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ON McSHANE INTEGRABILITY OF
BANACH SPACE-VALUED FUNCTIONS

Abstract

The McShane integral of Banach space-valued functions f : [ — X
defined on an m-dimensional interval I is considered in this paper. We
show that a McShane integrable function is integrable over measurable
sets contained in I (Theorem 9). A certain type of absolute continuity
of the indefinite McShane integral with respect to Lebesgue measure is
derived (Theorem 11) and we show that the indefinite McShane integral
is countably additive (Theorem 16). Allowing more general partitions
using measurable sets instead of intervals another McShane type integral
is defined and we show that it is equivalent to the original McShane
integral (Theorem 21).

We consider functions f : I — X where I C R™ is a compact interval,
m > 1 and X is a Banach space with the norm || - || x.

Lebesgue measure in R will be denoted by p

A system (finite collection) of point-interval pairs {(¢;,I;), i =1,...,p} is
called an M -system in I if I; are non-overlapping (int I; Nint I; = () for ¢ # j,
int I; is the interior of I;), and ¢; are arbitrary points in 1.

An M-system in [ is called an M -partition of I if ij I, =1.

i=1

The ball in R™ centered at ¢ with the radius p is denoted by B(t, p). For
simplicity we use dist(s,t) = max;=1, _m |t; — s;| for the distance of two points
t,s € R™.

Given A : I — (0, +00), called a gauge, an M-system {(¢;,1;), i =1,...,p}
in I is called A-fine if I, C B(t;,A(t;)), ¢ = 1,...,p. The set of A-fine
partitions of I is nonempty (Cousin’s lemma, see e.g. [3]).
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Definition 1. f : I — X is McShane integrable and J € X is its McShane
integral over I if for every e > 0 there exists a gauge A : I — (0,+00) such
that for every A-fine M-partition (¢;,1;),i =1,...,pof T

H if(tiwi) g, <.

Write J = [, f. Given a set E2 C I we denote by X its characteristic function
(Xg(t) =1fort € E, Xg(t) = 0 otherwise). A function f: I — X is called
McShane integrable over the set E C I if the function f-Xp : I — X is
McShane integrable. In this case we write [, f-Xg = [, [

By a figure we mean a finite union of compact non-degenerate intervals in
R™.

We mention the fact that if for the notion of an M-system {(¢;,I;), i =
1,...,p} the intervals I; are replaced by figures, we can develop the same
theory and M-systems and M-partitions of this kind can be used everywhere in
our forthcoming considerations because if in the M-system (¢;,1;),i =1,...,p
some of the t; are the same, then the intervals corresponding I; to this common
point form a figure and vice versa if we have (¢;, F;) where F; is a figure,
then this point-figure pair can be divided into point-interval pairs where the
intervals are those which give the figure Fj.

Theorem 2. The function f: 1 — X is McShane integrable if and only if for
every € > 0 there exists a gauge A : I — (0,400) such that

‘X <e (1)

[ fﬂmu(m - iﬂsmu{j)

for any A-fine M -partitions {(t;,I;),i =1,...,p} and {(s;, K;),j =1,...,r}
of I.
PRrROOF. If f is McShane integrable, then (1) clearly holds for the gauge §
which corresponds to g > 0 in the definition of McShane integrability.

Given e > 0 assume that (1) holds for any d-fine M-partitions {(¢;, I;),i =
1,...,p} and {(s;,K;),i =1,...,r} of I. Let

k

S(e) = {S(f,D) =Y ft)u(Ji); D = {(ts, Ji), i = 1,... .k} C X

=1

where D is an arbitrary d-fine M-partition of I. The set S(¢) C X is nonempty
because by Cousin’s lemma there exists a d-fine M-partition {(¢;,J;), i =
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1,...,k} of I. Since by (1) we have

<e

k
| 2 Ftntr) = 3 flspu(Ly)

Jj=1

;

for all o-fine M-partitions {(¢;,J;), ¢ =1,...,k} and {(s;,L;), j =1,...,1} of
I, we have also diam S(¢) < ¢ (where diam S(g) denotes the diameter of the
set S(e) ).

