open sets {Gi, . i iy, }» With Gy iy C It Q4 ipipys

so that the properties (IV), (V), (VII) are satisfied for s = k 4+ 1 and the
properties (VI), (VIII) are satisfied for s = k. The verification of these facts
is immediate, and we omit it to avoid quite unnecessary repetitions.

We have thus obtained inductively the three sequences of families of sets:

{Q'h}’ {Qili2}7 {Qllzk}v cee
{Eil}a {EiliZ}ﬂ {Elllk}7 ce
{Gi}, {Gunh {Gi it
satisfying the conditions (IV)—(VIII) for all k € N.
Given a Lebesgue measurable set A C R™, we let D(A) be the set of all

density points of A belonging to A. It is clear that D(A) is a 74-open set.
Let us consider the following families of sets

{D((int Qiy..ir, N Eiy i) \ Giy.iyy) ¢ (31 ...4x) € NF}, ke N. (6)

Evidently, elements of (6) are 74-open sets, each of them being contained in
some element of U, so

W= U H{D((nt Qi, ...ip, N Eiy i) \ Giy.iyy) 2 (i1 -2 ik) € Nk}}
k=1
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is a refinement of Y. It is also clear that each family (6) is composed of pair-
wise disjoint sets (for the cubes {Q;,. ;. } are pairwise disjoint whenever k
is fixed). Next we shall verify that all elements of W are pairwise disjoint.
It is sufficient, in view of the previous remark, to show that sets belonging
to different families (6) are disjoint. To this end we take two multiindexes
(41..-ik), (J1---Jm), m >k, and we check that

D((int Qy,...i, N Eiy i) \ Giy.ip) N D((int Q5,5 N Ejy ) \ Grji) = 0. (7)

There are two cases to consider. At first let (iy...ix) # (j1...Jk). Then
obviously

Qiy.in N Qjy. s =0 (8)

but since Qj,. jx...j.. C Qjy..jr, the relation (8) yields Qs i, N Q5,5 =0,
whence (7) follows. In the second case suppose that (i1...4%) = (j1...Jk)-
Since m > k we get by (IV), (VIII) that

Qjrjm1dm C Gjroim1 CGiyjon s Con C Gy C Gy iy

whence Qj,..5,. VEj . \Gj,..j,. C Gi,. i, which again immediately implies

(7).
So the family W is composed of pairwise disjoint 74-open sets and forms a
refinement of Y. It remains to show that

ca( J{w : W e W}) =R". (9)

Since sets of measure zero are 74-nowhere dense, we easily observe that the
proof of (9) reduces to showing that for each fixed i; € N we have

|Qi1 \ U U ((int Q'Lllk N Eil-uik) \ Gi1~~~ik| =0
k=1

(il...ik)GNk

or, “more explicitly”, what amounts to the same,

|Qi1 \ {((int Qil n Ei1) \ Gh) U U((int Qi1i2 N EiliQ) \Giliz)u

(10)
U U ((int Qlllzlk N Eilizmik) \ G’Ll’LQlk) U... ‘ =0.

Q... 1k

Note that “D” is omitted here. Now we shall prove (10). First we write the
almost trivial equality

int Qi] = ((lnt Qi] n Eil) \ Gi1) U Gi1' (11)
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In view of the Vitali cover of G;, we may write
G, = UQiliz UH;,, |H;j|[=0 (12)
i

where all terms in (12) are disjoint. By substituting (12) into the last term of
(11) we get

int Qil = ((mt Qil N E“) \ G“) U Ulnt Qiliz U Hil- (13)

i
Applying the decomposition of type (11) for int Q;,;, we obtain
int Qiliz = ((Qi1i2 n Eiliz) \ Giliz) U Giliz

and after substituting it into (13) we get

int Q;, :((int Qi, N Eil) \ Gh) U U((int Qiyi, N Eiliz) \ Giliz)
h (14)
U U Gilig U Hil-
i2
Next we repeat the procedure applying (VI) to G;,;, which yields
Gi1i2 = UQilizis U Hi1i27 |Hi1i2| =0, (15)
i3
all the terms in (15) being, of course, disjoint. Again, rewriting int Q;,;,:, in
the form (11) we get
int Qi1i2i3 = ((int Qi1i2i3 n Ei1i2i3) \ Gilizis) U GiliQis
which, in view of (15), permits to rewrite (14) as
int Qi1 = ((int Qi1 n Ell) \ Gll) U U((int QiliQ n Ei1i2) \ Giliz)
i2
U U ((int QiliziS N Ei1i2i3) \ Gi1i2i3) U U Gi1i2i3 U UHiliz U Hil'
Now it is clear that by the evident induction procedure, we have for each

keN, k>2
int Q;, = Ay, UUAm'Q U---u U Ay i U U Gy

12 2.9k 2.9k

UHil U UHilig Uu---u U H'L-l-uik—l?

12 12,0k —1

(16)
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where
Ay = (It Qiy. i, NEs, i)\ Giy.4y), 1 <s <k,

and all H;, ;., 1 < s <k —1, are null sets. From (16) it follows that the
proof of (10) amounts to showing that

[gll)n;o‘ U G111k| =0. (17)
ig..ik

The required estimate (17) could be easily carried out using properties (V),
(VI) consecutively:

\ U Giy . i) < Z |Gy ] <371 Z Qi i |

1.0k 2.0k 2.0k
= 371 Z |Gi1---ik—1| < 372 Z |Qi1-~ik—1
G20k 1 i2...0k 1
=372 Z |Giyoin] <o
2.0 —2
< 327’6 Z |Gi1’i2| < 317}6 Z |Qi1i2‘ = 317k|Gi1| < 37k|Qi1‘
’LQ i2
whence we get (17). Finally, (10) and therefore (9), follow from (16) and (17),
thereby completing the whole proof. O

Corollary 4.2. (R",74) is an almost Lindeldf space.
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