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Abstract
In this paper we show that the multifractal Hausdorff measure and
multifractal packing measure introduced by Olsen and Peyriere can be
expressed as Henstock-Thomson “variation” measures. As an applica-
tion we prove a density theorem for these two measures that extends
results by Edgar and is more refined than those found in [Ol1].

1 Introduction and Statement of Results

In several recent papers Olsen [Ol1, O12, Ol13] and Peyriére [Pey] have pro-
posed developing a multifractal geometry for measures which parallels the
well-known fractal geometry for sets. At the heart of this suggestion are
two measures which generalize the Hausdorff and packing measures. These
measures have subsequently been investigated further by a large number of
authors, including [BNB, BNBH, Co, Dal, Da2, FM, HRS, HY, 012, OI3,
O’N1, O’N2, Sc]. In this paper we show that the multifractal Hausdorff mea-
sure and multifractal packing measure can be expressed as Henstock-Thomson
“variation” measures (see [He]and [Th]); see Theorem 1 and Theorem 2. This
analysis follows Edgar’s treatment [Ed1,Ed2] of the Hausdorff and packing
measures as Henstock-Thomson “variation” measures, (cf. also [LL]).

In addition, we provide the following application of this result. Using
the characterization of the multifractal Hausdorff measure and multifractal
packing measure established in Theorem 1 and Theorem 2, we prove a density
theorem for these measures which extends density theorems obtained by Edgar
[Ed1, Ed2] and is more refined than those found in [O11]; see Theorem 3.
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1.1 Multifractal Hausdorff Measures and Multifractal Packing Mea-
sures.

We start by introducing the multifractal Hausdorff and packing measures. Let
E CR?and § > 0. A countable family (B(z;,7;)); of closed balls in R? is
called a centered é-covering of E if E C U; B(x;,7;), ; € Eand 0 < r; < 4§
for all i. The family (B(z;,7;)); is called a centered é-packing of E if z; € E,
0 <r; <6 and B(x;,r;) N B(zj,rj) =@ foralli # j. For EC X, gq,t € R
and § > 0 write

’H = inf { Z w(B(xi,r;))%(2r;)"

(B(xi, 7))

is a centered d-covering of E}, E+#o

Hl'5(2) =0
ﬁi’t(E) = SupH ( )
6>0

HLH(B) = sup Hy ' (F),

FCE

and
P _Sup{zﬂ (i, 7)) (20" | (B, 1))

is a centered d-packing of E}, E+o

Pli(2) =0
P(E) = inf fq’i;(E)

q,t _ BBt
Pii(E) = ECHLIJfE P (E)-

It follows from [Ol1] that H%* and PL* are measures on the family of Borel
subsets of X. The measure Hz’t is of course a multifractal generalization of the
centered Hausdorff measure, whereas P/ ' is a multifractal generalization of the
packing measure. In fact, it is easily seen that if ¢ > 0, then 27*H)" < H' <
HO' and P = PO, Where H! denotes the t-dimensional Hausdorff measure
and P denotes the t-dimensional packing measure. The reader is referred
o [BNB, BNBH, Co, Dal, Da2, FM, HRS, HY, 012, O13, O’N1, O’N2, Sc]
for detailed discussions of the application of these measures in multifractal
analysis.



MULTIFRACTAL VARIATION MEASURES AND DENSITY THEOREMS 503

1.2 Fine Variation.

We now consider Thomson’s fine variation [Th]. The variations may be defined
for a general so-called derivation basis. However, we will use only the centered
ball basis.

A function h : R? x (0,00) — [0,00) is called a variation function.

A countable family (B(z;,7;)); of closed balls in R is called a packing if
B(zi,ri)NB(xj,7;) = @ for all i # j. A fine cover (or Vitali cover) of a subset
E C R% is a (possibly uncountable) family (B(zx,7))xea of closed balls such
that ) € F for all A € A, E C UxeaB(zx,7)), and for each € E and each
6 > 0, there is A € A with x = x, and r) <.

Let h be a variation function. For a fine cover V of a subset E of R? we
write

Hy(h) = sup { Z h(xi,ri)|(B(xi,m))i CVisa packing}.

The fine variation of h is defined by
H(h) = inf{Hy(h) | V is a fine cover of R%}.

If the variation function h is of the special form h(z,7) = f(x)u(B(z,r))?(2r)
for some positive function f : R? — [0,00), ¢, € R and a Borel probability
measure p on R? we will write Hgﬁ,(f) = Hy(h) and HL'(f) = H(h).
Before we can state the first main result we need to introduce the notion

of a doubling measure. A Borel probability measure on R? is called a doubling
measure if

. (B, 2r))

B S B r)

It is known (cf. [O11,PW]) that self-similar measures and self-conformal mea-
sures with totally disconnected supports are doubling measures.

