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Abstract: In this paper we prove mixed norm estimates for Riesz transforms on the
group SU(2). From these results vector valued inequalities for sequences of Riesz
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1. Introduction

In a recent article Ciaurri et al. [1] have studied mixed norm estimates
for Riesz transforms on compact rank one symmetric spaces. Let M
be such a space with Ajp; and V), standing for the Laplace—Beltrami
operator and the Riemannian gradient. Consider the shifted Laplacian
—Ap = —Apr + Ay where Ay > 0 and the associated Riesz transform
Ruf = |VM(—AM)*%f|. Then it is well known that Rj; is bounded
on LP(M), 1 < p < co. In the above mentioned article [1] the authors
have studied mixed norm estimates for the Riesz transform Rj;.

On M there is a natural geodesic polar coordinate system that iden-
tifies M with (0,7) x Sps, where Sy is a Euclidean unit sphere whose
dimension depends on the symmetric space. Let (6,w) stand for this
coordinate system. Then the Laplace—Beltrami operator —Aj; can be
written as —Ay = J(a,5) — P (0)As,, where pps(6) is a non-negative
function and J(,, ) stands for the Jacobi differential operator

w1 7 @ (a—B)+(a+B+Dcoshd  [(a+B+1)?
R T g2 sin 0 do 2 '
Let dpia,5(0) = (sin £)22(cos §)2#+1 df stand for the Jacobi measure
on (0,7). We define the mixed norm space LP?(M) to be the space of
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all functions f(6,w) for which

1l ary = ( / ) ( / ) |f<o,w>|2da<w>)

Then the main result proved in [1] (see Theorem 1.1) states that for
l1<p<oo

(1.2) IR flloezary < CllfllLe2any-

This estimate is proved by means of vector valued inequalities for a
sequence of Jacobi—Riesz transforms which we proceed to define now.
There is an orthonormal basis for L2((0,7), dus 5(0)) consisting of

ks

»
dpapg | < oo.

Jacobi polynomials P,ia’ﬂ ) (0) which are eigenfunctions of the Jacobi op-

erator J(q,g), see Subsection 2.2. Let Rap)f = d%]&%ﬁ)f be the Riesz
transform associated to the Jacobi operator J(, g). For j =0,1,2,...
let u;(0) = (sing)“j(cos%)bj where a > 1, b =0, or b > 1. In [1] the
authors have proved the following result.

Theorem 1.1. Let o, > —%, 1 < p,r < oo and let u; be as above.
Then

H (Z IujR(a+aj,ﬁ+bj)(Ujlfj,k)lr)
ik

1
r

LP(w,dpte,B)

(S0
7,k

]

LP(w,dpa,g)
for all f; i € LP(w,dpa g), w € Ag"ﬁ.

In Theorem 1.1, A% stands for the Muckenhoupt’s A,-class of
weights functions defined with respect to the measure djio 5. This the-
orem is proved using sharp estimates for the Jacobi-Riesz kernels (see
Theorem 1.2 in [1]) and an extrapolation theorem of Rubio de Fran-
cia [5]. Estimating the Jacobi-Riesz kernels is a difficult problem as
can be seen from the work of Nowak—-Sjogren [4] where the authors have
proved that the kernels satisfy Calderon—Zygmund estimates. For the
proof of Theorem 1.1 stated above one needs estimates for the Jacobi—
Riesz kernels R(q4qj,34b;) Which are uniform in j. In [1] the authors
have succeeded in obtaining such estimates. In order to prove the mixed
norm estimates (1.2) one also needs vector valued inequalities for the

operators Tﬁ’ﬁ) = \/pM(G)J(;%ﬂ).
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The point of departure of this paper is the observation that the roles
of the mixed norm estimates (1.2) for the Riesz transform Rj; and the
vector-valued inequalities for R 4,5y and T](V?’ﬂ ) can be reversed. Indeed,
Riesz transforms associated to compact rank one symmetric spaces have
been well studied in the literature and their LP boundedness are well
known. Using a lemma of Herz and Riviere along with an idea of Ru-
bio de Francia it is not difficult to prove mixed norm estimates for the
Riesz transforms from which vector valued inequalities for Jacobi—Riesz
transforms can be deduced. In principle, this procedure can be carried
out for any compact rank one symmetric space. In [10] Strichartz has
studied the boundedness of the Riesz transforms on complete Riemann-
ian manifolds which includes compact Riemannian symmetric spaces. It
should be possible to prove mixed norm estimates in the general setting
but the computations involved may not be simple. We plan to return to
this problem in the future.

