
A GENERALIZATION OF AN INEQUALITY DUE TO BEURLING

A R T H U R E. L I V I N G S T O N

1. Introduction. In 1941, Arne Beurling gave a proof (unpublished) of the

following result:

If an > 0, bn >_ 0 for n = 1, 2, , and

Σ ma > Σ n b l

then

(i) Σ Σ

with 0 < K < 4e .

If we set

m = i / 1 n = l

t'1 dt,

then the inequality (1) is of the form

(2) Σ Σ «m6|./«<
771 = 1 7 1 = 1

<K(a) Σ «£/«'

and it is the purpose of this note to generalize this latter inequality. As an

example of the type of result to be obtained, we quote the integral analogue of

( 2 ) :

THEOREM 1. Let θΛx) be nonnegative, nondecreasing? and locally ab-

solutely continuous on the interval 0 <̂  x < cc. // F {%) >̂  0, G ( % ) > _ 0 for

0 < x < oo ̂  and
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foo L / < U ) r z oo lG(y)\*
/ ax < oo, / dy < oo,

Jo [ α ' ( * ) ] p " 1 Jo iπ'ί.Λλq-1

where 1 < p < oo and p " 1 + q~ι = 1,

Γoo Γoo F ( χ ) G (
(3) / /

Jo J o a(x + '

dx\ \ dy
\ [J [ ' ( ) ] ? 1

with 0 < K{θL) < p + q.

If a(x + y) > a(x) + α ( y ) , ί̂ eτz X ( α ) < 77/sin (7r/p). // α ( 0 ) = 0,

α(%)—>oo as x —-> oc, and a(x + y ) < α(%) + α ( y ) , ίΛe^ X ( α ) >_

77/sin (77/p).

The author wishes to acknowledge that any novelty in the subject matter of

this note is due entirely to Professor Beurling who suggested the very general

Theorem 2 below.

2. The main result. This is:

THEOREM 2. Let (λ{x) be nonnegative, nondecreasing, and continuous

from the right for 0 <_x < oc. Let f (x) > 0, g (x) >_ 0 for 0 < x < oc. Let

1 < p < oc and p" l + qf ι = 1. //

00, P [^(y ) ]^α( r ) < oo3

Jo

then

/•oo / oo f (x )P^

(4) / / ' v '«
Jo Jo U(x + γ)

with 0 <



A GENERALIZATION OF AN INEQUALITY DUE TO BEURLING 253

//OCU + y ) > α U ) + O ί ( y ) , then

( 5 ) K(OL) < 77/sin ( 7 7 / p ) .

// α( 0) = 0, Ci(x) —> oc as x —» 00, (λ(x) is continuous for 0 <_ x < cc,

Cί(% + y ) £ (X(Λ ) + CC(y),

(6) X(α) > 77/sin (77/p),

Proof. We have

fίχ)g(y)Γoo / ( χ ) g

Jo a(x + y)

roc ΛOO / ( a ) g ( y ]

Jo Jo oc {x + y)

by Holder's Inequality [ 1, p. 11], where

= / / —t [a(χ)/a(y)]ι/Ua(x)da(y)9

Jo Jo a(x + y)

Q= ί°° ί°° [ g { γ ) ] q [a{y)/0L{x)]ι/Pda{x)da{γ).
Jo Jo OC (x + y )

Since α(%) is nondecreasing, we have

α(Λ + y) > max [α(x), α ( y ) ] .

Consequently,

/•oo [ α U V α ί y ) ] 1 ^ v /•- [a(χ)/a(y)]ι/i t N/ - / • da(y) < — — - — - — d a { y )
Jo α(x + y) Ό max \_a(x), α(y )J

= [a(x)]-ι/P [X[a(y)]-ι/Ua(y) + [a(x)]1/i Γ°
Jo Jx
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In a similar way, we find that

foe [ α ( y ) / C ί (x)]ί/p

I : da(x) <p
Jo a{x+y)

y)

Thus,

and this implies ( 4 ) .

If a{x + y) > a(x) + α ( y ) , then we have

roc [αU)/α( y )] ι / ? / λ

da(γ) < — — — da(y)
Jo α ( % ) + o:(y)

Ja

a{oo)/a(x)

a(0)/a(x)

and this implies ( 5 ) .

If α ( 0 ) = 0, α ( o c ) = oc? Ci(x) is continuous f or 0 < x < oc, and α (x+y) <

a(x) + α ( y ) , then

/ , \ / \ da(χ)da(y) = l I
Jo α ( % ) + α ( y ) Jo Jo s+t

where we have made the changes of variable (X (x) = s9 d(γ) = t and se t

F ( s ) = / ( * ) , G ( ί ) = g ( y ) . By Huber t ' s Inequality [ 1, 226],

l/p

and the constant 7r/sin (π/p) is the best possible [ 1 , p. 226] . This gives ( 6 ) .

