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F-CONNECTIVITY OF MULTIVALUED
MAPS

Abstract

In the paper the general connectivity property is given for multival-
ued maps and the Darboux property, the intermediate value property,
functional connectivity property, connectivity property etc. are consid-
ered as subcases of this property.

This general property is characterized locally, so as corollaries we
obtain local characterization of the Darboux property, the intermediate
value property etc. for multivalued maps and for real functions those
classical results given by Bruckner, Ceder [2] and Garret, Nelms and
Kellum [5].

Characterization of the sets of Darboux points, the intermediate
value property points etc. for multivalued maps and for real functions
are straightforward corollaries from one general theorem (Theorem 11).

1 Preliminaries

Let R denote the set of real numbers, I any interval contained in R. If A C I,
let A denote the closure of the set A in I and A° = I\ A. For a non-empty
set A C R? and a number ¢ > 0 we denote

K. (A) = {x € R? : there exists y € A such that |z —y| < €}.
For any sets A, B C R and any number a € R we define
a<A(a>A)<=a<y(a>y)foranyye A,

A<B(A>B)<—z<y(z>y)forany z € A, y € B.
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For M C X xY, where X, Y C R, we put
m(M) = {z € X : there exists y € Y such that (x,y) € M},

M,={yeY: (z,y) € M}.
By Li A, ( Ls A,) we denote a lower (upper) limit of a sequence of sets

A, C R (Kuratowski [7]).

In this paper F' : I — R denote a multivalued map which to each point
x € I assigns a non-empty subset F'(z) C R. By the graph of F we mean
the following set (J{(x,y) : v € F(x)}. We make no distinction between a
map and its graph. For a set A C I let F(A) = |J{F(z) : = € A}. F has
the Darboux property if the image F(E) is connected for any connected set
EClI

We say that g € R is a left (right) limit number of a multivalued map F
at a left (right) accumulation point x of the set I, if for any open set V. C R
such that g € V and for any € > 0

F-WV)n(z—gz)#0 (F- (V)N (x,2+¢)#0)

or equivalently, if there exist sequences (z,)52; C I and (y,)32; such that
Tn <z (x, > z) and y,, € F(z,) for n € N, lim z, =z and lim y, = g.
n—0o0

n—oo

The set of all left (right) limit numbers of F’ at a point z is denoted by L~ (F, x)
(LT (F,z)) and

L(F,z) =L (F,z) UL"(F,x).
Remark 1. (Bruckner, [1]) Let I = AU B where A, B are non—-empty, dis-
joint, bilaterally dense—in—itself sets. Then the frame K = Fri(A) = Fri(B)
is a perfect set in I and the sets KN A and K N B are dense in K.

Lemma 1. Let M C I xR be a continuum. Then for any two different points
a,b € w(M) there exists a continuum C C M such that n(C) = [a, D].

PROOF. Assume that for some a,b € 7(M), a < b the assertion of the lemma
does not hold and denote

M = Mn ([a,b] x R),
My =Mn((—o0,a] x R),
My = M N ([b, +00) x R).

The set M is a continuum so any component C' of M is a continuum too and

OQM17AQ or CmM27£®.
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Let us define the following disjoint families of sets

C; ={C: Cis a component of the set M such that C' N M; # 0},
C, ={C: C is a component of the set M such that C' N My # ()}.

Let us put
xi=J{c: ceal,
Xy =|J{C: Cecy}.
Let us see that L o
(X1 NXa)U (XN X3) #0.

In the opposite case, since

EQMQ CEOXQ,
EﬂMl CYQQXl,

then the sets M7 U X1, My U X5 will be the decomposition of the set M.

Assume that X; N X, # () and select any zy € X; such that zy € X. The
point zg does not belong to any component of the family Cs, so there exists a
sequence (z,,)2 ¢, z, € Cp, where C,, € Cy such that

lim z, = zg.
n—oo

We may assume that Cj, # C; for k # 1.

Since zp € Li (C,) and for any n € N the sets C,, are compact and
n—oo

connected, then the upper limit

(@

K= Ls (Co) =) U Ck
n=1 n

=
Il

is a compact and connected set (Kuratowski, [7] p.180). Denote zo = (20, %o)
and let us see that for any = € (x,b] there exists n, € N such that for
any n > n, the sections (C, ), are non—empty, compact sets contained in the
compact set M,. Then

N UC#0  and [ J(Ch)a C Ko,

n=1k=n n=1k=n
so K, # 0 for any © € (w0,b]. Since z9 € K, then [zg,b] C 7(K). The
set K U Cp, where Cy € C; and zg € C is a continuum contained in M with
projection (K UCy) = [a,b]. This is a contradiction and the lemma is proved.
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Lemma 2. Let O1,02 C I x R be disjoint, open subsets of I x R. Then
for any right (left) accumulation point xo € I of the set I and for any points
a,b € R such that (xg,a) € O1 and (x0,b) € O, there exist a continuum
C C (IxR)\(0O1UO3) and a number § > 0 such that

7(C) = [zo,x0 + 6] (7(C) = [x0 — §,x0]) and Cyy C (a,b).