For the sake of simplicity, in this article we only treat the case of S3
which already demonstrates the main ideas involved. The choice of the
symmetric space S? has the added advantage of being identified with
the compact Lie group SU(2). Riesz transforms on compact Lie groups
have been studied by means of the very elegant Littlewood—Paley—Stein
theory (see Stein [9]) and hence there is a painless proof of mixed norm
estimates which does not require detailed estimates on Riesz kernels.

Let SU(2) be the special unitary group i.e., the group of 2 x 2 unitary
matrices having determinant one. Then any g € SU(2) can be written
as g = (fgg) with [a?> + |b]? = 1. If a = 21 +ix9, b = 23 + i1y
with z; € R then (_ag g) — (x1, T2, x3,24) gives a one to one corre-
spondence between SU(2) and the unit sphere S® in R*. Note that
S? = SO(4)/SO(3) and hence S? is a rank one symmetric space of
compact type. Here SO(n) stands for the special orthogonal group of
n X n real matrices and SO(n — 1) is identified with the isotropy group
of the vector e; = (1,0,...,0).

If su(2) stands for the Lie algebra of SU(2) then it consists of all com-
plex, skew-adjoint matrices of trace zero. A basis for su(2) is provided
by the Pauli matrices

(%) 00 6

We also denote the left-invariant vector fields corresponding to the
matrices above by the same symbol. The Laplace—Beltrami operator A
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on SU(2) is then given by

A=—(X2+Y?4277%).
It turns out that A coincides with the spherical Laplacian Ags on the
sphere S3. The operators XA~z, YAz, and ZA~= are the Riesz
transforms on SU(2) and by Littlewood—Paley—Stein theory they are all
bounded on L?(SU(2)), 1 < p < oco. Here LP(SU(2)) is the LP-space
taken with respect to the Haar measure dg on SU(2).

The identification of SU(2) with S2 allows us to define geodesic polar
coordinates on SU(2). Write any (x1, 22,73, 24) € S as (cos 6, w; sin,
wy sin 6, w3 sin ) where w = (w1, ws,ws) € S2. Then the matrix g asso-
ciated to this z € S3 belongs to SU(2). In other words the map

®: (0,7) x 8% — SU(2)
defined by
[ cosO+iwising (w2 +iws)sing
(1.3) ®(0,w) = (—(wg —idws)sinf cosf —iwi sind
gives us a coordinate system on SU(2). In this coordinate system the
Haar measure dg on SU(2) is given by sin® # df do(w) where do(w) is the
surface measure on S2. Thus for a function f on SU(2),

/SU(Q) 1lg)dg = /Oﬂ /52(1‘“ o @) (8, w) sin® 0 do(w) df.

In terms of these coordinates we introduce the mixed norm spaces
LP2(SU(2)) as the space of all functions f on SU(2) for which the norms

(14)  flle= ( [ ([ 1ronwpie)’ Sing(m)‘l’

are finite.

Let Rf = (Z,X,Y)(A +1)"2f be the vector of Riesz transforms
on SU(2). Here we have considered (A + 1) instead of A which simply
has the effect of shifting the spectrum by 1 and hence making the eigen-
values of certain associated Jacobi operators into perfect squares. For
the vector Rf of Riesz transforms we have the following result. In what
follows we use the notation (Rf, Rf) to denote

(1.5) IX(A+ D) 2fP+|Y(A+ 1) 2f2 + |Z(A+ 1) 2 f]2

Theorem 1.2. For any 1 < p < oo, there ewists a constant C' = C,,
such that

RE RS2 p2 < Cpll flpe2
for all f € LP2(SU(2)).
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By expanding f in terms of eigenfunctions of A which involve Jacobi
polynomials and spherical harmonics on S2, we can deduce a vector val-
ued inequality for a sequence of Jacobi—Riesz transforms. The relevant
parameters appearing in the expansion are (n+ 3,n + %) and hence for
the sake of simplicity of notation we write R,, instead of R, 1ntd) for
the Riesz transforms associated to the Jacobi operator J(,,; 1 ;1 1y

