A SUBSTITUTION THEOREM FOR THE LAPLACE TRANS-
FORMATION AND ITS GENERALIZATION TO TRANS-
FORMATIONS WITH SYMMETRIC KERNEL

R. G. BUscHMAN

In the problem of the derivation of images of functions under the
Laplace transformation, the question arises as to the type of image pro-
duced if ¢ is replaced by g(¢) in the original. Specific examples have
been given by Erdélyi [3, vol. I §§ 4.1, 5.1, 6.1], Doetsch [1, 75-80],
McLachlan, Humbert, and Poli [6, pp. 11-13] and [7, pp. 15-20], and
Labin [5, p. 41] and a general formula is also listed by Doetsch [1,
75-80].

The Laplace transformation will be taken as

f(s)= S:e“‘F(t) dt

in which the integral is taken in the Lebesgue sense and which, as
suggested by Doetsch [2, vol. I, p. 44], will be denoted by

<
F(t)o-ef(s).
t s
(The symbol will be read ‘‘ F(¢) has a Laplace transform f(s)’’.)

THEOREM 1. If
(i) k, g, and the inverse function h = g~ are single-valued analytic
Sunctins, real on (0, o), and such that g(0)=0 and g(wo)= o (or g(0)
=co and g(o)=0);
<
(ii) F(t)?—so f(s) and this Laplace integral converges for 0 <Rs;

<~
(ili) there exists a function (s, u), O(s, u)o-ed(s, p) and this Lap-
u p
lace integral converges for 0 <R p, and ¢(s, p) = ¢ *Vk[h(p)] |W' (p)]; and

@iv) Sw Bwle"“’@(s, u)F(p)Idu:] dp converges for a <INs;
then

P
I(t) Flo()1S-e| 0(s, )/ () du
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and this Laplace integral converges for a < Rs.
Proof. From (iii) and (iv) it follows that
[[errrtaon i @) Fo)ip

is absolutely convergent for a<<Rs. There are two cases to be con-
sidered. Since from (i) both g and % are single valued, 4 is monotonic.

Case 1. If g(0)=0 and g(co)= oo, then 0= A'(p).

Case 2. If g(0)= o and g(w)=0, then 2'(p)<0.
In either case, therefore, if the substitution ¢=~A(p) is made in the
integral

[ ooy Foenat,

then

Pl
K FLo0o-e| e i()] |1/(2) | F(p) dp

From (iii) &(s, #) can be introduced and by (iv) the order of integration
changed so that

k) FLoo1oe| | | o (w) dp | 0t6, ) du.

Finally, from (ii)

Pl
I(t) Flo(15-e| 0(s, u)f (i) du .

To show that there are functions ¢(s, p) as assumed in (iii), let, for
example, g(t) =¢* and k(t) =1 so that

@(s’ p) — (4p)—1/26—sp1/2

and

B(s, w)=(dzu)~ eI,

From this the known relation

L 2
F(tZ)o-.S (i) 25" % £ () g
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is obtained.
Special cases of k(t) will sometimes simplify the image of @(s, u).
If k()=19'(®) Kg(1)], then

<~
O(s, u)o-e K(p)e sr® |
u »

If k(@)=1g'@)Ilg(®)]’, then

@(s, u)o-ep°e H® |
U p

In the proof of Theorem 1 it is noted that the only important pro-
perty required of the kernel is that it be symmetric. Therefore consider
the transformation

f(s)= S:K(s, t) F(t) dt

in which the integral is taken in the Lebesgue sense and in which the
interval (a, b)) may be unbounded. This transformation will be called
the Z-transform and denoted by

T
F(t)o-e f(s),
t s
The following theorem is for this transformation with symmetric kernel.

THEOREM 2. If
(i) %, g, and h=g "' are single-valued analytic functions, real on
(a, b), and such that g(a)=a and g(b)=>b (or g(a)=b and g(b)=a);

g
(ii) F(t)o-e f(s) and this transformation integral converges for
t s
a<s<b;
o
(ili) there exists a function @(s, u), @(s, u)o-e¢(s, v), this transfor-
u p
mation integral converges for a<s<b, and
(s, P)=Kls, M(p)] k[(p)] |7 (p)] ;
(iv)
b b
|11 i, o, wyF@)ldu Jap
converges for s=s,; and

(v) K(u, p)=K(p, u); then k(t) Flg(t)] o—fo Sb(l)(s, u)f(u)du and this
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transformation integral converges for s=s,.
The proof follows in a manner similar to that of Theorem 1.
Formulas which hold provided F(¢) satisfies (ii) or (iv) of the theorem
can be obtained for various transforms for specific %(s) and g(s) with
the aid of tables [3, formulas 14.1(6), 8.12(10), 5.5(6)].

Formula 1. For the Stieltjes transformation K(s, t)=(s+¢t)".

s

e - .
b+1 2 (u/a)**[ (w|a) cos br/2—s sin br/2
tF(at )? S So 2ra, \_ s+ ula :‘f(u) au

for a positive.

Formula 2. For the Hankel transformation K(s, t)=4J,(st)(st)"
F - _
t-2F(a/t) o-oa'lg Vausd,(2y/ aus) f () du
t s 0

for —1/2<v and a positive.

The Laplace transformation will be considered in the next two
formulas.

Formula 3.

(t+b/a)*F(at?+ 2bt)

&z ., y . -

Sle(1/27) ebs/ag o-v's1a g san(y /Squ\-a-1 D) (s ],/ 2am) f () d
t s 0

for @ and b positive and in which D,(z) is the parabolic cylinder func-

tion. The range of permissible values of d will depend, according to
(iv), on the particular function F'(u).

Formula 4.
&L e
t”“F(at‘l’)?—ob"S0 (au)¥*¢[1/b, (d+Db)/b; —s(aun)’*]f(x) du

for @ and b positive and in which ¢(4, B; Z) is Wrights’ function [4,
vol. 3, §18.1]. The range of permissible values of d will depend, ac-
cording to (iv), on the particular function F'(z). In the special case
b=1 the formula becomes

Ve

L .
td’lF(a/t)?—:So (Vauls)? J (21 aus) f(u) du .
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