Clearly S(e1) C S(e2), provided €1 < €5 because the gauge §; correspond-
ing to €1 > 0 can be chosen in such a way that d1(¢) < d2(t), t € I, where d,
is the gauge which belongs to €2 > 0 by the definition of S(e2). Hence the
set (.soclS(e) = Sy € X consists of a single point because the space X is
complete (where cl S(¢) denotes the closure of the set S(e) in X).

For the integral sum S(f, D) we get || Zle ft)p(Ji) — Stllx < e, when-
ever D = {(¢;,J;),% = 1,...,k} is an arbitrary d-fine M-partition of I and
this means that f is McShane integrable with | =15 O

Theorem 3. Assume that f: I — X is McShane integrable and let J C I be
a compact interval. Then f is McShane integrable on the interval J.

ProoF. By Theorem 2 for any € > 0 there exists a gauge 6 : I — (0,+00)
such that for every o-fine M-partitions {(¢;,1;),i = 1,...,p} and {(s;, J;),1 =
1,...,r} of I the inequality (1) is satisfied. Let {(7;, K;),i = 1,...,q} and
{(0j,L;),i=1,...,s} be arbitrary J-fine M-partitions of the interval J. The
complement I\ J can be expressed as a finite union of intervals contained in I.
Taking an arbitrary d-fine M-partition of every of those intervals we obtain a
finite collection {(p;, M;),l =1,...,t} of tagged intervals which together with
{(1,K3),i=1,...,q} or {(0j,L;),i=1,...,s} form two -fine M-partitions
of the interval I.

Taking the difference of the integral sums corresponding to this two d-fine
M-partitions of I we can see that its value is Y1, f(7:)u(K;) =25, f(oj)pn(Ly)
because the remaining Zle f(p) (M) is the same for both of them. There-
fore by (1) we have

DOYATCORS SECAES)

and this inequality shows, by Theorem 2, the McShane integrability of f on J.
O

Theorem 4. Let f : I — X. If f = 0 almost everywhere on I, then f is
McShane integrable on I and fIf =0.
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PROOF. Assume € > 0. Let N = {t € I; f(t) # 0} and for each n € N, let
No={teNin—1< [f(H]x <n).

Since u(N) = 0, we have also u(N,,) = 0 for n € N and therefore there are
open sets G, C I such that N,, C G, and p(G,) < ;? Define a gauge
0 : I — (0,400) in such a way that 6(¢t) =1 for t € I\ N and B(t,0(t)) C G,
if t € N,. Suppose that {(¢;,;),i = 1,...,p} is a d-fine M-partition of I.
Then

P o p oo P
1> sonm| <[>0 D st <D0 D2 seonm)|
i1 n=1 i=1 n=1 i=1
t;€ENp, tiENy,
o0 V4 (oo} oo
<Zn Z w(l;) < Znu(Gn) < Zn% =e.
n=1 tiiEZI\lln n=1 n=1
Hence f: I — X is McShane integrable and [, f = 0. O

Lemma 5. (Saks-Henstock) Assume that f : I — X is McShane integrable.
Given € > 0 assume that the gauge A on I is such that

|3 steomta = [ ] ==

for every A-fine M -partition {(t;,I;),i = 1,...,p} of I. Then if {(r;,K;),j =
1,...,q} is an arbitrary A-fine M-system we have

|Sem - [ 1], <

j

PrROOF. Since {(r;, K;),j =1,...,q} is a A-fine M-system, the complement
q

I\ | int K; can be expressed as a finite system M;, | = 1,...,r of non-
j=1

overlapping intervals in I. The function f is McShane integrable and therefore

the integrals f M, fdu exist and by definition for any 1 > 0 there is a gauge

0; on M; with 6;(t) < 46(t) for t € M; such that for every | = 1,...,r we

ki
;f(si)u(Jf) - sz fHX < %, provided {(st, J}),i=1,...,k}isa
O;-fine M-partition of the interval M;.