Theorem 1.3. Let u,(0) = (sinf)”. For any 1 < p < oo there exists a
constant C' depending only on p such that

p
2

T oo 2n+1
/ Z Z [unRon(uy  f ;) | sin®6do
0 \n=0 j=1 ,
T oo 2n+1 2
gc/ SN fagl?| sin®6de
0 \n=0 j=1

for any sequence of functions fn;, j=1,2,...,(2n+1),n=0,1,2,...
from LP((0,7),sin” 0 df).

Note that Theorem 1.1 of Ciaurri et al. [1] is more general than the
result above. However, by treating all possible compact rank one sym-
metric spaces we can cover some of the parameters (a, ). We use the
notation (-, ) for the inner product on a Hilbert space H.

2. Preliminaries

2.1. The Laplace—Beltrami operators on S? and SU(2). In this
subsection we calculate the spherical gradient Vgs and the Laplacian Ags
in the coordinate system (,w), # € (0,7), and w € S2. Note that every
element of S? is of the form (cos,wsin@). In the same way, we can
write w as (cos @, sin ¢ cos ¥, sin psin ). Let Vga-1 stand for the spher-
ical part of the gradient V on R? and Véd,l stand for the components.
A simple calculation shows that

.0
Vs = —smH%,
0 1
Vis = COSQCOS@% + Snd 52,

0 1
Vgg = cos 6 sin @ cos ’(/J% + @Vg%
L
sin 0

Vs = cosesingosind)% + V.
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From these expressions it is easy to check that
0? 0
Ags = — | = +2cot— + ——A
s <ae2+ T 9 S)
Let g € SU(2) be given by x = (.731,.132,3)3,1‘4) € S3. Then the left

invariant vector fields X, Y, and Z corresponding to the Pauli matrices
can be calculated. We get

[ 0 0 0 0 \]
Xf(g) = _(xlaxg, —$38m1> + (332(%4 —954%)_ f(g),
[ 0 0 0 0 \]
Y f(g9) = _(3338902 —$28$3> + (331(%4 —$43x1)_ f(9),

0

0

] 5 5 ]
Zf(g) = _(3318562 —332(9$1> + (154%3 —$3m)_ f(9)-

If we convert these expressions into geodesic polar coordinates we obtain

0
X = OJQ% + cot 9V%2 + W1V%2 - C&J3Vé2,
0 3 1 2
Y = w3% + cot Hvsz + U.}stz - wlvsz,
8 1 2 3
Z = w1—= +cot QVSZ + W3vsz - Wstz.

o0
The operator A = —(X2 + Y2 + Z?) turns out to be simply Ags as can

be easily checked. Thus

2
(2.1) A=— (64—2co‘c€(‘3

002 00
The calculations leading to the formulas in this subsection are cumber-
some but can be done. We refer to Chapter 11 of [7] and Chapter 1
of [2] for these calculations.

HAS ) = Ags.

2.2. Jacobi expansions and Jacobi—Riesz transforms. In thissub-
section we introduce the Jacobi polynomials and Jacobi trigonometric
polynomials. We also give the expression for the Jacobi-Riesz transform
(Riesz transform associated to Jacobi operator J, ) as in (1.1)) for
functions in L?((0,7),dpq,5). The Jacobi polynomials of degree k > 0
and type «, 8 > —1 are given by
1)k d\*
# i (3) -y,

(2.2) PP (2)=(1-2)"*(1+z)
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for z € (—1,1). The system {P,ia'ﬂ)}kzo forms an orthogonal basis for
the Hilbert space L?((—1,1), (1 — z)*(1 + x)? dx). After making the
change of variable = cos ), we obtain the normalised Jacobi trigono-
metric polynomials which are given by

(2.3) PP (9) = d2P PP (cos 6),

where the normalizing factor is

atpt1

di? =2 P

(=1,1), A==z)>(1+z)? dx)

B ((2k+a+6+1)r(k+1)r(k+a+ﬁ+1)>5
B L(k+a+1)(k+B+1) ’

The trigonometric polynomials ’P,ia’ﬁ ) are eigenfunctions of the Jacobi
differential operator J(, gy in (1.1), with eigenvalue )\g’ﬂ = (k+7a+§+1 )2.
That is to say

a,f a, o,
»7(01,6)7)12 )= Ak Bplg )

Moreover, the system {73,20"’8 )}kzo forms a complete orthonormal basis
of L?((0,7),dpa,5(0)). For further references about Jacobi polynomials,
see Chapter IV in [11].

