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A STABILITY RESULT FOR NONLINEAR NEUMANN
PROBLEMS IN REIFENBERG FLAT DOMAINS IN RY

ANTOINE LEMENANT AND EMMANOUIL MILAKIS

Abstract

In this paper we prove that if 0 is a sequence of Reifenberg-flat
domains in RN that converges to 2 for the complementary Haus-
dorff distance and if in addition the sequence €2; has a “uniform
size of holes”, then the solutions uj of a Neumann problem of the
form

(0.1) —diva(z, Vug) + b(z,ur) =0 in Q
. a(z,Vug)-v=20 on O

converge to the solution u of the same Neumann problem in .
The result is obtained by proving the Mosco convergence of
some Sobolev spaces, that follows from the extension property
of Reifenberg-flat domains.

Introduction

In this paper we study the stability of solutions for the following
nonlinear Neumann problem

—diva(z, Vu) + b(z,u) =0 in Q
a(x,Vu) -v=10 on 092

where Q is a bounded subset of RY, a: RVxRYN — RM and b: RVxR — R
are two Carathéodory functions satisfying suitable monotonicity, coer-
civeness and growth conditions (see (1.1)—(1.3) below). More precisely,
we are interested in the following question. Let ; be a sequence of
open sets in RY that converges to  for the complementary Hausdorff
distance. Let uy be the sequence of solutions for the problem (0.2) in 2
and let u be the solution associated to . Is it true that uj converges
to u? If the answer is positive we say that the problem (0.2) is stable
along the sequence Qj, (see Definition 3).

(0.2)
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This question was studied by many authors in the last decade, prin-
cipally in dimension 2, for smooth and non smooth domains. The case
of non smooth domain, and more specifically domains with cracks, ap-
pears typically in applications from fracture mechanics. In addition, the
problem of stability is linked to the notions of Mosco convergence or
Gamma convergence, which are powerful tools to study the semiconti-
nuity of functionals in shape optimization problems or for instance the
Mumford-Shah functional in image processing.

Recently, G. Dal Maso, F. Ebobisse and M. Ponsiglione [3] proved
that in dimension 2, if ;. tends to ) for the complementary Hausdorff
distance in R?, |Q| tends to |Q| and if the number of the connected
components of the complements €)f are uniformly bounded, then the
problem (0.2) is stable. This stability property extends the correspond-
ing results of A. Chambolle and F. Doveri [2] and also D. Bucur and
N. Varchon [1]. In particular, the authors showed that the stability is
equivalent to the convergence of some Banach spaces in the sense of
Mosco.

According to the authors knowledge, only few results have been proven
in higher dimensions. In [8], A. Giacomini proves a stability result in R
for fractured locally Lipschitz domains where an approach involving the
Mosco convergence is also used.

A famous example called the “Neumann Sieve” ([7], [15], [17]), shows
that in many cases the stability is not true. The general idea, for in-
stance in dimension 2, is that if one considers a sequence of 1-dimensional
sets By in B(0,1) with more and more holes of size 1 but with always
same global length, it could happen that {Ej} converges to a segment
while the problem (0.2) is not stable along the sequence {B(0,1)\Ex}.

In this paper, we prove that if {2} converges to Q for the complemen-
tary Hausdorff distance in RY and if {Q} is a sequence of Reifenberg flat
domains with “uniform size of holes”, then problem (0.2) is stable along
the sequence {1} (see Theorem 7). The main point is to prove that
the limit in the sense of Mosco, of the space of restrictions of functions
in W1P(€) is the space of restrictions of functions in WP ().

The notion of “uniform size of holes” (Definition 8) is here to avoid
the “Neumann Sieve” problem as described above. Indeed, we want to
allow crack domains but according to our definition of uniform size of
holes, the “tips” of the cracks can never become arbitrary closer to each
other at the limit.

Our theorem partially extends the result of [3] in any dimension, and
it also can be considered as an extension of [8] since the regularity of our
sets is weaker than Lipschitz. Indeed, Reifenberg flat sets are ones that
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are locally well-approximated by hyperplanes, at every scale. This allows
for instance some “Holderian spirals” or fractal boundaries (see [6]).