We note that the inequality ( 4 ) , for a(x) continuous, could be obtained

directly from Theorem 319 of [ 1, p. 229] as follows:
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/ U ) ί ϊ ( y ) , , v , , , / ~ Λ » F{s)G(t)roc Λ~ / U ) ί ϊ ( y ) roc z
</ / — — —- da(x)da(γ)= /

Jo Jo max[a{x),a(y)i Jo Jo max[s,ίj

dsdt

[F(s)]Pds\-/P\jo

OC[G( - > ] l / q

[ f ( x ) ] P d a ( x ) \ " r ι ' " r ' " " • - ' " l l / q

where

foo s'l/(lds
= / — -

J o max L s, 1J

We have made the c h a n g e s of var iab le Ci{x) = s> α ( y ) = ί and s e t

F ( s ) = / ( * ) for α ( 0 ) < s < α ( o o ) ,

= 0 o t h e r w i s e ,

G(t) = g ( y ) for α ( 0 ) < ί < α ( o o ) ,

= 0 otherwise .

3. Corollaries. If we s e t / U ) = F ( j c ) / θ t ' U ) , g(γ) = G ( y ) / α ' ( y ) in

Theorem 2, we obtain Theorem 1.

As another a p p l i c a t i o n of Theorem 2, we d e d u c e :

THEOREM 3. Let the sequence ίcx }̂̂ ° be nonnegαtiυe and nondecreasίng

for n = 1 9 2 , , and set Cί0 = 0. Let 1 < p < oc and p" L + a" ι = 1. // α n >̂  09

^ > 0 /or rc = 1, 2 ,

αP/(αm-αm.1)P-1 < oo, £ ^/(αn-α^!) 9 " 1 < oo,

then

oo oo

(7) Σ Σ ambn/0,m+n

m-l

< K{a)
!

oo 1 / f °° \ . /
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with 0 < K(a) < p + q.

Proof. Let O,(x), 0 < x < oc, be the polygonal function with vert ices

(n,an), n = 0 , 1 , . . . . Set f (x) = An >_ 0, g(%) = β^ >_ 0 for n - 1 < x < n,

n — 1, 2 , . By Theorem 2,

m Γrc (ία(Λ ) c ί α ( y )Γ m Γ n

Jm-l Jn-i

with 0 < K(a) ^ p + 7 Since (X(Λ ) is nondecreasing, the double sum dominates

oo oo

Set t ing ^ m ( α m - CXτw-i) = «m» βm(am ~ 0 C m . t ) = 6 m g ives ( 7 ) .

As a s p e c i a l c a s e of Theorem 3, we take Ci0 = 0, CXW — Cί̂ _ i = 1/τz for

n = 1, 2 , ••• . S i n c e , for n ~ 2, 3 , « ,

1 + log n < ί 1 + j ^ — o ) l o g Λ »

we find that

l/p . oo . l/q. oo . l

* n = i '

with 0 < Λ ί < ( p + ς r ) ( l + I / l o g 2 ) . F o r p = 2, t h i s is the inequal i ty ( 1 ) with

a s l i g h t l y smal le r bound for the c o n s t a n t .

4. A generalization to several variables. The alternative proof offered for

Theorem 2 suggests that the inequalities of this paper can be stated for /V

variables, N >_ 2.

For example, we have:
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THEOREM 2'. Let d{x) be continuous, nonnegative, and nondecreasing for

0 < x < oo. Let P ι > 1 , . . . , pN > 1 and p\ι + . . . + p ^ 1 = 1. If ft(x) > 0 , . . . ,

//V ( % ^ ^ ^ /O Γ 0 £ Λ; < oo

Jo ι
00

for i ~ 1 , «.« , Λ;, then

r N

. . . / ί <KN(a)Yl\l lfΛχ)]Pιda(x) \ι/pι

0 < KN{a) < . . . /
"Jo Jo

Π N - l rl/pij

/
o \max[xι,...9xNml9l]\N'i

If 0i(x + y) >_ α(x) + α ( y ) , then

Π /V-l -l/pij
1 = 1 « j rf%t-

KN(OL)< /

// Cί(O) = 0, (X(%) —> oo as Λ; —> oc and Ci(x + y) < d{x) + d(γ)9 then

KN(a) > % .

The proof is patterned on that of Theorem 322 of [ 1, p. 231],
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