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A SUMMABILITY FACTOR THEOREM
FOR INFINITE SERIES

Abstract

We obtain sufficient conditions for the series Y an A, to be absolutely
summable of order k by a triangular matrix.

The concept of absolute summability of order k was defined by Flett [2] as
follows. A series ) a, is summable |C, |, k > 1,5 > —1 if

> ot Aoy |F < oo, (1)
n=1

where o denotes the n-th Cesaro means of order §, of the partial sums s,, of
the series > ay,.

In defining absolute summability of order k for weighted mean methods
Bor [1] and others, have used the definition

i (%)k_1|Aun_1|k < 0, (2)
n=1 n

where w,, is the n-th term of the weighted mean transform of {s,,}.

In using (2) as the definition, it was apparently assumed that the n in (1)
represented the reciprocal of the n-th main diagonal term of (C,1). But this
interpretation can not be correct. For, if it were, then for the Cesaro methods
of order ¢ with § # 1, one would have

[eS)
S\k— ) k

S () Ach L |F < o

n=1
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However, Flett [2] stays with n for all values of § > —1.

Bor [1] obtained sufficient conditions for Y a,\, to be summable [N, p, |,
k > 1. Unfortunately he used an incorrect definition of absolute summabil-
ity. In this paper we generalize this result by replacing the weighted mean
matrix with a triangular matrix, and using the correct definition of absolute
summability.

Let T be a lower triangular matrix and let {s, } a sequence. Then

n
T, = Z thySy-
v=0

A series Y a, is said to be summable |T|g, k > 1 if

oo
an71|Tn — T |F < o0 (3)

n=1

We may associate with T two lower triangular matrices T and T defined by

n

by =Y o, nv=0,1,2,...,

r=v

and
toy =tny —tn—1, n=1,2,3,....

We may write

n v n n n
T, = E Ay E a;\; = E a;A; E Oy = E Ui Qi A -
v=0 i=0 i=0 v=i i=0
Thus
n n—1 n n
Ty —Tho1 = E Qi @iN; — g Op—1,i0i\; = E Qni@iN; — E Op—1,i0: A
i=0 i=0 i=0 i=0

n

n n
= Z(t_lm' — pe1,i) WA = de'az)\i = Z&ni/\i(si — Si—1)
i=0

1=0 =1

n n
= E GniNis; — E GniNiSi—1
i—1 =1

n—1 n
= E OniNiSi + GppAnSn — E GniNiSi—1
i—1 i=1
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1 n—1

OniNiSi + AppAnSn — E Cn,it1Nit1Si
i=0

3
|

@
I
—

(GniNi = Gnit1Nit1)Si + G AnSn.

I

s
Il
-

We may write

(GniNi = Gnjit1Nit1) = Gnidi — Grip1Xid1 — Anit1Ai + Qnjit1 A
= (Gni — Gnit1)Ni + Gnic1 (A — Nig1)
= AiAilni + Qn i1 AN

Therefore
n—1 n—1
T —Toor =Y ANidnidisi + Y iy 18Xi8; + GnpAnsn
i—1 =1

=Tp1 + Tho + T3, say.
A triangle is a lower triangular matrix with all nonzero main diagonal entries.
Theorem 1. Let A be a lower triangular matrix satisfying:
(i) nap, < O0(1)
(i1) an—1, > any form>v+1, and
(i4i) Gno =1 for n, and
(iv) 22;11 avy|an,pi1] = Olann).

If {X,.} is a positive non-decreasing sequence and {3, } and {\,} are sequences
such that:

(v) |AX| < By,
(vi) lim B, =0,

(vii) Zn|Aﬂn|Xn < 00, and

n=1

(viii) | An|Xn = O(1)

1
(7'33) Z E‘Sn|k = O(Xm)7
n=1
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then the series > apAy, is summable |Alx, k > 1.
We need the following lemma for the proof of our theorem.

Lemma 1 (Lemma. [2]). . Under the conditions on (X,,),(Bn) and (An)
as taken in the statement of the theorem the following conditions hold, when
(vii) satisfies:

(1) Zﬂan < 00 and
n=1

(2) 13 Xn = O(1).
PROOF. To prove the theorem it will be sufficient to show that
an71|Tm\k < oo, forr=1,2,3.
n=1

Using Holder’s inequality and (i),

m m n—1
Il = an71|Tnl|k = anill Z Aﬂinz)\tsz
n=1 n=1 =1
m+1 n—1 k
=0(1) 3 0 (X |Asdnl Al
n=1 i=1

m—+1

-0y nkl(fAiani||Ai|k|sik) x (Tfmiam)k_l
n=1 i=1 i=1

k

From (ii)

Ajln; = Gpi — Onit1 = Gni — Gn—1,; — Gn,i+1 + Gn-1,i+1
=ap; — ap-1, < 0.