Reifenberg flat sets are rough domains that have naturally been used
in the study of boundary regularity and the regularity of free boundaries
coming from a minimization problem (see for instance [4], [5], [10], [12],
[14] and references therein). As we shall see in the sequel, Reifenberg
flat domains are moreover very well-adapted in the construction of good
extensions for functions in the Sobolev space, which is the key ingredient
for proving the Mosco convergence.

This sort of technics were also used in [11], and probably appeared
for the first time in [9] while Peter Jones was seeking some geometrical
conditions to define a class of extension domains. Notice however that
our extension is slightly different than the classical extension of Jones,
since we allow ourselves to modify the function inside the domain in a
very small neighborhood of the boundary. On the other hand there is
a little topological difficulty to overcome, coming from the fact that our
domains admit some cracks (i.e. holes in the boundary).

Once the Extension Lemma is established, the Mosco convergence
comes fairly easily and this completes the proof of our main result. Let
us list here some notations that will be used along the present paper.

Notation.

09 := O\, the topological boundary of .
WP(Q) := the Sobolev space.
CL(Q) := space of C*(Q) functions with compact support.
v := the outward normal vector.
|A| := the Lebesgue measure of the Borel set A.
dp = the Hausdorff distance (defined in (1.7)).
A€ := the complement of the set A.
AAB := A\BU B\A.
B(z,r) := the ball with center at « and radius .

C := a positive constant, that could vary from line to line, and
that only could depend on dimension.
1. Stability for the nonlinear Neumann problem

Let © be an open bounded subset of RY and let the real numbers p
and ¢ satisfy 1 < p < 2 < ¢ < +o0 and % + % = 1. In this section
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we prove the stability for problem (0.2) where a: RY x RY — RN and
b: RN x R — R are two Carathéodory functions satisfying the following
assumptions: there exist 0 < ¢; < cg, @ € L4(RY), and 8 € L}(RY) such
that, for almost every € R and for every &, &1, & € RY with & # &

(1'1) <a(l‘,§1) _a(‘r’§2)a(€1 —62» > 0;
(1.2) la(z,€)| < a(x) + eaflP™
(1.3) a(x,§) - £ = —B(x) + all”.

We assume that b satisfies the same inequalities, with possible different «,
B, ¢1 and co. For simplicity we use the same notation.

(1.4) (b(x, 1) = b(x,&2), (&1 — &2)) > 0;
(1.5) [b(z, )| < afx) + cal€P
(1.6) b(z,£) - & 2 —B(x) + c1l¢]”.

Throughout the paper we assume that (0.2) is satisfied in the usual weak
sense of Sobolev spaces, that is u € W1P(Q) and

/Q<a(x,Vu),V<p) + (b, u), @) dz = 0

for all ¢ € WHP(Q). Tt is well known that problem (0.2) has a unique
solution in WhP(Q) (see [13]).

If A and B are two nonempty closed subsets of R, we define the
Hausdorff distance between A and B by

(1.7) dp (A, B) := max{sup d(x, A), sup d(z, B)}
reB €A

where d(z, A) = dist(z, A).

Definition 1. Let {Qx}ren and Q be some nonempty open subsets
of RV, We say that € converges to € for the complementary Hausdorff
distance if dg (2, Q) tends to 0.

Remark 2. If Qf tends to () for the complementary Hausdorff distance,
then dp (09, 0Q) tends to zero, but observe that the converse is false
in general (for instance take Q := (f,+00) and € := (—00,0)).
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Suppose that € converges to 2 for the complementary Hausdorff
distance, and let uy be a weak solution of the problem

{—diva(ac, Vug) + bz, up) =0 in Qy

1.8
(1.8) a(x,Vug) -v =0 on 0.

Definition 3. We say that problem (0.2) is stable along the sequence Qy,
if the following holds: Let uy € W1P(Qy) be a sequence of solutions
of the problem (1.8) in Q. Then (1, uk,lo, Vug) converges strongly
to (1gv, 1oVv) in LP(RY) x LP(RY ,RY) and v is a solution of prob-
lem (0.2).

We seek conditions on €, to make the problem (0.2) stable.