have
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q r k

The sum > f(rj)u(K;) + Y Y f(sb)u(J!) represents an integral sum
j=1 I=1i=1

which corresponds to a certain d-fine M-partition of I; namely {(r;, K;), (s}, J});

j=1,...,q,l=1,...;r, i=1,... Kk}, and consequently by the assumption

we have
H gf(’rj):u‘(Kj) +§§;f(sé)u(<]f) - /IfHX <e.
Hence
Hiﬂmu(m— |1,
— |32 sputcy F3S A - [
Jj=1 =1 i=1 I
r k;
-303 - hut) + /N R
q r k;
<[ S sy + 33w - [ 1],

r ky
1 Iy n
+;H;f(si)u(<]i) /leHX<€+rr+1 <et

Since this inequality holds for any n > 0, we obtain the statement of the
lemma. O

Our main goal is to show that if f : I — X is McShane integrable, then
f is McShane integrable over every measurable set £ C I. Theorem 3 shows
that if f : I — X is McShane integrable, then f is McShane integrable over
every subinterval J C I.

It is clear that if £ C I is a finite union of non-overlapping intervals
contained in I, then a McShane integrable f : I — X is integrable over F.

Lemma 6. If f : I — X is McShane integrable on I, then for every ¢ > 0
there is an n > 0 such that for any finite collection {J; : j=1,...,p} of non-
overlapping intervals in I with Z?Zl w(J;) < n we have || Z?:l ij fHX <e.

PROOF. Let € > 0 be given. Since f is McShane integrable on I, there exists
a gauge 6 on I such that || Y7 f(t))u(Li) — [; fllx < € whenever {(t;,1;); i =
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1,...,q} is an arbitrary d-fine M-partition of I. Fix a é-fine M-partition of T
{(t;, i); i=1,...,q}, put K = max{|[ f(t;)|x;1 <i < ¢} and set n = Krl

Suppose that {J; : ) = 1,...,p} is a finite collection of non-overlapping
intervals in I such that Z§:1 u(J;) < n. By subdividing these intervals if
necessary, we may assume that for each j, J; C I; for some i. For each ¢,
1<i<glet M; ={j;1<j<p with J; C L} andlet D = {(J;,t;) :
j€ M;i=1,...,q}. Note that D is a é-fine M-system in I. Using the
Saks-Henstock Lemma 5 we get

Hi/}jﬂx HZ/f (e HX+Z||f ;)

<E+MZ,U )<e+ Kn<2e
j=1

and this proves the lemma. O

Lemma 7. If f : I — X is McShane integrable, then (a) for any sequence
{I; : i = 1,2,...} of non-overlapping intervals I; C I, i € N the limit
limy, oo Doy fIIf = > fllf € X exists, (b) for every e > 0 there is
an n > 0 such that if for the sequence {I; : i = 1,2,...} of non-overlapping
intervals I; C I we have Y o, u(I;) <, then ||3:2 1fI f||X <e.

PRrROOF. Assume that € > 0 is given. Let n > 0 corresponds to € by Lemma
6. Since Yo pu(I;) < p(I) < oo, there is an N € N such that for n > N we
have > pu(I;) < n. Assume that n,m € N, N <n < m. Then by Lemma 6

we ha‘Ve m n m
DIYRES S NI Doy i REE
;/I ; Lo X Hi=zﬂ-:‘rl LI

because 3%, u(l;) < 3372, (L) < m. This implies that 377, [, f,
n € N is a Cauchy sequence in X and (a) is proved.

If 00, w(l;) < n, then 3.7 | p(I;) < n for every n € N and therefore
1>, fh fHX< e by Lemma 6. Since by (a) the series >~ fji f converges

in X, we obtain
= i <
155/ -l 5 A, =

and (b) is proved. O
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Notation. To simplify the writing we will from now on use the notation
{(ur, U;)} for M-systems instead of {(u;, U;);1 = 1,...,r} which specifies the
number 7 of elements of the M-system. For a function f : I — X and an
M-system {(u;, U;)} we write >, f(u;)p(U;) instead of >°,_; f(w)p(Uy), ete.