Next is the first main result. It states that the fine variation measure
defined by the variation function h(z,r) = 1g(z)u(B(z,r))(2r)! for E C
R?, ¢,t € R and a Borel probability measure 1 on R¢ coincides with the
multifractal Hausdorff measure HZ’t; here 1 denotes the indicator function
on E.

Theorem 1. Let q,t € R and let yu be a Borel probability measure i on R?,
Assume either ¢ < 0, or 0 < q and p is a doubling measure. Then for every
set E C R we have HY'(1g) = HL'(E).
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1.3 Full Variation.

Next we now consider Thomson’s full variation [Th].

A strictly positive function @ : E — (0,00) defined on a subset E of R?
is called a gauge function on E. Given a gauge function on E, a countable
family (B(z;,7;)); of closed balls in R is called a centered ®-packing of E if
x; € B, r; < ®(z;) and B(x;,r;) N B(zj,r;) = & for all i # j.

Let h be a variation function. For a gauge function ® on a subset £ of R?
we write

Py (h) = sup { Z h(zi,7:)|(B(x,7i)); is a centered ®-packing of E}

The full variation of h is defined by
P(h) = inf{Py(h)|® is a gauge function on R%}.

As before, if the variation function h is of the special form h(z,r) =
f(@)p(B(z,7))4(2r)! for some positive function f : RY — [0,00), ¢,t € R
and a Borel probability measure p on R? we will write, ngb (f) = Ps(h) and
PE(f) = P(h).

Next is the second main result. It states that the full variation measure
defined by the variation function h(z,r) = 1g(z)u(B(z,r))4(2r)t for q,t €
R and a Borel probability measure p on R? coincides with the multifractal
packing measure Pg*.

Theorem 2. Let ¢,t € R and let pu be a Borel probability measure pn on R?.
Then for every set E C R we have P3'(1g) = P4H(E).

1.4 Density Theorems.

As an application of Theorem 1 and Theorem 2 we prove a density theorem
for the multifractal measures Hg’t and ’Pg’t that is more refined than those
found in [Ol1]

Given two locally finite Borel measures y and v on R%, ¢, t € R and z € R?,
we define the upper and lower multifractal (g, t)-density of v at & with respect
to u by

art = lim su —))
d, (r,v)=1 7n\op (B2, r)i(2r)!

(g p) = limin _v(B@r)
G (o) =t B, Myt
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respectively. In [Ol11]it is shown that if F is a Borel subset of the support of p,
then the following results hold. If Hz’t(E) < oo and p is a doubling measure,
then

. At —q,t
HI(E) inf " (z,v) < v(E) < HIN(E) sup d, (z,v). (1.2)

If P*(E) < oo, then

Pi!(E) inf b (r.v) <v(B) < PY(E) sup di' (). (L3)

Using the characterization of the multifractal measures HZ’t and Pg’t in terms
of variation measures, we improve the density results in (1.2) and (1.3).

Theorem 3. Let i and v be a Borel probability measures on R?, ¢,t € R and
E C R9 be a Borel set.

(1) Assume either ¢ <0, or 0 < q and u is a doubling measure. We have
v(E) > / 40 (@, v) dHE ().
E

(2) Assume either ¢ <0, or0 < q and p is a doubling measure. If in addition,
HINE) < 0o and EZ’t(x, v) < oo forallx € E, then

— [ g%t it
v(E) —/Edﬂ (z,v) dH; (z).
(8) We have
v(E) > /l?dZ’t(x,y) dPg’t(x).
, iy t
(4) If in addition, PP (E) < oo and dl" (x,v) < oo for all x € E, then

V(E)z/}fdi’t(x,u) dPL(z).

2 Proofs of Theorem 1 and Theorem 2

2.1 The Proof of Theorem 1

Recall that we denote the indicator function on a subset E of R? by 1g. It is
easily seen that if ¢,# € R and p is a Borel probability measure on R%, then

H' (f1p) = inf{Hg’j,(flE) | V is a fine cover of E'},
Pg’t(flE) = sup{Pﬁ:fb(flE) | @ is a gauge function on E},
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for all positive functions f : R? — [0,00) and all E C RY; this result will be
used frequently below.