Definition 4. A (4, rg)-Reifenberg-flat domain @ C RY is an open
bounded set such that for each x € 0Q and for any r < ry there ex-
ist a hyperplane P(z,r) containing x such that

(1.9) 1 sup  dist(y, P(z,r)) <.
T yedQNB(z,r)

Our definition of Reifenberg-flat domains is not exactly the same that
could be found in the literature, essentially from the fact that we did
not take a bilateral definition of the distance in (1.9) in order to al-
low cracks (when the domain lies in each side of its boundary). Using
the terminology of [11], our Reifenberg-flat domains should be called
“weak Reifenberg-flat domains”. Observe that our definition allows the
fact that 99 could have an infinite number of connected components.
Moreover in our definition, §2 is not supposed to be connected.

The topological disc theorem of Reifenberg [16] says that, under some
additional separation conditions and if § is small enough, then the bound-
ary of a (0, 7g)-Reifenberg-flat domain is locally the bi-hdlderian image
of a N — 1 dimensional unit disc. In addition, this is optimal since a
Reifenberg-flat domain can admit some Holder spiral. It is worth men-
tioning that a Reifenberg-flat domain could have a fractal “snowflake-
like” boundary (see [6]).

Now we consider a topological assumption in order to avoid the prob-
lem of “Neumann Sieves” (see [15]). For a Reifenberg-flat domain 2 and
for any ball B(x,r) centered at 9Q and with radius r < rg, let us define
the sets DT (z,r) and D~ (z,r) by the following way. Let P(z,r) be the
hyperplane given by the definition of Reifenberg flatness of Q2. Denote
by z*(z,r) two points of B(z,r) that lie at distance 3r/4 from P(x,r)
and whose orthogonal projections on P(z,r) are equal to . Then we
set D*(x,r) := B(2%,r/4) as in the following picture.
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00

P(x,r) ———

\/

D~ (x,r)

Definition 5. Let © be a (4, 7)-Reifenberg flat domain. We say that
Q has a uniform size of holes with constant Cy > 1/2, if for every
ball B(z,r) centered at 9 with radius 7 < 17y and such that DF(z,r)
and D~ (z,r) lie in the same connected component of B(x,r) N, there
exists a ball B(y, s) centered on P(x,2r)N B(x,2r) with radius s > C%)r
such that B(y, s) N 9§ = (). By convention if  is such that D¥ (x,r) al-
ways lie in different connected components we say that {2 has a uniform
size of holes with Cp = 1/3.

Remark 6. If ) has a uniform size of holes with constant Cy > 1/2 then
Q has a uniform size of holes with any constant C' > Cj. Therefore,
we will usually take Cy as being the minimal constant satisfying the
property of Definition 5 which can never be less than 1/2 for obvious
geometrical reasons. Moreover when we mean that a sequence €2 has a
uniform size of holes with same constant Cy, we say that all the minimal
constants associated to ) are bounded by a same constant Cy (see also
the examples given below).

The rest of the section is devoted to the proof of the following result.

Theorem 7. Let Cy € [2,400) U {1/3} be a constant and assume that
{Qk}ren, Q are (8,70)-Reifenberg flat domains with § < 1073Cy", hav-
ing a uniform size of holes with same constant Cy, and such that Qi con-
verges to Q for the complementary Hausdorff distance. Then the Neu-
mann problem (0.2) is stable along the sequence Q.

Before passing to the details of the proof of Theorem 7, we give two
examples for domains described in the discussion above.
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1.1. Examples.

We would like to emphasize the fact that according to Definition 5, in
Theorem 7 we do not consider “sieve domains” with holes in the bound-
ary that are becoming smaller when € tends to 2, but only “crack do-
mains” which contain some holes but with a fixed size bigger than Cy Irg
and controlled shape. To illustrate this, let us show two basic examples
in dimension 2.

1.1.1. A counterexample.

Let us consider the 2 dimensional Sieve Domain defined as follow. For
a fixed e set 1, := 27",
on
o= [0, 1\ (k27" = 7y, k277
k=1
and Q,, := B((1/2,0), H)\T,,.

Since the boundary of Q,, is “smooth”, for every é € (0,1), one can
easily obtain a radius r5 € (0, 75) such that all the €, are (4, r5)-Reifen-
berg flat domains. Now for n big enough, we claim that the minimal
constant Cj of uniform size of holes in €2, is bounded from below
by C2". Indeed, we denote z¢ := (1/2,0) € R? and consider the ball
B(z0,75/2). The corresponding domains D*(z¢,75/2) lie in the same
connected components of 2 and P(x,rs/2) is the first axis. Now since
rs < 15, any ball B(y, s) centered on P(xo,75) N B(xo,75) and such that
B(y,s) N 09, = () must have a radius s < €271, This means that

2n+1

Cy >rs
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thus the sequence 2,, cannot have a uniform size of hole with same
constant Cj.