Proor. Without loss of generality we may assume that xzo € Int(I). Let
(xg,a) € Oq, (x0,b) € Oz and assume that a < b. There exist some positive
numbers § and e such that

Py = [zg,m0+ 6] X [a —e,a+¢] C Oy,
Py =[zg,m0+ ] x [b—e,b+¢] C Os.

Let us denote
X = [xg,m0+ 0] X [a—¢g,b+¢].

Select a component O of the set O; N X such that P; C O. If the set X \ O
is connected then we put

X1 =0 and X5, = X\ O.
In the opposite case let X5 be a component of X \ O such that P, C X5 and
X=X\ Xo.
The set X; is connected (Kuratowski, [7] p.149). Then
X =X1UX,,
the sets X; X, are compact and connected so the set
C=XiNnXy

is a continuum (Kuratowski, [7] p.171, 435).
Since P, C X1, P» C X3 and P, N P, =0, then
m(C) = [z, 2o + I],
C Clzo, 10+ 0] X [a+e,b—¢],
and
Cyo C (a,b).

It is easy to show that C'N (O; U O3) = 0. In the same way we may show

that there exists a continuum C' with projection 7(C) = [xg — §, z¢] for some
positive number §.
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Lemma 3. Let F: I — R and let B C R be a bilaterally dense—in-itself set.
Then for any x € B\ B and for any n € N, there exists a closed interval J
such that x € Int(J) and

Flpas € K1 ({z} x L(F|p,2)) U (I x (=00, =n) U (n, +-00))).

PROOF. Let us assume that for some z € B\ B and ng € N, the assertion
of the lemma is false. Then, there exist sequences (z,)52; and (y,)52; such
that z, € B,

lim z, =, y, € F(z,)

n—oo

and
(20 yn) & Ko ({2} x L(F[p,2)) U (I x (=00, =n0) U (10, +-00)))-

Without loss of generality we may assume that z, > x for any n € N. The

sequence (y,)5%; is bounded, so it contains convergent subsequence (Y, )52 ;-

We obtain a contradiction that y = klim Yn, is right limit number of F|p at
— 00

the point « and (z,y) € K1 ({2} x L(F|p,x)).

Theorem 1. Let F': I — R has connected values and let the following condi-
tions hold.

(i) F(z)N L~ (F,x) # 0 and F(x)NL*(F,z) # 0 for any x € I.

(ii) There exist disjoint, open sets O1,02 C I x R such that F C O1 U Os,
FﬁOl#w andFﬂOQ;é@.

Then for some xo € I there exist limit numbers g1,92 € L™ (F,x0) or 91,92 €
LY (F,zg) such that (zg,g1) € O1 and (xg, g2) € Os.

PROOF. At the beginning we show that for some point g € I there exist limit
numbers g1, g2 € L(F,xo) such that (z9,91) € O1 and (zg, g2) € O2. Let us
define the sets A, B as

A={zel: {z} x F(z) C O1},

B={xel: {z} x F(z) C O2}.
They are non-empty, disjoint and A U B = I. Since the sets O1, 02 are open
in I x R, then from (i) we get that A and B are bilaterally dense—in-it-self.

By Remark (1), the frame K = Fry(A) = Fry(B) is a perfect set in I and the
sets K N A, K N B are dense in K. Let us define the set

M:(IXR)\(OlLJOz)
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and assume contrary that for any x € I
(1) L(F,z) CR\(01), or L(F,z) CR\ (O2),.

For a € K N A, since {a} x F(a) C O1 and F(a) N L(F, a) 7& () then by (1)
L(F,a) C R\ (Os),. Let us note that ({a} x L(F|p,a)) N O1 = 0. From this

(2) L(F|p,a) C M,.

In the same way we can show that if b € K N B then L(F|a,b) C M,.
We now construct a sequence of closed intervals {I,,}52; such that for any
neN,

Kﬂ[n+1 CcC KNI, and F‘KQI" C D,,
where
Dy =K1 (M)U (I % ((—00, —n) U (n, +00))).