Lemma 8. Assume that f : I — X is McShane integrable. Then for every
e > 0 there exists an n > 0 such that (a) if F is closed, G open, F C G C I,
w(G\ F) <, then there is a gauge & : I — (0,00) such that

B(t,&(t)) C G forte G, B(t,£(t))NI CI\F forteI\F
and (b) for &-fine M-systems {(u;, Up)}, {(vm, Vin)} satisfying
u, vy € G, F Cint U U, F Cint U Vin

w €F [

HZ Flu)u(Un) =Y f(vm)u(Vm)HX <e.
! m

PROOF. Let ®(J) = [, f for an interval J C I (the indefinite integral or

we have

primitive of f) and put & = % Since f is McShane integrable there is, by

the Saks-Henstock lemma, Lemma 5, a gauge A on [ such that
| S 1rrnc) - o)) <& 2)
J

for every A-fine M-system {(r;, K;)}. Assume that
{(wp, Wp)} is a A-fine M-partition of I.
Put k = max,{||f(w,)||x } and assume that n > 0 satisfies
n-K<E (3)

and take 0 < £(t) < A(t), t € I. Since the sets G and I'\ F’ are open, it is clear
that the gauge £ can be chosen in such a way that B(¢,£(t)) C G for t € G
and B(t,&(t))NI C I\ F for t € I\ F. This is part (a) of the lemma and now
we consider part (b).

Since {(wp, W)} is a partition of I, we have (J, W), = I and therefore

> Flu)p( ZZ qul (W, N U N Vi)
l

uZEFUWGF

+Zqul WﬂUz\UV +Zqul (W, nU;)

ULEF “mEF quI\F
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and similarly

F
(5)
+ZZf(ul)M(meVm\UUl+z Z f’Um WﬂV)
p Um €EF ulleF vmel\F

The M-systems
{(ul,WpﬂUlﬂVm);p,ul € F,v,, € F}7 {(wp,WpﬂUlﬂVm);p,ul € F,vu, € F}

are A-fine and therefore, by (2), we have the inequalities

HZZ Z flu)pW, nUiNVy) — (WpﬁUlﬂVm)nga

m, v €F

HZZ wap (W, N U, N V) — @(anUmvm)nga

uleF vaF

Hence

HZZ Z Fu) (W, N UL O Vi)

ulevaGF
—Z Z Z Jw)n(W, N U0 V)| <28
meFUmEF
and similarly also

HZZ Z Fom)n(Wy 0 UL Vi)

uleF vaF

—ZZ Z Fw)u(W, N UN V)| < 22,

l
u €F vmeF

Therefore

HZZ Z Flu) p(Wy, 0 UL O Vi)

ULEF Um GF

—ZZ Z Fn) (W, NU NV, )HX§4€.

ulEF Um EF
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Since {(u;, U;)} is a &-fine M-system with u; € G, we obtain by the properties

of the gauge ¢ given in (a) and from the assumption I C int{J,, cr Ui, F C
int Uvme 7 Vm that
UWOUZ\ U vu U wpnuicG\F. (7)
vm €F P
uLEF w €I\F

Further the M-systems

{(w, W, 00N\ V)ipow € F}U{(u, W, N Ui, € T\ FY,
v €EF

{(wp,WpﬂUl\ U Vin)spywi € F} U {(wp, W, NU);p,w €T\ F}
vm EF

are A-fine. (Note that here we have figures instead of intervals.) Therefore by
(2) we have

| 3 [pmmonoy U Vi) -e@non U vi))

p,u€F v EF v €F
+ Y Flau(W,n ) — (meUl)]H <z
pu €I\NF X
| > [fwnwynony U V) = eW,nui\ | V)]
p,u€F v €EF v €EF
+ > { w(W, N U;) — (meUl)}Hx <z
pu €I\NF