We have the decomposition (see [1])

a+ﬂ+1>2

Jiap) =070 + ( 2

where § = 4L and 6* is its formal adjoint in L?((0,7), dpta,5(0)), that is,

5*——i— —i—1 te-i- ﬂ-i—l tang
T g \“ T 2) % 2 2

The Jacobi-Riesz transform is formally defined as R (4, 3) =6(J(a,5))
For a function f € L?((0,), duq 5(0)) we can write

-1/2,

F=> @R (hPe?

k=0
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in L2((0,m), dpte,5(6)), where &7 () = (£, (") 12(0.0)dpo, (o)) And
then the Riesz transform can be precisely written as

o0

1 [0}
Rianf0) =3 gz (NOPE0)
2

k=0
(2.4)

(f)(sin)PL P g).

1 = (k(k+a+B+1)Y2
52 i’

— (k+ o<+§+1) k
It can be checked that R, 5)is a bounded operator on L*((0,7),djiq,5(6)).
It is known that (see [4]) R(q,s) is a Calderén-Zygmund operator on the
space ((0,7),] - |, dpaq,p) of homogeneous type.

2.3. Spherical harmonics and eigenfunctions of A. Let H,,(S?)
stand for the space of spherical harmonics of degree m on S3. Then it
is well known that L?(S3) is the orthogonal direct sum of H,,(S?) as
m ranges over N, the set of all natural numbers (including 0). More-
over, every element Y € H,,(S?) is an eigenfunction of Ags with eigen-
value m(m+2). The space H,,(S?) can be further decomposed in terms
of spherical harmonics on S2.

For each A > —1, 2 € (—1,1) let C(z) stand for the ultraspherical
polynomials defined by

T+ )Tk +2)) pA—1a-b)
T TEAND(k+A+D)E

i (@) (z),

see (4.7.1) in [11]. Let ¥y, (0) = am n(sin)"C2FL (cos ) where ay, p

m—n
are normalising constants chosen in such a way that

/ [Vm.n(0))? sin? 0 df = 1.
0

Let Y, ;(w), 7 = 1,2,...,(2n + 1) be an orthonormal basis for H,,(S?),
the space of spherical harmonics of degree n on S2. Then it can be shown
that the functions ¢, ,(8)Y;, ;(w), m —n > 0 are eigenfunctions of Ags
with eigenvalues m(m + 2). In fact, these functions are the spherical
harmonics of degree m on S in the coordinate system (6, w), see (1.5.6)
in [2] and also [8]. Hence if g = ®(#,w) then the functions

@m,n,j(g) = ¢m,n(9)Yn,j(w)a 0<n<m, 0<j5<2n+1

are eigenfunctions of the operator A on SU(2).



RIESZ TRANSFORMS ON SU(2) 179

The spectral decomposition of the operator (A 4+ 1) = Ags + 1 is
therefore given by
(A+1)f(g) =Y (m+1)*Pnf(g),
m=0

where the projections P,, are defined by

m 2n+1

= Z Z (f, @m,n,j)LQ(SU(Q))@m,n,j (9)-
n=0 j=1

1

By the spectral theorem the operator (A + 1)~ 2 is given by

o7} m 2n+1
(25) (A+1)72 f(g)= Z(mﬂ)_lz Z(f) Prm,n,g) L2(SU(2)) Prmuni (9)-
m=0 n=0 j=1

Since we are interested in mixed norm estimates it is useful to rewrite
(A+1)"2f in a more convenient form.
By letting F(8,w) = f o ®(f,w) and defining
Foj(0)= [ F(0,w)Y, ;(w)do(w)
S2
we have the expansion
oo 2n+1

(2.6) F(0,w) =YY Foi(0)Yn;(w).

n=0 j=1

From this it is clear that

oo 2n+1
/|F9w|2da ZZIFJ

n=0 j=1

For each n and j the function F), ;(8) can be expanded in terms of
¢m+n,n(a):

Fug @) = 3 ([ Fusinn )50 100 ) 0
m=0 0
Recalling the definition of ¢y, ,,; we see that

(2.7) /O Fn,; (Q)w"H—n,n(a) sin® 0 df = / f(g)wwz-&-n,n,j (9)dg.