Theorem 2.1. Let h be a variation function. For a set E C R?, we define the
variation function helg : R1x (0, 00) — [0,00) by (helg)(z,r) = h(z,r)1g(x).
Then the set functions

E— H(helg), E— P(helg) for ECR?

are metric outer measures. In particular, it follows that if ¢,t € R and p is a
Borel probability measure on R?, then the set functions

E— HY'(f1g), E — PP (flp) for E CR?

are metric outer measures for all positive functions f : R? — [0,00).
ProoOF. This follows from [Th]. O
Next we state a version of Vitali’s Covering Theorem which we will use.

Theorem 2.2. Let i be a Borel measure on R and let p* denote the exterior
measure associated with p; i.e.,

w*(E) =inf{u(A) | E C A, A is Caratheodory measurable}

for all E CR?. Let E CR?* and V be a fine cover of E. Then there exists a
countable packing II CV such that p* (E \Usgen B) =0.

PRrROOF. It follows from Theorem 3.2 and Remark (3) in [deG] that there exists
a countable subfamily II of V such that p* (E \uU BenB) = 0. Furthermore,

the proof of Theorem 3.2 in [deG] shows that IT can be chosen to consist of
pairwise disjoint sets. O

We now turn to the proof of Theorem 1.

Lemma 2.3. Let q,t € R and let p be a Borel probability measure p on R?.
Fiz E CRY IfHYY(E) =0, then HZ'(1g) = 0.

PrROOF. Let € > 0. For each positive integer n we have ﬁi’yl (E) =0, and we

can thus find a centered %—covering (B(ZpiyTni))i of E such that

D Bl )" 2ras)* < 5
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For each i and n write V,; = {B(y, i) | ¥ € E, |y — 2ni| < Tni}, and put
V = Up,iVni- Then V is a fine cover of E. Let II C V be a packing. Since all
elements of V,,; contain x,;, there is at most one element of V,,; in II. Hence,

> Bl @) <)Y p(Blan r)) )" <3 zin -

B(z,r)ell

Taking supremum over all packings IT C V gives H 0t v(1g) < e. Finally, letting
e\, 0 gives H'(1g) < Hq’ v(1g) =0. O

PROOF OF THEOREM 1 “>” First we verify that H%*(E) < H1*(1x). Observe
that if p is a doubling measure, then there exists ¢ > 0 such that

p(B(z,2r))
w(B(y,r))

Let FF C F and § > 0. We now claim that

< cfor all y, z € R? and r > 0 with z € B(y, 7).

Hy's(F) < HY'(1p) (2.1)

w0

We may clearly assume that Hg’t(l F) < 0o. We can thus choose a fine cover
V of F such that Hgﬁ,(lp) < 00. Applying Theorem 2.2 to the fine cover
{B(z,r) eV |r< g} of F', we can conclude that there exists a countable

centered packing (B(x;,7;)); € V of F such that r; < g for each 4, and
(HL)*(F\ U; B(acz7 7)) = 0 where (H{")* denotes the exterior measure asso-
mated with ’HZ’ Fix € > 0. We may thus choose a Caratheodory measurable

set A such that F\ U;B(z;, ;) C A and ﬂffg (A) < HLH(A) < e. Also, we can

choose a centered $-covering (B(y;, s;)); of A satisfying
2t
Zu (4ir50))7(25:)" < H,, s (A) +e.

For each i with B(y;,s;) N F # & we may choose z; € B(y;,s;) N F. Now,
since (B(x;,73))i U (B(z4,2s;)); is a centered d-covering of F', we have that

) < Zu (m4,7:))4(2r)" + Zﬂ (2i,25:))9(2 - 25p5)"
Hqt 1F +2tzluf yu 1 25) for ¢ < 0;

Hq’ )+ 2 Zcq (yi,5:))%(28;)"  for 0 < g;
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Hqt(lp)+2t<H (A)+e) for ¢ < 0;
Hq’ v(1p) + 2t (H (A)—l—s) for 0 < ¢;

< Hzﬁ;( r) + 2 max(1, ¢?)e.

Letting € \, 0 we obtain QZZ(F) < Hl‘jﬁ,(lp) Next, taking infimum over all

V gives (2.1). Letting § \, 0 in (2.1) gives H, (F) < Hi'(1p) < Ho'(1p).
The result now follows by taking supremum over all subsets F' of F.