This yields
H S f)p(Wn U\ | Vi) S Flu)u(W,nT)

puw EF vm €F p,u €INF
= > fwnen U\ U Va) = Y fuW | <22
p,u €EF v EF pu €EI\NF

With respect to (7) and (3) we have
H Z fwp)p(W, N U, \ U Vin) Z flwp)p(W, ﬂUl)HX§/£~77§§
p,u EF vm€F pu €I\F

and therefore

H S f@u(WpnUN\ J Vi) + D flu)u(W, mUl)ngzag (8)

puEF vm EF pu €EI\NF
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and similarly also

Y femuWonUN [ U+ Y fm)n(W,nVin)llx < 32 (9)

anTnEF w€F p,vm €I\NF

From (4), (5), (6), (8) and (9) we get
”Zf(ul vam )llx <10E<e
!

and (8) is satisfied. This proves part (b) of the lemma. O

Theorem 9. If f : I — X is McShane integrable, then f - Xg is McShane
integrable for every measurable set E C I (f is McShane integrable over E).

PROOF. Let € > 0 be given and let > 0 correspond to £ by Lemma 8.
Assume that F C I is measurable. Then there exist F' C I closed and G C I
open such that F C E C G where u(G \ F) < 1. Assume that the gauge
€ :1 — (0,00) is given as in Lemma 8 and that {(u;,U;)}, {(vm,Vin)} are
&-fine M-partitions of I. We have the following:

if i € E, then U; C G, F Cint | J U,
w EF

and
if v, € E, then V,, ¢ G, F C int U V.
v €EF

Hence by (8) from Lemma 8 we have

1Y Fu@) = Y fom)u(Vin)|x <e

lLu €E m,om€eE

and therefore also HZZ fu)Xp(uw)w(U) — 32, f(“m)XE(vm)“(Vm)HX <€

and by Theorem 2 we can see that the McShane integral fIf - Xgp = fE f
exists.

Remark 10. Theorem 9 was proved, using a different approach, for the case
I Cc R in [1, 2E Theorem].

Theorem 11. If f : I — X is McShane integrable, then for every € > 0 there
is an 1 > 0 such that if E C I is measurable with u(E) < n, then

H/If'XEHXZH/EfHXS?E-
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PROOF. Let € > 0 be given and let n > 0 correspond to € by Lemma 6 and
assume that p(E) < n. Then there is an open set G C I such that F C G and
1(G) < n. The McShane integrability of f over I implies the existence of a
gauge A : I — (0,+00) such that for every A-fine M-partition {(¢;,I;)} of I
the inequality ||Zz f)p(l;) — fI fHX < ¢ holds. By Theorem 9 the integral
fI f - Xg exists and by the definition of the integral to every 6 > 0 there is a
gauge 0 : I — (0,400) which satisfies B(t,d(t)) C G if t € G, 6(t) < A(¢),
t el and

HZ F(Wm) - Xg(0m)1(Vin) f/If~XEHX <0

holds for any d-fine M-partition {(vy,, Vin)} of 1.

If v, € ECG,then Vy,, C Gand ), pu(Vin) < n. Since the M-
system {(vm, Vin); vm € E} is A-fine, we have by the Saks-Henstock lemma,
Lemma 5, the inequality ||3°,, , cp [f(vm)u(Vim) — f;, f]||y < € and by
Lemma 6 we get HZm,vmeE fVm fHX < e. Hence

[, =oe] S seama],

mvme
S0+ H Z LFom)(Vim) = /V f]HX + H Z /V fHX SO+2.
v ™ mum€E Y Vm

m,vm €E
This proves the statement because 8 > 0 can be chosen arbitrarily small. [

Remark 12. Theorem 11 represents an analog of absolute continuity of the
indefinite McShane integral which was extended to measurable sets E C I by
Theorem 9.