Let us take 1 € KN ANInt(I). Then by (2), L(F|p,z1) C M,;, and by
Lemma (3), there exists a closed interval J; C I such that z; € Int(J;) and
F|knBns, C D1. Let y1 € KNBNInt(Jy). In this case L(F|a,y1) C My, and
by Lemma (3), there exists a closed interval I; C J; such that y; € Int(1y)
and F|gnanr, C D1. Consequently F|xnr, C Di.

Let us assume that we have the closed intervals Iy, I5, ..., I,,_1 such that

Knliy;CKNnIl; and KNI, CD;

fori=1,2,....n— 1.

Select z, € KN ANInt(l,—1). Similarly, there exists a closed interval
Jn C In—q such that x, € Int(J,) and F|xnpns, C Dy. Let us put y, € KN
BnNInt(J,). There exists interval I, C J,, yn € Int(l,) and F|xnans, C Dy.
Then F|gnr, C D, and the sequence {I,,}52, is defined.

Then the set

C=()(KnI,)

= £D8

is non-empty. If € C, then {z} x F(z) C D,, for any n € N, and from this

(oo}

{2} x F(x ﬂ =

This contradicts that M N F = @. It was shown then, that for some point
xo € I, there exist limit numbers g1, g2 € L(F, xo) such that (zg, ¢1) € O1 and
(xo,gg) € Os.
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Since F' has connected values, then two cases are possible
{zo} x F(zg) CO1 or {xo} X F(zg) C Os.
Let us assume that the first of the cases holds. Then by (i), we can choose

numbers y' € F(xo) N L™ (F,x¢) and y" € F(zo) N LT(F,z0). Then if gy is
left or right limit number the 3/, g2 or 3", go are required limit numbers .

2 F-connectivity Property
We introduce the following denotations

M= { M C IxR: M is a continuum with non degenerate projection 7(M) },
P = { P € M : P is a horizontal interval contained in I x R },

G={M CIxR: M is the graph of the continuous function f : [a,b] —
R, where [a,b] C I, a < b}.

Point 1. Let F be any family of subsets of the family M for which the fol-
lowing conditions hold

Q) PcF
(2) fMeF,CCcMand C e M, then C € F.

In the paper by F we mean the subfamily of M for which the conditions (1)
and (2) hold.

Let us introduce for multivalued map the following definition of F- con-
nectivity property.

Definition 1. A multivalued map F' : I — R with connected values is F-
connected, if for any distinct points x1, x3 € I and for any subset M € F such
that m(M) = [z1, z2], if

F(z1) < My, and F(z2)> M,,
or  F(x1) > M,, and F(x3)< M,,

then M N F‘(l‘lwz) 7& 0.
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If F:I — R is a real function, then taking in Definition (1) as F the
families P, M or G we obtain a Darboux function, function with connected
graph (Garrett, Nelms, Kellum, [5]) or respectively functionally connected
function (Jastrzebski, Jedrzejewski [6]).

It is easy to see that for multivalued maps, if F = P then F-connectivity
is equivalent to the Darboux property. If 7 = M or F = G it will be said
that F' is connected or is functionally connected.

Definition 2. A multivalued map F' : I — R, with connected values is right
F-connected at a point zq if

() F(zo) N L*(F,z0) £ 0

(ii) for any two numbers g1, g2 € LT (F,x) and any set M € F, if (M) =
[x0, 20 +€], for some € > 0 and My, C (g1, 92), then M N F| 5y z+e) 7# 0.

We define left F-connectivity at a point in a similar way. A multivalued
map which is both left and right F-connected at a certain point is called
JF-connected at this point.

By C}-(F ) and C}}(F ) we denote the sets of left and respectively right

F-connectivity points and by C(F) the set of F-connectivity points.

Notice that if F': I — R is a real function then taking in Definition (2) as
F the families P, M or G, we obtain respectively the Darboux property at a
point (Bruckner, Ceder, [2]), connectivity at a point (Garrett, Nelms, Kellum,
[5]) or functional connectivity at a point (Jastrzebski, Jedrzejewski, [6]).

If F: I — R is a multivalued map then in this three cases it will be said,
that F' has the Darboux property at a point, is connected at a point or is
functionally connected at a point.

Theorem 2. If a multivalued map F : I — R with connected values is F-
connected at each point, then it is F-connected.

Let us assume that F has connected and compact values. If F' is F- con-
nected then it is F-connected at each point.