SU(2)
Thus we have

(2'8) Z fa Pm+n,n,j L2(SU(2 '(/}ern n(e)
m=0
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Since ., (g) are eigenfunctions of (A + 1) with eigenvalues (m + 1)?
we see that
oo 2n+1

A+172f(9) =D > Fug(0)Ya,w),
n=0 j=1
where
(2.9) F, ;(0) ZZ(m+"+ 1) (Fo gy Ymnin) £2((0,m)sin? 0 40) Ymtn,n (6)-
m=0

In view of the definition of ¢, ,,(0) it is not difficult to see that

(Fn,js Ymanm) L2((0,7),sin? 0 d0)Pmtn,n(0)

n+int+i 7'r . _ n+inti .
—(sind)" A 0) [ By o)) P ) sy 2,
0
where P (0) stand for the Jacobi polynomials normalised in the space
L2((0,7), dpa,p). By letting J,, stand for the Jacobi operator Jntrintl)

and recalling that P(n+2 nt )(9) are eigenfunctions of J,, with eigenval-
ues (m +n + 1)? we infer that

(2.10) Frog(6) = wa(0) (a7 Fr ) (6),

where u,, (0) = (sinf)"™. Thus we have the expression
oo 2n+1

(211)  (A+1) =2 > unl0)Jn (g Fry) ()Y (w).
n=0 j=1

This formula plays a crucial role in the study of mixed norm estimates
for Riesz transforms on SU(2).

3. Mixed norm estimates for the Riesz transforms

In this section we present a proof of Theorem 1.2. As we have men-
tioned in the introduction we will prove the result by making use of a
lemma of Herz and Riviere and following an idea of Rubio de Francia [6].

Consider the vector of Riesz transforms Rf = (Z,X,Y)(A+ 1)~z f.
Denote the components of R by R;, j = 1,2,3. Thus Rif = Z(A +

1)_% f, etc. Given a unit vector ¢ € S2 let us consider the operator

3
Tef =) GR;f=C-Rf.

j=1
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Since the Riesz transforms are bounded on LP(SU(2)), 1 < p < oo, it
follows that T¢ are bounded on LP(SU(2)) for the same range of p. Now
we make use of the following lemma of Herz and Riviere [3].

Lemma 3.1. Let (G,u) and (H,v) be arbitrary measure spaces and

T: LP(G) — LP(G) a bounded linear operator. Then if p < q¢ < 2 or

p > q > 2, there exists a bounded linear operator T: LP(G; LI(H)) —

LP(G; LA(H)) with |T|| < |T|| such that for F € LP(G; LI(H)) of the

form F(z,&) = f(&)u(x) where f € LP(G) and v € LY(H) we have
(TF)(& ) = (TF)(E)u(x).

Let K = SO(3). By taking H = K in the lemma we see that T; has

an extension denoted by T} to LP(SU(2), L*(K)) as a bounded linear
operator. Given f € LP(SU(2)) and k € K let us define

p(k)f(g) = (fo®)(0,kw), g=0(0,w).
Then f(g,k) = p(k)f(g) belongs to LP(SU(2), L2(K)) and hence by the

lemma above

2 ry 2 %
/Sm) (/ T Flg, k)| dk) d~"<C/SU<2> (/K|f<g,k>| dk) dg.

Note that C can be taken independent of ¢ € S? since the norm of T¢
on LP(SU(2)) is a bounded function of ¢ and the norm of the extended

operator T, is bounded by that of T;. We can now easily prove the
following result.

Theorem 3.2. We have for j =1,2,3 and 1 < p < oo the mized norm
estimates

IR fllzr2(su2)) < CllfliLe2(suc)-

Proof: A simple calculation, using the fact that S? = SO(3)/S0(2)
shows that

/sm) (/Klf(g,k)ﬁdk)g dg:/oﬂ (/S |fo<b(9,w)|2da(w)>gSin29d9.