Theorem 13. If f: I — X is McShane integrable and E C I is measurable,
F; C E, i € N are closed sets with F; C Fi11 and p(E\ U, Fi) =0, then

[ #xe =t [ 5o,
I 11— 00 I

PRroOF. First note that for any measurable set E there always exists a se-
quence of closed sets F; with the properties given in the theorem.
Let an arbitrary € > 0 be given and let n > 0 correspond to it by Lemma

6, and by Lemma 8 as well. Let G C I be open such that £ C G and

w(G\ E) < g Further there is a kg € N such that u(E \ Fk,) < g and

therefore u(G'\ Fy,) < n and of course also u(G\ Fj) < n for all k > kq. Let
the gauge £ : I — (0,00) be given by the Lemma 8 for the set Fy, in the role
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of F, in particular we have B(t,&(t)) C I\ Fy, for t € I\ Fy,. Assume that
{(w;,U;)} is an arbitrary &-fine M-partition of I.

Fix an arbitrary k& > kg. By Theorem 9 the gauge & can be chosen in such
a way that in addition we have

H/If* ;f(ul)M(Ul)HX <k,
H/If Xp— zl:f(“l) : XE(UZ)M(UI)HX <e,
TARTS 2 flu) X (Ui <.

The last two inequalities can be written in the form

H/If'XE —u%f(ul)M(Uz)HX <g, H/If'XFk - Z f(“l)U(Ul)HX <e.

u€Fy

This gives

H/If'XE_/If'XFk

Further by the Saks-Henstock lemma, Lemma 5, we have

> st < ¥ vwwon- [ |+ X[ 1],

LS+ H > f(ul)N(Ul)H

X.
uLGE\Fk

’u.lGE\F;C ’U.lEE\Fk ’U.lGE\F;C
e+ 3 [ 4]
X
weB\F, ” Ul

while |32,z m Ju, fllx < € by Lemma 6 because we have 3, o g, #(U1) <

w(G\ Fy,) < n. Hence Hf]f - Xp — fIf . XFkHX < 4¢ for k > kg and this
proves the theorem. O

Theorem 14. If f : I — X is McShane integrable and Fy, Fo C I are closed
sets with F1 N Fy =0, then [, f-Xpur, = [ f - Xe + [} [ XE,.

PROOF. Assume that ¢ > 0 is given and that n > 0 corresponds to € by
Lemma 8. Since F; and F; are disjoint closed sets, we have dist(Fy, Fy) > 0
and therefore there exist open sets Gy and G5 such that F; C Gy, F» C Go,

GiNGy =0, u(G1\ F1) < g, (G2 \ Fz) < g Hence u(G1UG2\ (F1UF)) <



MCSHANE INTEGRABILITY OF BANACH SPACE-VALUED FUNCTIONS 775

7. For the open set G = G; U G2 and the closed set F' = F; U Fs let the
gauge £ : I — (0,+00) be given by Lemma 8. For a given &-fine M-partition
{(ur,U;)} of I we have

H/f . XFI_Zf(Ul) .Xpl(ul),u(Ul)HX <e,
4 l
|33 st et <

H/If . XFluFQ*zl:f(ul) . XFlUFZ(Ul)#(Ul)HX <e

and this means in other words

H/f X — qul ) (ur) Ul)H <e,

u €Fy
H/f Xp,— Z fw) (w)p Ul)” <e,
u €M
H/f‘XFlqu_ Z Ju) (w)pe l)H <e.
1 w EFUF,

This yields || [, f - Xp, + [, f - Xm, — [, f - Xmum || < 3¢ and the statement
of the theorem is proved because € > 0 can be taken arbitrarily small. O

Theorem 15. If f : I — X is McShane integrable and E1,FEy C I are
measurable sets with E1 N Ey = 0, then

/If'XEluEQZ/If'XEH +/If'XE2~

PRrOOF. By Theorem 14 the statement holds for closed sets, Theorem 13 yields

the result by passing to limits for sequences of closed sets contained in FEj,
Es. O

Theorem 16. If f : I — X is McShane integrable and E; C I, i € N are
measurable sets with E; O E; = 0 for i # j, then [, f-Xy g, = > [; [ X&,.