PROOF. Assume contrary that F is F-connected at each point and it is not
F-connected. Then there exists a set M € F such that 7(M) = [z1, 2]

F({E1) < le, F((EQ) > Mm2 and MﬂF|(m17m2) = 0.
Since M is a continuum, then there exist disjoint, open sets Oy, O3 such that

FC01U02,
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o1 N F|[I17$2] #* # and OsnN F|[m1)12] #+ 0.
F' is F-connected at each point, so

Fz)Nn L™ (F,z) # 0,
Fx)NLT(F,x)#0

for each z € [z1,x2]. By Theorem (1), there exists a point xg € [z1, 2] and
two limit numbers g1, go € L(F,zq) — let assume that g1, g2 € LT(F,xq) —
such that

(930791) € 0; and (:Z}(),gg) € 0.

By Lemma (2), there exists a continuum C' C (I * R)/(O1 U O3) such that
Cxo - (91792) and W(O) = [‘1:073:3]’

where g < x3 < x5. Since C € F and C' N F|(xo,x3) = () then F is not right
F-connected at the point zg, a contradiction. This finishes the proof of the
first part of the theorem.

Now, assume that F' is F-connected and for some zg € I
F(zo) N LT (F,x0) = 0.

Denote F(zo) = [a,b], and assume that a < b. There exist positive numbers
d, € such that
((zg, g +0) x (a—¢e,b+¢))NF = 0.

Select x1 € (xg, o + 0) and assume that F(z1) < a —e. In the case, when
F(z1) > b+ ¢ the proof is similar. Let M be a horizontal interval such that
w(M) = [z, 21] and M C [zg,x1] X (@ — €,a). Then

F(xg) > My, and F(x1) < M,,

and M N F|(,.2,) = 0. We get a contradiction that F' is not F-connected. In
the same way we can show that F(zg) N L~ (F,zqg) # 0.

Let us assume now that for some xy € I there exist two limit numbers
91,92 € LT (F,x0) and there exists a set M € F such that m(M) = [z, 0+ d];
for some § > 0, My, C (91,92) and M N F|(g, zo+6) = 0. Without loss of
generality we may assume that g; < go. Since M is a compact set and F has
connected values, then there exist two different points a,b € (xg,xg + d) such
that a < b,

F(a) < M, and F(b)> M,.
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By Lemma (1), there exists a continuum C' C M such that 7(C) = [a,b]. Then
CebF,
F(a) <C, and F(b) > C,

and C' N F|(4p) = 0. It means that F is not F-connected, a contradiction.

The following theorem is straightforward corollary from Theorem 2.

Theorem 3. Let a multivalued map F : I — R has connected values. If F
has the Darboux property or respectively is functionally connected at each point
then it has the Darboux property or respectively is functionally connected.

If we assume that the values are compact then the inverse implication is
true.

Corollary 1. (Bruckner, Ceder, [2]) The function f : I — R has the Darbouz
property if and only if it has the Darbouzx property at each point.

Corollary 2. (Jastrzebski, Jedrzejewski, [6]) The function f : I — R is
functionally connected if and only if f is functionally connected at each point.

Theorem 4. Let F : I — R has connected values and let F = M. The
following conditions are equivalent

(1) F is F-connected at each point,
(ii) F has connected graph.

Proor. (i) = (ii) Assume contrary that F' is F-connected at each point
and the graph of F' is not connected. Then

Fz)NL (F,x)#0 and F(x)NL"(F,z)#0
for any x € I. There exist disjoint, open sets O1,02 C I x R such that

FC01U02,
FNO;1#0 and FNOy#0.

By Theorem (1), for some point zo € I there exist limit numbers g1, gs €
L(F,x0) such that

(z0,91) € O1 and (xg,g2) € Oa.

Let us assume that g1,92 € LT(F,z0) and g1 < go. By Lemma (2), there
exists a continuum C C (I x R) \ (O1 U O3) such that

Cxo C (91’ 92)
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and 7(C) = [zo, xo + 9], where 0 is positive number. Since CNF |4y 20+5) = 0,
we get a contradiction that F' is not connected at the point xg from the right
side.

(ii) = (i) Let us assume contrary that F' has connected graph and
F(xo) N LT (F,x9) = () for some zg € I. Then for any y € F(zy), there exist
positive numbers d,, &, such, that U, N F' = (), where

Uy = [x0, 0 + 0y) X (y — €y, y + &)
Let us define open in I x R sets O1, O as follows
01 = ((z0,+00) N 1) X R,
05 = (((—o0,z9) NI) x R) U U{Uy :y € F(x)}.
Then
F = (FﬂOl)U(FﬁOQL
FNO;1#0 and FNOy#0

and
(FNO1)N(FNOy) = 0.