In view of this it is enough to prove the inequality

[ ([somsora) usc . _(fuwrora) w
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Now we claim that

3
(3.1) (p(k)Tcf)(g) = (k7'¢)- R => (k).f)(9)-

j=1
Assuming the claim for a moment, we first complete the proof.

Since R; are bounded on LP(SU(2)), by Lemma 3.1, they have
extensions ﬁj to LP(SU(2),L?(K)). Moreover, the extensions satisfy
ﬁjf(g,k) = R;(p(k)f)(g) on a dense class of functions. To see this,
note that in view of Peter-Weyl Theorem for K the functions f(g, k)
can be expanded in terms of matrix coefficients of irreducible unitary
representations 7 of K. Thus

-3 3 bt

neR B,I=1

where K is the unitary dual of K. From the definition of the extension,
it follows that for each summand R;(f;mi1)(g, k) = R;(fi)(9)mi (k).

Hence ﬁjf(% k) =R;(p(k)f)(g) for all functions f for which f(g7 k) has
a finite Peter—Weyl expansion. Consequently, in view of the assumed
claim, we have

3
KT f(g) = (k70);R; f(g. k)
j=1

which gives the estimate

</SU(2> </K |p(k)T<f(9)I2dk) % dg)é
< 23: </SU(2) (/K |7§jf(g7k)2dk) 2 dg)ll)

J=1

c </SU(2) (/K|f<g7k)2cuﬂ)g dg)i.

Thus we are left with proving claim (3.1).

IN

In order to prove claim (3.1) we make use of the following expression
for Rf. By writing the vector fields X, Y, and Z in geodesic polar
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coordinates we obtain

(Rf)o®(0,w) = <w§9 + cot @ Vg2 +N> (A+1)"2(f 0 ®)(0,w),

where Nf = Vg2 f X w is the cross product of the vectors Vg2 f and w
in R3. In view of this

(3.2) ch:(C'w(%+COteg'v82+C~N> (A—l— ) %f

In order to compute T¢(p(k)f) we make use of the following facts:
(i) since p(k) acts on the w-variable, it commutes with A = Ags; (ii) the
spherical gradient Vg2 is related to the gradient V on R? via the equa-
tion Vg2h(w) = Vh(w) — w(w - Vgzh(w)) (see equation 1.8.12 in [2])
and (iii) for any z,u € R® and k € K, ku - Vh(kz) = u- V(p(k)h)(z)
which follows by direct calculation. In order to deal with the term N f
we also need the relation V = %Vsz + w% and the fact that for k € K,
k(u x v) = ku x kv for any two vectors. Using these facts in (3.2) it is
easy to check that

(Teo(k)£) (9) = (p(0)Trc f ) (9)

or

3
p()(Tcf)(9) = (K1) - R =D (k7R (p(k).f)(9).

Jj=1

Hence the claim is proved. O

4. Vector valued inequalities for Jacobi—Riesz
transforms

With the aim of proving Theorem 1.3 let us return to the expression

oo 2n+1

(A+1)" => "> F.i(0)Yn;w)

n=0 j=1

obtained in Section 2. Recall (2.9) that

oo

Fn,j (9) = Z (m +n+ 1)_1(Fn,j7 wm+n,n)L2((0,7r),sin2 6d9)¢m+n,n (0)

m=0

In view of the expression

Rf(g) = (waae + cot 0 Vg2 —l—N) (A+ 1)_%f(g)
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we infer that Rf(g) = Z?:O R f(g) with

+
=

2n

Ky

189

Mg

RW f(g) = n,5 (0)Yn,j(w)w,

3
I

<}

.
I

oo 2n+1
ROf(g) =" cotOF, ;(0)Vs2Y, ;(w),
n=0 j=1

[v]
+
[y

ﬁn’j(G)VSﬂfnJ X W.
=1

M8

RW f(g) =

3

Il

<
-

Il

Using these expressions along with some orthogonality properties of the
spherical harmonics Y;, ; and Vg2Y,, ; we can prove the following result.