1.1.2. An example with fractured domains.

Further, we give another example where the domains €2, have now

a uniform size of holes with same constant. Of course we could also

take some “non-fractured” domains for which the constant is fixed to %

by convention, but let us consider the following more instructive crack
situation. Let S be the segment [—1,1] x {0} C R? and Q := B(0,2)\S.
Now let I'y, := {(t, fu(t)); t € [—an,an] C R} be a sequence of Lips-

chitz graphs with same Lipschitz constant L and such that dg (T, S) <
27n3,

It is not difficult to see that the sequence 2, := B(0,2)\I',, is a se-
quence of (4, 79)-Reifenberg-flat domains converging to Q\S for the com-
plementary Hausdorff distance. Indeed, they are Reifenberg-flat with a
good choice of § and ry depending only on the Lipschitz constant L.
Moreover we have that dg(Q¢,9Q°) = dy([',,S) < 2773, Finaly, Q,
and Q have all a uniform size of holes with constant Cy < 10. This is
easy to prove for 2 because the only way for a ball B(z, ) to be centered
on 0 and having the property that B(z,r) N Q is connected is to be
centered on S with a radius r > dist(x, E(S)) where E(S) are the two
endpoints of S. In this case it is clear that B(x,2r) contains a ball of
radius s > 10~ 'r centered on the first axis that does not meet 9. Now
one can see this also for €2,, by exactly the same argument, replacing the
endpoints of S by the endpoints of I';,, using also that I';, is a graph.
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Of course in our example, Lipschitz graphs was assumed for conve-
nience and one could try to weaken the regularity assumption on I';,
taking for instance a sequence of connected Reifenberg-flat sets with ad-
mitting some tangents at the endpoints, but the proof becomes a bit
more technical in this case.

1.2. Extension Lemma.

The main ingredient for proving the Mosco convergence will be the
Extension Lemma contained in this section. For every function u €
LY(B(z,r)) we denote by m™ (u) the average of u on D¥(x,r)

1

mi u) =
(1.10) (u) D@ e o

u(x) dz.

We begin with the following fact.

Proposition 8. Let p > 1, Cy > 1/2 and let Q2 be a (0, 79)-Reifenberg
flat domain with § < 10_3(70_1 and having uniform size of holes with
constant Co. Then for every ball B(xz,r) centered at OQ with r < irg

such that D*(z,7) and D™ (z,r) lie in the same connected component of
B(xz,r) N, we have that

1
(1.11) ()~ m™ ()] < gy / V| da
B(z,3r)

for any function uw € WH1(B(z,3r) N Q), and where C is depending on
dimension N and constant Cy.

Proof: The proofis an easy consequence of the classical Poincaré inequal-
ity. Indeed, the definition of Uniform size of holes implies that there exist
a ball B(z, s) centered on P(x,2r)NB(x,2r) such that B(z,s)NIQ = 0,
and with s > C%)r. Now the proposition follows from the following
fact: since 9Q is at distance less than 20r < 2.1073C; 'r from P(x,2r)
in B(z,2r), one can define a Lipschitz domain A contained in B(x,3r),
that contains D (x,7) U D~ (z,7) U B(z, §), and such that the Poincaré
constant in A is less than C(Cy, N)r, where C(Cp, N) is only depend-
ing on Cyp and N and is independent from all the possible positions
of B(x,s). O

Next we give the Extension lemma.
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Lemma 9. Let rg be a positive radius, T € (0,7r¢) and Cy € [1/2,+00) U
{1/3}. Let Q1 and Qo be two (0, 19)-Reifenberg-flat domains with § <
10_300_1, having a uniform size of holes with same constant Cy and such
that
dpr(Q5,Q8) <1073C; .

Then setting

W(r) = {y € RY;d(y,00,) < 7},
for any v € WHP(Qq) there exists a function © € WP(Qq) such that
v =01 Q\W(101) and

(1.12) 9] Lo (anw 107)) < CllvllLe@inw107))

(1.13) VOl e (orw 0r)) < CLlIVY| ey nw (100r))

with C' depending only on the dimension N, while C1 depends on con-
stant Cy and on dimension N.