PROOF. By Theorem 9 all the integrals [} f-X\j g,, [; f-XE,, i € Nexist. Let
€ > 0 be given. By the definition of the McShane integral there exist gauges
0:I— (0,400), 6; : I — (0,400), i € N such that

H/f Xy, B — Zf Xy, B (t)ul)| < e
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for any d-fine M-partition {(¢;,1;)} of the interval I and

H/If " XE; — Zf(ty) 'XE,-(tj),u(Ij)H < =

X~ 2

for every d,-fine M-partition {(¢;,1;)} of the interval I, ¢ € N. Assume now
that n > 0 corresponds to the € given by Lemma 8 and that k € N is such that

(U Bi) < g Assume further that a closed set F' C I is contained in the
measurable union ;< Ei (F' C U< Es) while N(Uigk E;\F) < g Hence
we have (U, E; \ F') < n and there is an open set G C I such that |J; E; C G
and p(G\ F) <.

Let £ : I — (0,+00) be the gauge given by (a) from Lemma 8. Take
0; = min(§,d;), ¢ € N, § = min(¢,0) and let I € N be such that I > k. Put
w = min(f,01,...,6;) and take an arbitrary w-fine M-partition {(s;, K;)} of
I. For such a partition we have

H/,f'xuim =D Hs) vy, mlsu(K) | <

X

H/If'XEi _;f(sj) 'XEi(Sj),LL(Kj)HX < ;, i=1,...,1

i.e.
H/f'XUiEi - > f(Sj)u(Kj)HX <e
I S]‘GUi E;
and
g .
H/f.in -y f(sj)ij)H Soi=lil
1 s;ek; X
Therefore
l
|[rxum -3 [rxw- ¥ )|, <2
! =171 55€U;5, B

and

2| Y S|

X.
sjeUi>l E;

frovon=y v
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Using Lemma 6 we get st7~€U B, f(sj),u(Kj)HX < 2¢ and this yields

i>1

l
TEETE ) PR REYE
1 i=171

and the statement is proved because this can be done for every [ > k. O

Remark 17. Theorem 16 extends the statement (a) from Lemma 7 to se-
quences of measurable sets and it says that the indefinite McShane integral of
a given McShane integrable f : I — X is countably additive.

The notion of the McShane integral of a function given in Definition 1 is
based on the concept of M-partitions of the interval I.

Let us define the following:

A system (finite collection) of pairs {(¢;, E;), i = 1,...,p} with E; C I
measurable, E; N E; = () for ¢ # j is called an M*-system in I. An M*-system

P
in I is called an M*-partition of I if |J E; = 1.

i=1
Given a gauge A : I — (0,400), an M*-system {(¢;, E;), i =1,...,p}in T
is called A-fine if E; C B(t;, A(t;)), i=1,...,p.

Definition 18. A function f : I — X is McShane* integrable and J € X is
its McShane* integral over I if for every € > 0 there exists a gauge A : [ —
(0, +00) such that for every A-fine M*-partition (s;, E;),i = 1,...,p of I the
inequality || Y0, f(si)u(E;) — J| x < e holds. Write J = [ f.

It is clear that if f : [ — X is McShane* integrable, then f is McShane
integrable in the sense of Definition 1. We will show that the concept of

the McShane* integral from Definition 18 is not less general than that of the
McShane integral from Definition 1. To this aim let us prove the next lemma.

Lemma 19. Assume that A C I is a figure and that € > 0 is given. Let

0 : 1 — (0,400) be a gauge and let {(ti,Ei), 1= 1,...,k} is such t; € I,
1

E; C A are measurable sets with E; NE; =0 for i # j and E; C B(t;, 55(1?1))

Then fori=1,...,k there exist figures C; C A such that n(C; N C;) =0 for
symmetric difference of the sets E; and C;)

C; C B(t;,6(t:)).

PrOOF. We prove the statement by induction. Assume that & = 1; i.e., we
have t; € I and Fy C A. Let A > 0 be arbitrary. Then there is a set G C A
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which is open in A such that G C B(t1,6(¢1)), B1 C G, u(G \ E1) < A and a
figure Cy such that C; C G and (G \ C1) < A. We have

w(Er A Cr) = p(Er\ C1) + p(Cr \ Br) < p(G\ C1) + p(G\ Er) < 2X

and the statement holds in this case if we put A = g since C1 C G C B(t1,0(t1)).