This contradicts the connectivity of the graph of F.

In the same way we can show that the set F(z) N L™ (F,z) # 0 for any
zel.

Let us assume now that there exists a point zg € I and two limit numbers
91,92 € LT (F,z9), g1 < g2 and there exists a continuum M € F such that
(M) = [xg, 20 + ]; for some § > 0, My, C (91,92) and M N F|(z z0+5) = 0.
Since M is a compact set and F' has connected values, there exist two different
points a, b € (z,z9 + 0) such that a < b, F(a) < M, and F(b) > M,.
By Lemma (1), there exists a continuum C' C M such that 7(C) = [a,b],
F(a) < Cy and F(b) > Cy and C'N F|(,3) = 0. Then we get a contradiction
that the graph F |[a,b] is not connected.

Corollary 3. (Garrett, Nelms, Kellum [5]) A function f : I — R has con-
nected graph if and only if f is connected at each point.

Theorem 5. Let F': I — R has connected values. If F' is F-connected, where
F =M, and

Fx)NL (F,x)#0 and F(z)NLY(F,z)#0

for any x € I, then F has connected graph.
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PRrROOF. We show that F'is F-connected at each point « € I. Assume contrary
that for some x( there exist two limits numbers g1, g2 € LT (F, o) and there
exists a set M € F such that 7(M) = [z, zo + 0]; for some § > 0, M,, C
(91,92) and M N F|(4y 2045 = 0. As in proof of Theorem (4), we get a
contradiction that there exists a continuum C' C M, C € F, such that 7(C) =
[a, b],

F(a)<C, and F(b)>Cy

and C N F|,p = 0. Thus F is F-connected at each point z € I and by
Theorem (4), it has connected graph.

3 Strong F-connectivity Property

Let us introduce for multivalued maps the following definition of strong F-
connectivity property.

Definition 3. A multivalued map F' : I — R is strongly F-connected if
for any two different points 1,22 € I and for any y; € F(x1), there exists
Y2 € F(x2) such that for any set M € F, if 7(M) = [z, x2] and

y1 < My, and yo > M,
or y; > My, and y» < M,,,

then M N F‘(Il,Ig) # (.
For real functions F-connectivity and strong F-connectivity are equivalent.

Lemma 4. If F': I — R is strongly F-connected then for any xo € I
F(IL'()) - Li(F, .To) N L+(F, 1'0).

PROOF. Assume that there exist g € I and yo € F'(zo) such that yo is not
a right limit number — we consider one of the two possible cases. There exist
then positive numbers 9§, € such that

F (w0, 20 +6) X (yo —€,90 +¢)) = 0.

Select any 2’ € (29, z9+0). Then for any y € F'(z") we may choose a horizontal
interval M € F such that m(M) = [xo, 2'] and

M C [zo,2'] X (yo,y0 +¢) if y>yo+e¢
or

M C [z, 2] X (yo — &,90) if y <yo—e.
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In this two cases
MO F @2y = 0.

It means that contrary to the assumption, F'is not strongly F-connected.

Remark 2. A map F : I — R, with connected values, is strongly F-connected
iff and only iff for any two different points x1, x5 € I and for any set M € F,
with projection w(M) = [x1, 23] if there exist yy € F(x1), y2 € F(x2) such that

At < Mxl and Y2 > M"cz
or y; > M, and y2 < M,,,

then M N F|(ac1,ac2) # 0.

Proof. Assume that F' is strongly F-connected and there exist two different
points x1,ze € I, 1 < 29 and y; € F(x1), y2 € F(x2) such that for some set
M € F with projection w(M) = [z, z2] we have

< My, and ys > My,

— we consider one of the two possible cases — and M N F|¢, .,y = 0. By
Lemma (4), y2 € L™ (F, xz2), so there exists 2’ € (21, z2) such that

F(l‘l) > M.

By Lemma (1), there exists a continuum C C M such that 7(C) = [z, 2/].
Then C € F and for any y € F(2') we have

y1 <Cyp and y>Cy
and
cn F|(m17x/) = 0.

Then contrary to the assumption, F' is not strongly F-connected. The inverse
implication is obvious.

It follows from Remark (2), that strongly F-connected multivalued map
with connected values is F-connected. If we put as F the family P then we
obtain the intermediate value property of multivalued maps which is equivalent
to those given by Ceder ([3]). Taking by F the families G or M we obtain
strong functional connectivity or respectively strong connectivity.