Proof: Let 7 € (0,7¢) be fixed and let B; := B(x;,7) be a family of balls
of radius 7, centered at z; € 91, and maximal for the property that
%Bi N %Bj = for all 4,5 € I with i # j. Notice that by this way,

w(9r) c | J10B; ¢ W(107).
icl
We want to construct a partition of unity associated to {B; };cr. For all 4,
define a function ¢; € C}(10B;), such that ¢ = 1 in 8B;, [V¢| < 77!
and let ¢o be a function that is equal to 1 in 1\ U,c; 10B;, ¢o = 0
in U;c;8Bi and o + > ;. 00 > 1in Q; U J;; 10B;. Moreover, we
can assume that there is a constant C' such that for all x € 10B;\8B;,
|Vo(x)] < Ct~t. Indeed, such a function (g can be obtained by setting

po(w) := [T Ud(@, 2:)/7)
iel
where [ is a Lipschitz function equal to 0 in [0, 8], equal to 1 in [10, +00)
and I’(z) < 10. Finally, define
Pi .
= —2  forielu{0}

©o+ D icr Pi
thus we now have a partition of unity in Q; U J;c; Bi;. To define a
function o € WP(€y), it suffices to define an extension of v in Qp N
Uiecs 10B; since 3 AQy is contained in | J;c; 105;.

Let P; := P(x;,107) be the hyperplane associated to Qi given by

Definition 4. Recall that since dg(Q§,Q5) < 1073C; 7, we have that
10B; N (092) C {y € 10B;; d(y, P;) < 2.1072Cy '7}.
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For each ball B;, we denote by Di(aci, 107) the two balls defined just
before Definition 8 associated to €21, and we assume this notation to
be coherent with the orientation of 0€2;. More precisely we assume the
notation of positive and negative signs of D*(z;,107), to be chosen in
such a way that for any 4, j satisfying B(xz;,107) N B(x;,107) # 0, we
have that D (z;,107) and D™ (z;,107) both lie in the same connected
component of B(z;,1007) \ P(x;,1007). This of course can be done
without loss of generality, starting from a first choice of D% (z;,107)
and then defining the others successively. Then we need to consider
three cases.

e Cracktip case: D" (z;,107) and D~ (x;,107) lie both in the same
connected component of B(z, 107)NQs. Let I, be the set of indices
corresponding to the balls in this situation and for every ¢ € I,
define m; :==m™*(v) (as in (1.10)).

e Boundary case 1: D' (x;,107) and D~ (x;,107) lie in different
connected components of B(z,107) N Q2. Let I, be the set of
indices corresponding to the balls in this situation. For every ¢ €
Iy, , let A;r and A be the two connected components of 10B;\02
that contain respectively DT (x;,107) and D~ (z;,107) and define

mi = m*(v).

e Boundary case 2: One of D*(x;,107) lies in Q while the other
one lies in 2§. Let Ip, be the set of indices corresponding to the
balls in this situation. For every ¢ € Ip,,, let m; be equal to the
one of m*(v) corresponding to ball D*(z;,107) that lies in Q.
Finally as for I,,, let AT and A; be the two connected com-
ponents of 10B;\0€> that contain respectively D (x;,107) and
D~ (x;,107).

Notice that since 7 is chosen sufficiently small, the preceding 3 cases
would be the same if 2; was taken instead of 25 in their definition.

We are now ready to define ©. It could be that 5 has some tiny
connected components hidden in some 10B;\(A] U A;) for i € I,. In
those components, let us define v to be equal to 0. Then, anywhere else,
ie. for all x € A := (Q2\ Uielb1 10B;) U (U AF UA;), define

i€y,

(1.14) 9(z):=0ov(x)+ » Hi(z)miJrZHi(x)(mlej(:E)er;lA;(x)).

i€l.Uly, i€ly,

The function ¢ is now well defined for every x € 3. We claim that
o € WhP(Qy) and that (1.12) and (1.13) are satisfied. Let us first
show (1.12). Using Hoélder inequality and extending v by 0 outside of 21,
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we have for all i € I, U I,

g, ) < |
vlde | < C|B; v|P
B Bil | |Bi Bil |

and by the same way for ¢ € I, we also have

(1.15) Im;|P < C <

(1.16) mp <cipl [ o,
In addition, since B; are in a bounded cover (with a universal con-
stant C'), the sums in (1.14) are locally finite. Thus, since 6;(z) <
110B;(x) and using (1.15) and (1.16),