Theorem 4.1. With notations as above we have

[ (R10.0). Rf(0.0)) o)
oo 2n+1 2
3 (\ ) + "SR n,Jw)P) .

w0 =1 sin?

In order to prove this theorem we need several properties of the spher-
ical harmonics. It is known that w - Vg2Y,, ;(w) = 0 for any spherical
harmonic and also

Vs2Y,, j(w) - Vg2 Y, (w) do(w) = n(n + 1)d,,m0;,
S2

see (1.4.9) and (1.8.14) in [2]. We also require the following results.

Proposition 4.2. Let Y, and Y,, be spherical harmonics of degree n
and m respectively on S%. Then

(a) Vg2 x Vg2V, (w) = w X Vg2 ¥y, (w),
(b) (Vg:Yp(w) X w) - (Vg2Yi(w) x w) = Vg2 Yy (w) - Vg2 Vi (w),
) Js2 Vs Vi (w) - (Vg2 Y (w) x w) do(w) = 0.

We postpone a proof of this proposition to the next section. Using
the result of this proposition along with the expressions for the compo-
nents RY) f of Rf, it is immediately seen that Theorem 4.1 is true.

The mixed norm estimates proved in Theorem 3.2 leads to the follow-
ing result.
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Theorem 4.3. With notations as above we have

T ;s 00 2n+1 ~ £
/(Zz‘ae .l ’) sin® 0 df
oo 2n+1
<C/ (ZZ'FJ ) sin® 0 o,
n=0 j=1
P oo 2n+1 %
)2 .2
/ <;); — 9| 0 (0)] ) sin? 0 df
oo 2n+1 %
<C/( Z|Fn,j(9)|2) sin? 0 do.
n=0 j=1

In order to prove Theorem 1.3 we only need to reinterpret the inequal-
ity (a) of the theorem above as a vector valued inequality for Jacobi-
Riesz transforms. We have already made the observation that

~ _1
Fuj(0) = un(0)Jn * (uy ' F )(0).
Recalling that u,(0) = (sin@)”, this gives us
0 ~ n =~ 0
—F, ()= —F, (0 n(0)=
gt () = GugFnaO) +unB)z

Since %Jn_%(u;an’j)(@) = Ry, (u,'F, ;), the inequalities (a) and (b)
together give us

T (u; Fay)(0),

oo 2n+1 2

/ DD un(0)?Ra(uy Fog)? | sin®6do
0 \n=0 j=1
oo 2n+1 2
<c/ SO .0 sin® 0 do.
n=0 j=1

Thus Theorem 1.3 is proved.

5. Some calculations related to spherical harmonics

In this section we prove some properties of spherical harmonics. First
we introduce some notations which we use further before going to state
the properties. Let V stand for the gradient on R?, which can be written
in spherical coordinates as

1
V =—-Vgi-1 +Wfa,
r or
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where Vga-1 stands for the spherical (angular) part of the gradient V
on R? and w is the unit vector along the direction of z, i.e, * = rw,
r = |z|. Let V7, V21 and w; stand for the j* component of V, Vga-1,

§d—1)
and w respectively. In the same way, the Laplacian Aga = — 2?21 68—;2
j

on R can be written in spherical coordinates as

9 d-190 1
Aga = —( + — + T2Asd—l>,

or? r Or
where Aga-1 is the spherical part of Ag« (also called the Laplace-Bel-
trami operator on S?7!). Note that Vga-1 - Vga-1 = —Aga-1. Let

H.,,(S971) stand for the space of spherical harmonics of degree m on S~
Then it is well known that L?(S¢"1) is the orthogonal direct sum
of H,,(S%1) as m ranges over N, the set of all natural numbers (in-
cluding 0). Moreover, every element Y € H,,(S%"1) is an eigenfunction
of Aga-1 with eigenvalue m(m + d — 2). Now we state and prove some
properties of the spherical gradient and spherical harmonics.

Proposition 5.1.

(1) (a) For f,g € CY(S91Y), the space of all continuously differen-
tiable functions on S 1,

it (W)Vgi-19(w) do(w)
= — /Sdil g(w)[VSd_1 flw)—(d- 1)f(w)w] do(w),
where do(w) is the surface measure on ST~1.