Theorem 6. A map F : I — R, with connected values, is strongly F-
connected iff and only iff for any two different points a,b € I a map F :
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[a,b] — R defined as follows

Fa) = {F(m); z € (a,b)

Yu; x € {a,b}, where y, is any element of F(z),
is ‘%a7b—connected, where
Fap={M Cla,b] xR: M e F}.

PROOF. Let us assume that F is strongly F-connected. Select two different
points a,b € I and let y, € F(a), y» € F(b). Let us put
F(x); z € (a,b)
Fa) =y c=a
Yb z=b.

Select the set M € j:aﬁ such that m(M) = [z1, 23],
}N?(xl) < ]\4I1 and ﬁ(l‘g) > ng-

We consider one of the cases, in the second one the proof is similar. Since

F(z) C F(x) for any x € [a,b], M € F and F is strongly F-connected, then
MnN F|(m1712) £ ().

Since F|(z, ,2,) = ﬁ|( then

Il,I2)7
MnN ﬁ|(w1’12) #+ .

It means that F is j:ayb—connected.
Let us take now the set M € F, such that w(M) = [x1, z2],

Y1 < Mml a‘nd Y2 > MIZ

for some y; € F(x1) and yo € F(x3). Let F . [z1,22] — R be a map defined
as follows
F(z); z € (x1,22)
Flx)=qy; z=um
Yo, T = s

The map F is j—"xhwz—connected, M e .%th,

F(z1) < M, and F(x3) > M,,,
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SO

MnN F|(Jc1,x2) # .
Then

MnN Fl(wl,lg) 75 1]

which means, that F' is stro ngly F-connected.

From Theorem (6) we get the following theorems as corollaries.

Theorem 7. A map F : I — R with connected values, has the intermediate
value property iff and only iff for any two different points a,b € I and for any
Yo € F(a), y» € F(b) the set

F((a,b)) U{ya, yo}
is connected.

Theorem 8. A map F : I — R, with connected and compact values, is
strongly connected iff and only iff for any two different points a,b € I and for
any Yy, € F(a), yp € F(b) a map F : [a,b] — R defined as follows

F(z); x € (a,b)

has connected graph.

Let us introduce for multivalued maps the following definition of strongly
F-connectivity at a point.

Definition 4. A map F : I — R, with connected values, is strongly F-
connected from the right side at a point z¢ € I if

(i) F(xo) C L*(F,x0),

(ii) for any two different points g1, gs € LT (F,zo) and for any set M € F, if
7(M) = [zg, xo +¢], for some positive number € > 0, and M, C (g1, 92),
then M N F|(:E07:D0+8) # @

In the same way we define left strong F-connectivity at the point zy and
we say that F' is strongly F-connected at xg if it is strongly F-connected both
from the left and right side at this point.
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By S}_-(F ) and S}“_-(F) we denote the sets of left and respectively right

strong F-connectivity points and by S _7:(F ) the set of all strong F-connectivity
points. Notice that

If we put in Definition (4) as F the families P, G or M, then we obtain

the intermediate value property, strong functional connectivity or respectively
strong connectivity at a point.

Theorem 9. A map F : I — R, with connected values, is strongly F- con-
nected iff and only iff it is strongly F-connected at each point.

PROOF. Assume that F is strongly F-connected. By Lemma (4), F(z) C
L~ (F,z) N L*(F,z) for any x € I. Let us assume now that for some zo €
I there exist two limit numbers g1,g92 € LT(F,z0) and there exists a set
M € F such that (M) = [zo,xo + 0]; for some § > 0, My, C (g1,92) and
M 0 F|(z0,20+5 = 0. Without loss of generality we may assume that g; < go.
Since M is a compact set and F' has connected values, then there exist two
different points a,b € (g, 2o + ¢) such that a < b and

F(a) < M, and F(b) > M,.

By Lemma (1), there exists a continuum C' C M such that 7(C) = [a, b]. Then
CekF,
F(a) < C, and F(b) > C}

and C N F|(qp) = 0. It means that F is not strongly F-connected, a contra-
diction.

Let us assume now that F' is strongly F-connected at each point. Then F
is F-connected at each point and by Theorem (2), F is F-connected. Assume
contrary that F' is not strongly F-connected. By Remark (2), there exist
two different points a,b € I, a < b and the set M € F with projection
7(M) = [a, b], such that for some two points y1 € F(a), y2 € F(b),

y1 < M, and yo > M,
— we consider one of the two possible cases —
MnN F|(a,b) = (.