P

i€1.UIy, Lr(Q) i€I.UT,,
gcz/ 0P dz < Col, v om,
ie1 /10B;

and by the same way

p
S 6:(@)mF 1 (2) +mi 1, (2)) <y [ plras
ie]bl LP(Q2) el 0B;
= C””Hizﬂ(wuof))

thus taking the LP norm in (1.14) we deduce that (1.12) holds. Let us
now prove (1.13), which will also imply that & € WP(Q3). By definition,
v = v in Q2\ U,c; 10B;, thus all we have to prove is that

(1.17) / Vo[ g/ IVolP.
ANU, ¢ 10B; Q1 NW (607)

Let ip be a fixed index such that z € AN 10B;,. Let I, be the
finite set of indices ¢ € I such that x € B;. All balls B; for ¢ € I, are
contained in B(z;,,207). Let us first make the following assumption on
the orientation:

For any i € (Ip, U Iy,) NI, x lie in the same connected

(1.18) component as D(x;,,107)" of B(z;,107) N Qa.

Next we define a convex domains D], as being the convex hull of all
the DT (z;,107) for i € I,.. Since (921 UdQ) N B(x;,, 207) is contained
in {y; d(y, Py) < %} for some hyperplane Py, we have that D} does not
meet (0 U 9Q2) N B(x;,,207) and is contained in B(x;,, 1007).
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Define
1
ml = — v(x)de, and
\Dz| /o
1
My, = v(x) dz.

|D(2iy,207) [/ pa,y 20m)+

Since VO + >_,c; V8; = 0 we have, using our assumption (1.18),
Vi(z)=00(z)Vo(@)+ Voo (x)v(z)+ > Vohimi+ Y Vhmi1,(x)

€1, Ul i€y,
=0p(x)Vo(z)+ Vb (z)(v(z) —mi,)
f1
+ Z Vé’l(mz - mio) + Z VGl(mf — mio).
i€1.UT,, i€ly,
fa

To estimate f1, since supp(V6y) N B(x;,,607) is contained in a Lips-
chitz domain with universal constant, we infer that

1
/ |f1($)|p < _p/ 1supp(V90(x))|v(x) - mi0|p
B(wg,107) T JB(2,,607)

<c IVol?.
B(x,,607)

(1.19)

Now we estimate fs still using the Poincaré inequality. Firstly for any
© € I, N I, we have that

i =

C
(120) = m| < ot =+ =i < == [ 90l

If i € I., we have the same inequality with m; instead of mj, because
by definition m; = m™(v) in this case.
Therefore we have proved that under assumption (1.18),

1
(1.21) f@l<o [ Vo] da.
B(:E,;OJOOT)

Now assume that instead of (1.18) we had:

For any i € (Ip, U Iy,) NI, x lie in the same connected

(1.22) component as D(z;,,107)~ of B(z;,107) N Qa.
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Then we can proceed exactly as above with negative signs in the no-
tations instead of positive signs, except for inequality (1.20) with ¢ € I,.
since by convention in this case we have set m; := m™(v). However, since
the boundary of 0€2; has a uniform size of holes, we can estimate the dif-
ference [m™(v) —m~(v)| by (1.11). Indeed, we know that D?Ezl (x4,107)
lie in the same connected component of B(x;,107) N Q. This means
that there is a ball B(y;, s) centered on P(z;,107) N B(x;,207) with ra-
dius s > C; 1207, such that B(y;, s) N 991 = 0. But since dg (25, Q5) <
1073Cy 7, we deduce that B(y;, £)N9Q, = 0 thus Détz («},207) (the one
associated to Qg for a a} € 00y satisfying dist(z;,x}) < 10’300_17), lie
also in the same connected components of B(z},207)N{y. Then Propo-
sition 8, together with an other application of the Poincaré inequality
to estimate the difference between the average on Da (x},207) and the
average on D(i21 (24,107), gives

B B B _ C
|m; —my | <|m; —m™(v)|+ |m™(v) —m;| < N1 / |Vl
T B(Ii,60’r)

where C' is now depending on Cj.
Therefore, in any cases we have proved (1.23). Subsequently,
(1.23) | f2(@)l e (B (21 10m)) < IVV|| Lo (B, ,1007))-

In conclusion we have obtained,

HVﬁ(x)”LP(leOBiO) < C”VU”LP(Qluwo&O),

and (1.13) follows using the fact that {B;} forms a locally finite covering
of W (107). O

1.3. Mosco-convergence.

For every open set  C RY we define the closed linear subspace Xq
of LP(RN) x LP(RN,RY) by

(1.24) Xq = {(ulg, Vulg); u € WHP(Q)}.