(b) Furthermore, for f € C%(S971), the space of all twice con-
tinuously differentiable functions defined on S ', and g €
Cl(sdfl)

/ Vgi-1 f(w) - Vga-1g(w) do(w) = / g(w)Aga-1 f(w) do(w).
Sd—1 gd—1

(¢) For any smooth wvector-valued function F and any smooth
scalar valued function g defined on S,

Ve g(w)-F(w) do(w) = / 9@ [(d=1)w—Veoor]- F(w) dor(w).

Sd-1 gd—1
(2) LetY € Hp(S%Y). Then we have the following.
(8) Forij=1,2,....d, Viyyw; =4 % Ti70
l—wi, ifi=j.



RIESZ TRANSFORMS ON SU(2) 187

(b) Vga-1-w=d—1.

(c) Visd,_le — Véd,lwi = 0; in particular for d = 3, we have
Vg2 X w = 0, (here the symbol “x” cross denotes the cross
product of vectors in R?).

(d) (Va1 Vi =V 1 Vi )Y ()= (Wi Vi 1 —w; Vi )Y (w).
Proof: For the proof of (1)(a) and (1)(b), see Proposition 1.8.7 in [2].
And (1)(c) follows from (1)(a) by applying componentwise.

For (2)(a) consider the identity Viz; = a%l(x]) = 0;;. If we write
this identity in spherical coordinates, then we have

1_, )
(’I" gd—1 +WiaT> (T(.Uj) = 61’]’

which implies (2)(a). For (2)(b), consider Vga-1 - w = Z?zl Véd,le.
By making use of (2)(a), we have Vga—1 - w = 2?21(1 —wi) = (d-1),
which proves (2)(b). Moreover, (2)(c) is obvious by (2)(a) and (2)(b).
For (2)(d), consider the identity
(VIVI = VIVHY (rw) =0,
where Y (rw) = r™Y (w). We will write the above in spherical coordi-
nates to get (2)(d). First consider

o 1_, 0 1 0
V'VY(rw) = (Tvgdl + w; 87‘) <ijsd1 + wj@r) Y (rw)

o) =2 Vi Vi Y (@)m Y (@) Vaw;

+ (m = 1)w; V§

a1Y (w)

+mw;Via1Y (w) +m(m — Dw; w; Y (w)|.
Similarly we have that

VIVY (rw) =™ 2|V, Vi Y (W) + mY () Vi, w;

(5.2) + (m — 1w; Vi Y (w)

+ minJéd,lY(w) +m(m — 1w w; Y (w)|.
If we subtract (5.2) from (5.1), then we have that
0=r""2[(Viga-1 Vi 1 =V Vi)Y () +(w; Vi —wi Vi, )Y (w)]
which implies (2)(d). Note that we have used (2)(c) and the fact that
Y(rw) =r"Y (w) to get the above. O
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Proof of Proposition 4.2: By making use of the definition of cross prod-
uct of vectors in R? and (2)(d) in Proposition 5.1, (a) can be proved.
For (b), if we use the formula, for vectors a, b, ¢, and d € R3,

(axb)-(exd)=(a-c)(b-d)—(a-d)b-c)

and the fact w-Vga-1Y (w) =0 for any spherical harmonic Y € H,,, (S471),
then we can see that

(Vga1Y,(w) X w) - (Va1 Y (w) X w) = (Vga-1Yy, - Vga1 Y ) (w - w)
= de—l Yn(W) . de—l Ym(W)

For (c), first we note that, for R3-valued smooth functions F' and G
(5.3) Vs2 - (FxG)=G (Vg2 x F)—F- (Vg2 x G).

By appealing to (1)(c) of Proposition 5.1, the integral in (c) is equal to
Yl = Vo) - (Vn¥in o) x @) o)
which is equal to
- /S Ya(@)Vse - (Vs Yo (@) x @) dor(w).

By using (5.3), (a) of Proposition 4.2, (2)(c) of Proposition 5.1 and the
fact that a - (a x b) = 0, we have

=— g Y, (w)[w - (Vs2 X Vg2V, (w)) — Vg2 Y, (w) - (Vg2 X w)] do(w)

=— /52 Yo (w)w - (w x Vg2V, (w)) — 0] do(w) = 0.

This completes the proof of Proposition 4.2. O
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