Since F has connected values and y; € LT (F,a), yo € L™ (F,b), then there
exist points x1,z2 € (a,b),x1 < x2 such that

F(z1) < My, and F(z2)> M,,.
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By Lemma (1), there exists a continuum C' C M such that 7(C) = [x1, z2].
Then C € F,
F(z1) < Cy, and F(xa) > Cy,
and C N Fl(g, ) = (), which contradicts that I’ is F-connected.
From Theorem (9) we get the following corollaries.

Corollary 4. Czarnowska [4]) A map F : I — R has the intermediate value
property iff and only iff it has the intermediate value property at each point.

Corollary 5. (Czarnowska [4]) A map F : I — R is strongly functionally
connected iff and only iff it is strongly functionally connected at each point.

4  Characterization of the Sets of F- connectivity and
Strong F-connectivity Points

Lemma 5. (Czarnowska [4]) For any multivalued map F : I — R the set
{xel: L™ (F,z)+ LT (F,x) # 0}
s countable.

Lemma 6. For any F': I — R the set
{rel: F(z) ¢ L~ (F,z)N LT (F,z)}
1s countable.

PRrROOF. Let us denote

E={xecl: Flx) ¢ L™ (F,z)N LT (F,x)},
By={xel: L (Fx)+L"(Fz) #0},
By={rel: L (F,z)=L"(F,x)}.

Notice that E = (EN B;)U(E N By). By Lemma (5), the set B; is countable.
Now we show that the set £ N Bs is countable. To do this, select zg € EN Bs.
There exists element yo € F(x) such that yo & L™ (F, o) and yo € LT (F, z9).
Let us take rational numbers qg, q1, g2, g3 such that gy < x¢ < q1, ¢2 < yo < g3
and

((q0, 1) x (g2,43)) N F C {xo} x F(0).

Thus four rational numbers are assigned to each point in £ N By. It is not
difficult to see that this is an injective mapping so the set £ N By is countable
and the set E is countable too.
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Lemma 7. For any multivalued map F : I — R the set
Cr(F) + SF(F)
1s countable.

PROOF. The assertion of the lemma follows from the Lemma (6) and the
following inclusions.

Sr(F) C Cx(F),
Cr(F)\Sr(F)Cc{zel: F(zx)¢ L™ (F,z)N L (F,x)}.

Theorem 10. Let F': I — R be a map with connected values. Then the sets

= CH(P)
= ()

are countable.

PROOF. Now we show that the set A = C(F)\ C£(F) is countable. Let us
denote
B={xel: L™ (F,z)+ LT(F,x) # 0}.

By Lemma (5) the set B is countable. Thus it is enough to show that the set
A\ B is countable. To do this, select zp € A\ B. Let us see that

F(zo) N LT (F,x0) # 0.

Thus there exist limit numbers g1, g2 € LT (F,z9) and a set M € F such that
7(M) = [zg, xo + €], for some € > 0, M, C (g1, 92) and

M N F|(3:071.0+E) =0.
There exist rational numbers qq, q1, g2 such that

g1 <q1 < Mg, <q2<ga, g <go<x+E¢,
M N ([zo, qo) X R) C [z0, qo] % [q1,q2],
MmFl(wo,tIo) =0.

So three rational numbers are assigned to each point in A\ B. Let us show that
this is an injective mapping. Suppose, on the contrary, that the same triple
(go, q1,92) is assigned to g and x; from A\ B, and assume that z; < .
Then there exists a set P € F such that
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(1) Pn([z1,q0] x R) C [z1,q0] X [q1,¢2], [71,q)] C 7(P),
(2) PﬂF|($17q0) = (.

By Lemma (1), there exists a continuum C' C P such that 7(C) = [z1, x0].
From (1), we get that Cy, C (g1,92). Since L™ (F,z9) = L*(F,xg), then
91,92 € L™ (F,z9)nd by (2), C' N F|4, z,) = 0. Since C € F, then contrary to
the assumption zo & Cz(F).

In the same way we can show that the set Cf(F)\ Cz(F) is countable.

By Lemma (6) the set

E={xecl: Flx) ¢ L™ (F,z)NLT(F,x)}
is countable. Since
SF(F)\ E = C7(F)\ E,
S}_(F) \E = C}(F) \ E,

then
SF(F) + SE(F) C (CR(F) + CE(F)) UE,

Finally the set Sz (F) + S£(F) is countable too.
Theorem 11. For any map F : I — R, Cx(F) and Sg(F) are Gs-sets.