“<” Next we verify that HI'(1g) < H%*(E). We may clearly assume that
HIY(E) < co. Fix a > 1 and let v denote the restriction of H%!(E) to Ej i.e.,
v(A) = HE'(ANE) for all A C RY. Write

F={zeE| EZ’t(x,V) <aB3}tand G={r € F| EZ’t(x,l/) >a 3}
recall that the density Ei’t(x, v) is defined in (1.1).
We first consider the set F'. We will prove that
Hg’t(lp) =0. (2.2)
For € N, set
v(B(z,r))
(x,7))2(2r)t

Fix n € N. We will now show that Hq’ (F,,) = 0. For each centered L ~-covering
(B(z4,7:))i of F,, we have

Z/}, (wi,73)) 27' >a22 (z4,74) >a v UBJS‘“’I%))

7

Fn:{xeF‘ <a? fora11r<1}.
n

>a Z/(Fn) = a®HY (F).

Hence, ﬁq’t (F) > a*H%'(F,), which implies that HL!(F,) > ﬁq’t(Fn) >

HZ” (Fn) > a*HL'(F,). Now, since a > 1 and HL'(F,) < HL'(E) < oo, we
have H%'(F,) = O Finally, since F,, / F, this 1mphes that Hq Y{(F) =0, and
Lemma 2.3 therefore shows that H?*(1r) = 0. This proves (2. 2)

Next we consider the set G. We will prove that
H¥'(1g) < a*HYY(E). (2.3)

Since a=* < a~3, the family

V= {B(m,r)‘x € GM(BV((i(:;;:z;r)t >a t r< i}
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is a fine cover of G. Let IT C V be a packing. Then

Z w(B(z,7))4(2r) < a* Z V(B(x,r))=a4u< U B(:c,r))

B(xz,r)ell B(xz,r)ell B(z,r)ell
= a4HZ’t( U B(z,r)N E) < a4HZ’t(E).
B(z,r)ell

Since this is true for all packings IT C V, we conclude that H v(le) < HLYE).
This proves (2.3)
Combining (2.2) and (2.3) (and using Theorem 2.1) we obtain

HY'(1g) = H' (1pue) < HP'(1p) + HY' (1g) < a*HLY(E). O

PROOF OF THEOREM 2 “<” First we verify that Pg’t(lE) < Pg’t(E). Since
for each 6 > 0, the function ®(z) = § for z € R? is a gauge, we obtain

PI* (1) = SUDg i a gauge P;i’fp(lp) <infssg ﬁZ’; (F)= fi’t(F) for all subsets

F of R?. Hence, for E C U; E; we obtain (using Theorem 2.1),

PP (1p) < PP (1y,p, <ZP‘” 1z,) <Z7>q’

Taking infimum over all countable covers (E;); of E yields P (1p) < PL!(E).

“>” Next we verify that P! (1g) > PL'(E). Let ® be a gauge on E. For
ne€Nlet E, ={z € E|®(z) > 1}. It now follows from the definitions that

P4 (1) > POL(1g,) > Ph (B, > P (E,)

for all n. Since E, /" E, this implies that P! (E) < P;f:fb(lE) for all gauges
® on E. Taking infimum over ® yields the desired result. O

3 Proof of Theorem 3

We begin with a lemma.

Lemma 3.1. Let pu be a Borel probability measures on R, ¢,t € R and
f: R4 =R a positive Borel function.

(1) Assume either q <0, or 0 < q and p is a doubling measure. We have
H;q t f f Hq t )
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(2) We have PYH(f) = [ f(z)dPg*(x).

Proor. (1) If follows from Theorem 1 that the statement is true for indicator
functions, and standard methods allow us to extend this to simple positive
Borel functions. Now, if f is a positive Borel function, then there exists a
sequence (8y), of simple positive Borel functions increasing pointwise to f.
Let 0 < ¢ < 1and put E, = {z € R?| s,(z) > cf(z)}. It is easily seen that
H@'(sn) > HY (cf1p,) = cHY'(f1p,). Since E, / R this and Theorem
2.1 implies that

HE'(f) 2 im H (sn) 2 lim cHE' (f1,) = cHY' (fl0,5,) = cHE' ().

Letting ¢ 1 yields Hg’t(f) = lim,, Hg’t(sn), and the Monotone Convergence
Theorem therefore implies that

Hg’t(f) = liyrln Hg’t(sn) = ll;n/sn(x) dHfL’t(x) = /f(x) dHZ’t(x).

(2) The proof of this statement is similar to the proof of the statement in
(1). O

PROOF OF THEOREM 3
(1) Since v is finite and thus outer regular, it suffices to prove that

[E f(2) M3 () < w(U) (3.1)

for all open sets U with £ C U and for all positive Borel functions f : R 5 R
such that 0 < f(x) < EZ’t(x, v) and with strict inequality 0 < f(x) < QZ’t(ﬂc, V)
whenever EZ’t(x,V) > 0. Hence, let U be an open set with £ C U, and let
f:R? — R be a positive Borel function satisfying 0 < f(z) < EZ’t(I, v) and
with strict inequality 0 < f(z) < EZ’t(x, v) whenever EZ’t(x, v) > 0. Write

VB
Bty 21O}

The family V is clearly a fine cover of E. For each packing IT C V we have

Y f@uBz,n)@en) < Y v(Br)

B(z,r)€ll B(z,r)€ll

V= {B($,7’)‘$ € E, B(x,r) CU,
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:I/< U B(x,r))gu(U).