Definition 10 (Mosco-convergence). Let 2 and Q be open subsets
of RY and let Xq, and Xgq be the corresponding subspaces of LP(RY) x
LP(RN RYN) defined by (1.24). We say that Xq, converges to Xg in the
sense of Mosco if the following two properties hold:

(M1) for every u € WHP(Q), there exists a sequence uy € WhP(€y)
such that uylg, converges to ulg strongly in LP(RY) and Vuilq,
converges to Vulg strongly in LP(RYN RY);



NEUMANN STABILITY IN R.-FLAT DOMAINS 427

(M2) if hy is a sequence of indices converging to oo, uy is a sequence
such that uy € WLP(Qy,) for every k, and wuy lq,, converges
weakly in LP(R™) to a function ¢, while Vuy, lg,, converges weakly
in LP(RY RY) to a function 1, then there exists u € WP(£) such
that ¢ = ulg and ¥ = Vulg a.e. in RY.

The Mosco convergence is a great tool to study stability for Neumann
problems. In particular, we have the following result coming from [3,
Theorem 2.3], which is stated in R? in [3] but can be extended in RY
with the same proof.

Theorem 11 ([3]). Let Qi and Q be open subsets of RN. Then Q is
stable for the problems (0.2) along the sequence Q, if and only if Xq,
converges to Xq in the sense of Mosco.

According to Theorem 11, Theorem 7 will be a consequence of the
following result.

Theorem 12. Let rg > 0, Cy € [1/2,+00) U {1/3} and let {Q}ren
and  be (8, ro)-Reifenberg flat domains with § < 107300_1 and having a
uniform size of holes with same constant Cy. Assume that QU converges
to Q for the complementary Hausdorff distance. Then Xq, converges
to Xq in the sense of Mosco.

Proof: Let u € WP(2) and assume without loss of generality that 7 :=
di(Q6,9°) < Cy11074rg. Set W(t) := {z; d(z,09) < t} and let iy
be the extension function given in Lemma 9 for ; = Q, Qo := Q,
v = u, 7 := Cpl037. Since @ € WHP(£y), all we have to prove is
that (axlq,, Viglg,) converges strongly to (ulg, Vulg) in LP(RY) x
LP(RN RYN). Since u = 1y, in Q\W (107;) we have that

\ :
</ |ilg, —ulql|? dz) = / |ilg, —ulg|?dx
RN W(lOTk)
< / |tlq, [P dz| + / |ulq|? da
W (107) W (107)

< Ollull Lo (w 10m))

= =

which tends to zero when k tends to +o00 because 9€2 is closed and |02 =
0. For the gradients, a similar argument can be done, using (1.13). That
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is,

1 P
</ |Vﬁ1(zk - VU1Q|p d:L'> = </ |Vﬁ1gk - VU1Q|p d:L')
RN W(lOTk)
1
/ |V’ﬁ19k|p dz
W(lOTk)
+ / |Vu19|p dx
W (107y)

< OlVul pew 60m))

IN

=

which tends to 0, thus (M1) is proved.

Let us now prove (M2). Let ¢ € C*°(RY) be compactly supported
in 2. Then we know by the weak convergence that

(1.25) Jowrla,, ode 2525 [ dpda
’ k [e%S)
fQ<Vuklghk , o) dx Lo, fQ Y da.

On the other hand, since €, converges to 2 for the complementary
Hausdorff distance, for k large enough Lq,, is equal to 1 everywhere on
the support of ¢. Thus (1.25) shows that uj converges to ¢ in D’'()
and Vuy converges to ¢ in D'(Q2). By uniqueness of the limit in D’(2)
we conclude that

(1.26) $p=V¢ in D(Q).