PRrROOF. Without loss of generality we may assume that the set I is open. Let
x € Cg(F). For any n € N, there exists an open interval U? with diameter
less than %, contained x such that

L(F,z) UF(z) C K1 (L(F,2))U (=00, —n) U (n, +00)

for any z € U. Let us define for any n € N the open sets
Up = J{UF: xeCr(P)}.

o0
We have Cx(F) C () U,. It is enough to show that

n=1

u)imc@wwmgm+@wx

n=

since C'x(F) will be Gs-set as a different C#(F) = () U, \ B of Gs-set and
n=1
countable set B C Cx(F) + Cf(F).
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Let us show the inclusion (1). Select 29 € [ U, and assume that zo & Cx(F).
n=1

It means that for any n € N, there exists an element z,, € Cx(F), z, # xo
such that xg € U?". Then for any n € N we have

(2) |on — 20| < 2 and L(F,z0) U F(z0) C K1 (L(F,xy)) U (—00,—n) U
(n, +00).

There exists a subsequence of the sequence (z,)5; convergent to x from
the left or right sight. Let us assume that the second of the cases holds.
Without loss of generality we may assume that x,, > = for any n € N. Now
we show that zg € C£(F). From (2) we get

(3) F(xo) C LY (F, ).

Let yo € F(xg). There exists k € N such that yo € K1 (L(F,z,)) for any
n > k. Then for any n > k there exists g, € L(F,x,) such that [g, — yo| < L.
Then lim g, = yo and yo € LT(F, x).

Assume that there exist limit numbers g1,g92 € L1 (F,z0), g1 < g2 and
there exists a set M € F such that #(M) = [zo, 2o + J], for some § > 0,
Mz, C (91,92) and M N F|(zy 20+5) = 0. There exist then positive numbers
01, € such that §; < 6 and

M 0 ([, o + 01] X R) C [20, 70 + 61] X [91 + €, 92 — €].

From (2), we get that g1,92 € K1 (L(F,z,)) U (—00,—n) U (n,+o0) for any
n € N. There exists [ € N such that g1, 9> € K1 (L(F,z,)) for any n > I. Let

us take ng € N such that ng > [ and nio < min(dy,€). Then z,, € (zg, xo+01)
and

91,92 € K%O(L(F, Tng))-

There exist limit numbers y',y” € L(F,x,,) such that |[g; — 3| < X and

no
lg2 —y"| < % So
Y <M,, and y’'>M,, .

The set F(zy,) is connected, then

F(zp,) < M.

ZL’nO

or F(zp,) > My, .
Let us assume that the first of the cases holds — in the second one the proof is
similar. Suppose that y" € LT (F,z,,). Since z,, € Cx(F), then there exists
y € LT (F, 2, )NF(2y,). By Lemma (1), there exists a continuum C' C M such
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that 7(C) = [zn,, 20 + 01]. Then C € F, Cp,  C (y,9"), y,y" € LT (F,2n,)
and
an F|(a:ﬂ0;$0+51) =0,

which contradicts that z,, € Cf(F).

If v/ € L™ (F,zp,), then we can take y € L™ (F,zp,) N F(z,,) and a
continuum C' C M such that 7(C) = [xg,Zp,], and we obtain that C € F,
Cony € (0:¥"), y,y" € L7 (F,2p,) and

cn F|($0,$n0) = @

This contradicts that z,,, € C7(F). From (3), we get that zg € C£(F).

If there exist a subsequence of the sequence (x,,)22 ; convergent to x from
the left side, then in a similar way we may show that xo € Cz(F). Thus the
proof that Cxz(F) is Gs-set is finished. By Lemma (6), the set E = {z € I :
F(z) ¢ L™ (F,x) N LT (F,z)} is countable. Since Sg(F) = Cx(F) \ E, then
Sg(F) is Gs-set.

From Theorem (11), we get the following corollaries.

Corollary 6. The sets of Darbouz points, connectivity points, functional con-
nectivity points, the intermediate value property points (Czarnowska [4]) or
strongly functional connectivity points (Czarnowska [4]) are Gs.

Theorem 12. (Rosen [9]) The sets of Darboux points or connectivity points
of real function are Gs.

Theorem 13. (Jastrzebski, Jedrzejewski [6]) The set of functional connectiv-
ity points of real function is Gs.

J. S. Lipinski ([8]) has shown that for any Gs-sets G and H such that
G C H, there exists function f : R — R such that H is the set of Darboux
points and G is the set of connectivity points of f. From Theorem (11) we get
the following corollary.

Theorem 14. The set G C R is the set of F-connectivity points or strong
F-connectivity points for some multivalued map iff and only iff it is G5 — set.
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