B(z,r)€ell
So Hq’ v(flg) < v(U). Lemma 3.1 now implies that [, f(z)dH% (z) =
HY f(flE) < HP,(f1g) < v(U). This proves (3.1)
(2) We begin by showing that

v<HLNE (3.2)

where H%* 1 E denotes that restriction of HI' to E; ie., (HY'1 E)(A) =
HLY(ANE). Therefore let F C E with H%*(F) = 0. We must now prove that
v(F) =0. For n € N write

v(B(z,T))

1
W<nforallr<g}.

F, = {:c e F’
For any centered %—covering (B(z,7;); of F,, we have

Zu (w4,73))9(2r;)" > l ZV(B(Ii,ri)) >

Thuslu(n)gﬁ i( )<'Hq’( w) < HEY(F,) = 0, whence v(F,) = 0.
Finally, since EZ (x,v) < oo for € E, we conclude that F,, / F, and so
v(F') = sup,, v(F,) = 0. This proves (3.2)

We now prove that [}, N’t (z,v) dHL (x) > v(E). Let ¢ > 0 and let V be
a fine cover of E. Then

v(B(z,r))
u(B(x,r))e(2r)!
is also a fine cover of E. Since E is a Borel set, Theorem 2.2 implies that there

exists a packing IT C W such that H%'(E \penr B) = 0. It now follows from
(3.2) that v(E \penr B) = 0. Hence

> (@ @y +e)uB@ e = Y vBr)

B(z,r)ell B(z,r)ell

:1/< U B(w,r)) ZV( U B(x,r)ﬁE)—i—l/(E\ U B(x,r))
B(z,r)ell B(z,r)ell B(z,r)ell

=v(E).

W = {B(x,r) EV‘ SEZ’t(x,V)—Fe}
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Thus HY ((* (V) +e)lp) = HYY (@) (- v) +€)1g) > v(E). This implies
that H1* ((d ( v)+¢e)lg) > v(E). Lemma 3.1 now yields

/ ﬁff(x,y) dHE (x) + eHEH(E) = / (gff(x?y) + ) dHI ()
E

= HY((@dY' (- v) +€)1p) = v(E)

and the result follows by letting & \, 0.

(3) Since v is finite and thus outer regular, it suffices to prove that

1
R t
AL ACERE (33)
for all open sets U with £ C U and for all 0 < ¢ < 1. Therefore, let U
be an open set with £ C U and let 0 < ¢ < 1. Then for each =z € F it
is possible to choose ®(z) > 0 such that 0 < ®(z) < dist(z,R%\ U) and
v(B(x,r))

p(B(z,r))e(2r)"
that ® is a gauge function on E. For each centered ®-packing II of F we have

> cd; “(z,v) for all 0 < r < ®(x). These conditions imply

> (B e <t Y uBr) < (D).

&
B(z,r)ell B(z,r)ell

Taking supremum over II gives Pg:fb (dZ’t(-, v)1g) < 1v(U). Lemma 3.1 now
implies that

—

[Edf;t(w) P! (x) = PR (v)1E) < Ply(dl' (v)1E) < —v(U).

o

This proves (3.3)
(4) Let £ > 0 and let ® be a gauge on E such that Pg:fb(E) < co. Then

v(B(x,r))

V= {B(w,r)‘x eEr< ¢(sc),W

t
<d/(z,v) + 5}

is a fine cover of E. Since F is Borel, Theorem 2.2 implies that there exists a
packing II C V such that v(E \ UgenB) = 0. Thus

V(E):z/< U B(x,r)ﬂE)Jrz/(E\ U B(x,r))

B(z,r)€ll B(z,r)€ll



MULTIFRACTAL VARIATION MEASURES AND DENSITY THEOREMS 513

<v( U B@n)= Y vB@)

B(z,r)ell B(xz,r)ell
< Y (@ @) +e)u(Bla, )
B(z,r)ell

< PUg(dl' (- v) +ePla (B).

Taking infimum over ® and letting & \, yields v(E) < PP (dY *(-,v)). Lemma

3.1 now implies that v(E) < P#(dL' (-, v)) = [, db' (z,v) AP (x). 0O
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