Thus, using (iii),

n—1 n—1
Z |Az&nz| = Z(anfl,i - ani) =1-1+ Apn = Apn.
1=0 1=0

Using the fact that, from (viii), {\,} is bounded, and condition (1) of the
Lemma,

m—+1 n—1

I = O(l) Z (nann)k_l Z |Azdnl‘|>‘1‘k‘sl|k

n=1 i=1
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m—+1 n—1
=0(1) Y (nann)" ™D [ Al | X[ X[ [5]*
n=1 i=1
m m4+1
= 0(1) Z I)‘iHSi‘k Z (nann)k_1|Aidni‘
i=1 n=i+1
= O(I)Z |/\i||51\kaz‘i
=1
m [ 1—1
=0 Y NI( D Isel ar = > IselFar )
i=1 r=1 r=1

m i m—1 J
DX el - )3 sl 3l
Z AN, |Z [$rFarr + Al Z 57/

i=1

m—1
DI Iax, |Z|sr|’f +|Am\2|sr|’“ ]

1

.
Il

3

= O()[ Y A + O(1) Al X = O(1).

=1

Using (i), (v) and Holder’s inequality, and condition (2) of the Lemma

m+1 m—+1
an 1|T2|k an 1‘2:%1+1 AN)
m—+1 .
< 3 S fmarlian ]
n=2 i=1
m+1 n—1 i
=0(1) Z nk—1 [Z ‘dn,i+1|ﬁi|sy|:|
n=2 i=1
m+1 n—1 .
1) 3 w7 [ Bl
=1
m—+1 1 .

Z nk ! Z Zﬁ |Sz| an‘an z+1:| X {Zaii|dn,i+1|:|
i=1
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m+1 n—1
= O0(1) Y (nana)* " Y (i8:)" il @il
n=2 i=1
m—+1 n—1
= 0(1) Y (nann)* ™" Y (i8)F (1B aiilan i1 |lsi*
n=2 i=1
m m+1
= 0(1) Y _(iB)aulsil® > (napn)*an,it|
i=1 n=i+1
m m—+1 m
=o0Q )Z(zﬁz Jaii|sil* Z |Gniq1| = Z i) ai|si|".
i=1 n=1i+1 =1
Using summation by parts,
m i i—1
D8 [ anls I - Zaw|sr|k]
i=1 r=1
—om| Y (i) Zarr|sr| Z(z 1B anrls ]
Ti=1 i=0 r=1

=0(1) ZA (iB:) Zarr|sr| +mﬂZZaM\sr| |

1

7

20(1):ZA(Z@)Z \sr|k+mﬂi2%|sr| ]

1 r=1 r=1

— 0@ )szmx +o(1 ZﬁmX +0(1)BiX

i=1 i=1

=0(1),

by virtue of the hypothesis and the Lemma.
Using (i),

m+1 m—+1

Z nk_1|Tn3|k S Z nk_l‘a/nn)\nsnvC

n=1 n=1
m

=0(1) Z(nann)k_lannl)‘n|k|5n|k
n=1
m

DI b L P P L
n=1
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= O(l) Zannl)‘nHSnVC =0(1),
n=1

as in the proof of Tj,;. O

Corollary 1. Let {p,} be a positive sequence such that P, := >, _, pr — 00,
and satisfies

(i) npn, < O(P,).

If {X,} is a positive non-decreasing sequence and if {Bn} and {\,} are se-
quences such that

(i) |AN| < B,
(iii) lim B3, =0,

(iv) Zn|Aﬁn|Xn < oo, and
n=1

RN
(vi) Z:l ﬁ‘3n|k = 0(Xn),
then the series S ap\, is summable |N, py|i, k > 1.

PRrOOF. Conditions (ii)-(vi) of Corollary 1 are, respectively, conditions (v) -
(ix) of Theorem 1.

Conditions (ii), (iii) and (iv) of Theorem 1 are automatically satisfied for
any weighted mean method. Condition (i) of Theorem 1 becomes condition
(i) of Corollary 1. O
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