Coming to the induction step, assume that the statement of the lemma
holds for some k € N and let (to, Eo), (t1, E1), ..., (tx, Ex) are k + 1 point-set
pairs satisfying the assumption. Let A > 0 be arbitrary. Using the first part
of the proof there is a figure Cy contained in A, such that

ILL(EO A Co) <2Xand Cy C B(to,d(to)). (10)

Put A* =cl (A\ Cy), (cl(A\ Cy) is the closure of the set A\ Cp) and let Ef =
E,NnA*fori=1,..., k. A* is evidently a figure while {(ti, Ef),i=1,..., k}
satisfies the assumptions of the lemma. By the induction assumption there
exist figures C4, ..., C} contained in A*, such that p(C; N C;) = 0 for ¢ # j
and

11

We also have u(CoNC;) =0 fori=1,...,k because C; C A* = cl(4\ Cp).
Fori=1,...,k we have Fg N E; = () and therefore

EiﬂCO =F; N (Co \EQ),

12
n(E; N Co) < u(Co \ Eo) < A (12)

Since E; C Ef U E; N Cy we get
w(Ci \ Ei) = u(Ci \ EF) < A (13)

On the other hand we have, by (11) and (12),
p(Ei\ Ci) < p(E; \ Ci) + p((Ei N Co) \ Cy) < 2X

and this together with (13) shows that fori = 1,..., k we have u(E; AC;) < 3.
Taking into account (10) we obtain the result because A > 0 can be taken
arbitrarily small. O

Theorem 20. If f : I — X is McShane integrable, then f is McShane*
integrable and [; f = [, f.
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PRrROOF. Let e > 0 be given. By the Saks-Henstock lemma, Lemma 5, there ex-
ists a gauge ¢ : I — (0, 4+00) such that for every d-fine M-system (r;, K;),j =
1,...,q of I the inequality ||Z f(ri)m(K;) — [ f]HX < ¢ holds. This im-

plies that if { r;,Cj), J =1,. ..7q}, r; € I, C; are non-overlapping figures
contained in I with C C B(TJ,(S(TJ‘)), then
ISt = [ Al <e (14)
P j

Assume that { si, Ei), 1 = 1,. ..,p} is an arbitrary §/2-fine M*-partition of
I. By Theorem 11 there is an 7 > 0 such that if £ C I is measurable and

#(E) < n, then
1] A<t (19

By Lemma 19 there exist figures C; C I such that u(C; N C;) = 0 for ¢ # j
with

Wl 8 C) < mindn, e (16)

and C; C B(ti,(;(t,;)) fori =1,...,p. We have

HZN@W<1 -l *MZ onte) = [ 1],

= | Stseanes + s r /f+/E\C S Ails
< | XU Gsomlcn) - /c Sl + Il ()~ p(Co)

DI VARSI
(17)
13

Since |uw(E;) — w(C))| < w(E; A C;) < , we have
lBe) =Gl < ilBe & C) < e TG T + 1)

9
Z”f Si ||X‘,U, |< ZHf ”X maX](||f(SJ||X)+1] <e (18)

and because ﬂ(Ei \ Cz) < ,U,(Ei A Cz) <mn, ,U(Ci \Ez) < ,U,(E,L' A CZ) <nmn, we
obtain by (15)

9
SIfMx<Xp=e D[ sx<e a9

i



780 JAROSLAV KURZWEIL AND STEFAN SCHWABIK

Using the figure version (14) of the Saks-Henstock lemma we obtain finally
from (17), (18) and (19) ||, f(si)u(E:) — [, fHX < 4e and this shows that f
is McShane* integrable and that fI* f= f] I O

Hence we arrive at the following result.

Theorem 21. A function f : I — X is McShane integrable if and only if f
is is McShane* integrable and both the integrals fl* f, f[ f coincide.

Remark 22. The concept of McShane* integrability was considered in a more

general setting in Fremlin’s paper [2], 1A Definitions. See also [1], 2H Lemma.
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