Moreover since ¢ € LP(RM RY), we deduce that (1.26) in true in
LP(Q,RY) thus ¢ = V¢ a.e. in Q and therefore ¢|q € WP (Q). To con-
clude, all we have to show is that ¢ = ¢ = 0 in Q°. To see this, we use a
similar argument as above by defining a function ¢ compactly supported
in ¢, By the weak convergence, and because ) converges to ) for the
complementary Hausdorff distance, we deduce that fQ ¢opdx = 0. This
holds for any function ¢ compactly supported in °¢. Since ¢ € LP(RY)
we conclude that ¢ = 0 in Q°. In a similar way we obtain that v = 0
in Q¢ and since the Lebesgue measure of 0f2 is zero, the proof is com-
plete. O
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2. Stability for problems with mixed boundary
conditions

In this last section we state some similar stability result for the prob-
lem with mixed boundary conditions, directly coming from the proof of
Theorem 6.3 in [3]. The main motivation is that those statements could
be useful to obtain estimates of solutions for elliptic partial differential
equations in Reifenberg-flat domains using a perturbation argument.

Let A C RY be a bounded open set with Lipschitz boundary 0A,
and let dpA be a relatively open subset of JA. For every compact
set K C A, for every g € W'P(A), and for every pair of function a and b
satisfying the properties (1.1)—(1.3) we consider the solutions u of the
mixed problem

—diva(z, Vu) + b(z,u) =0 in A\K,
(2.1) u=g on OpA\K,
a(z,Vu) -v=0 on 0(A\K)\(0pA\K).

Definition 13. We say that the problem (2.1) is stable along the se-
quence (K, gx), if the following holds: Let u;, € WHP(A\K) be a se-
quence of solutions of the problem (2.1) corresponding to Kj and g.
Then (urla\k,, Vurla\k,) converges strongly to (vla\ g, Vol k) in
LP(RY) x LP(RN,RN) and v is a solution of problem (2.1).

For all g € WP(A) we denote
W, P(A\K,0pA\K) := {u € W"P(A\K) : u= g on dp\K}.
As in (1.24) we define the closed linear subspace X7, (A) of LP(A) x
LP(A,RYN) by
(2.2) XY (A) = {(ulke, Vulge); u € WoP(A\K,0p A\K)}.

Definition 14 (Mosco-convergence). We say that X7* (A) converges
to X7 (A) in the sense of Mosco if the following two properties hold:
(M1') for every u € W P(A\K,dpA\K), there exists a sequence up €
WP (A\Ky, Op A\ K},) such that uj,1 k¢ converges to ulge strongly
in LP(A) and Vuylge converges to Vulge strongly in LP(A, RY);
(M?2') if hy is a sequence of indices converging to co, uy is a sequence
such that u; € ngk*_p(A\Kk) for every k, and uylie converges
weakly in LP(A) to a function ¢, while Vuy1 K¢ converges weakly in
LP(ARN) to a function ¢, then there exists u e Wy P(A\K, dp A\K)
such that ¢ = ulge and ¢ = Vulge a.e. in RV,
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Remark 15. As it is pointed out in [3], by adopting the same proof as in
Theorem 11, the Mosco convergence of X7 (A) to X7 (A) is equivalent
to the stability of the mixed problem (2.1) along the sequence (K, gx)-

Finally we obtain the corresponding result in the case of the mixed
boundary conditions.

Theorem 16. Let A be a bounded open subset of RN with Lipschitz
boundary 0A, let Op A be a relatively open subset of OA and let Cy be a
positive constant. Let gp, be a sequence in WIP(A) converging strongly to
a function g € WHP(A), and let K}, be a sequence of compact subsets of A
converging to a set K in the Hausdorff metric. Assume in addition that
for every h, A\Kj}, is a (8, r9)-Reifenberg flat domain with § < 107300_1
and having a uniform size of holes with constant Cy. Then Xlg(hh (4)
converges to X9.(A) in the sense of Mosco.

Proof: The proof is essentially the same as the proof of Theorem 6.3
in [3], consisting of an idea due to Chambolle. The only difference is
that the sets

O =3\ (K, U(OA\9pA)) and Q:=3\ (KU 94\ dpA))

where ¥ is an open ball in RV such that A C X, are now satisfying
the assumptions of Theorem 12 and thus the Mosco convergence in that
setting. We refer the reader to [3, Theorem 6.3], for the details in that
approach. O
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