
ON THE DIRICHLET PROBLEM FOR CERTAIN
HIGHER ORDER PARABOLIC EQUATIONS

R. K. JUBERG

The Dirichlet problem for the particular equation

Dxu + Dtu = 0

(Dξ = dfdξ) on the space-time cylinder (0 < x < 1) (g) (0 < t < T) is
treated in this paper. However the procedure is directly applicable to
the equation D2

x

nu + ( — l)nDtu = 0 without technical difficulty and, hence,
to any equation simply reducible to this type. It can be applied as
well to problems other than the Dirichlet problem. Recently P. G. Kirmser
[2] made use of it in solving other interesting problems posed for the
equation D^u + Dtu = 0. There is also an 'uniqueness theorem' con-
tained in his paper.

Using the methods of potential theory, as in Gevrey [1] and Tykhonov
[6] for the heat equation and Zeragiya [7] for general second order
equations, the problem is reduced to solving a system of integral equa-
tions. The integral equations and the integration of them are of in-
terest in themselves.

The procedure affords information on the behavior of the solution
along x = 0 and x = 1. In addition, the solution obtained allows an
analysis of its behavior as (x, t) approaches (0, 0) or (0,1) as in the
case of the heat equation.

1. Statement of the problem* The problem we pose is to find a
function u(x, t) such that

(i) Dxu + Dtu = 0 , 0 < α < 1 , 0 < ί < T ;

(1.1) ( i i ) u(x> °> ^ ° > 0 < a? < 1

(iii) u(0, t) = α(ί) , ^(1, ί) = δ(ί) , 0 < t < T

(iv) Dxu(0, t) = c(t) , DXU(IJ <) = d(t) , 0 < t < T

where, α, b, c, and d are arbitrary functions from classes that we shall
presently define. Certain integral operators arise which make it natural
to make the following definitions:

DEFINITION 1. Let Si denote the class of functions defined on (0, Γ]
such that to each function, f(t), there corresponds a pair of positive
numbers (ε, λ) so that
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(1.2) I / | t s supί gAW-Zfr)!). < + oo

where <x = min (ί, τ), ε + 1/4 <, λ < 1.

DEFINITION 2. Let £* denote the class of all functions, #(£), defined
on (0, Γ] and satisfying the conditions:

(i) g uniformly (ε + 1/4) — Holder continuous on any closed sub-
interval of (0, T], i.e., to each toe(O, T] there corresponds a constant
c(ί0), depending only on ί0, such that

d - g[Q I < c(ί 0) I ίx - U l ε + 1 / 4

for all ί1( ί2e[ί0, Γ];

(ϋ)

+ f' fffίί.) - g(s)](t - s)-
h

[
(1.3) I g\t = s u p {

- g(s)](τ -

where σ, X and ε are as in Definition 1.
We shall establish existence of solutions to (1.1) for a,beS2 and

c,de Si.

2 Derivation of the integral equations* By the standard Fourier
transform techniques we find the fundamental solution:

(2.1) k(x -y,t-τ) = — ί " e-«<*-»><r*4<'-*>d£, 0 < τ < t
27ΓJ —

which satisfies

D*xk + DJc = 0

and

J9;& - A & = 0 .

In the sequel we will frequently use the following basic estimates
of the fundamental solution and of derivatives of same due to 0.
Ladyzhenskaya [3] (see also P. C. Rosenbloom [5]):

(2.2)1 I Dlk{x, t) I < c1(v).ί-(1+v)/4.exp [- c2(xηtγ'3]
1 See appendix.
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where Dζ = (d/dxy, cx depends on v, and c2 is an absolute constant.

LEMMA 1.

(2.3) p(x) - [k(x - y, t)dy = [ [Dvk{x - l , t - σ ) - D\k{x, t - σ)]dσ
Jo Jo

where

p(x) =

1 , 0 < x < 1

λ , a? = 0, a? = 1
Δ

0 , x < 0, x > 1 .

Proof. S i n c e Dσk = Dyk,

D σ k ( x — y , t — σ)dy = I D 4 , / ^ — y , t — σ)dy = J D * & ( # — y , t — σ)

o Jo

= Dzk(x 1 £ c) Ddk(x t a)

Integrating with respect to σ from 0 to t — ε gives

Jί-ε /Γi \ j δ-ε /j*i \

o VJo / Jo VJo /
= I ifc(a? — 2/, ε)cΪ2/ — 1 &(a? — /̂, ^)cί?/

Jo Jo

J ί-ε

[D3

yk(x — 1, t — σ) — D\k{xy t — σ]dσ .
o

That is,

ί
i ri

fc(ίc — y, ε)dy — 1 k(x — y, t)dy
o Jo

Jo

Since k(x -y,ε) = ε-ιl*k({x - y)jειl\ 1) and k(-z, 1) = k(z, 1),

y — v

(x - y, ε)dy = z, ϊ)dz .

Hence

l im \ fc(ίc —
ε j o Jo

0 ,

J o
k(z \)dz

_ o o

[° k(z, l)dz , a? = 0
Jo

Soo

k(z, l)dz , 0 < x
—

x < 0, a; > 1

x = 1
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k(z,l)dz = [ (~ [
J \2π J-°

e'^f

and

—^ ( e f — L - (
λ/2π J-~ \\/2π J-

k(z, l)dz =

«- e-ξidξ)dz = e~

— (
2 J-°

—
2

Thus,

[Z?Jfc(a? - 1, t - σ) - JDJfc(α, t - <j)]dσ

= lim \ ί ε [DJfc(aj - 1, ί - σ) - D\k{x91 - σ)]dσ
2\0 Jo

= V(x) ~ I' k(x - 2/, t)dy .
Jo

In particular, since ί)Jfc(0, ί — σ) = 0

1 - Γ k(l - y, t)dy = - Γ DJfc(l, ί - <j)cZ<7
2 Jo Jo

and

-1, t - σ)dσ .4 [
2 Jo

However, since k{—yy t) = k(y, t),

JDJfc(-l, t - σ) = -D\k{l, t - σ) ,

and

\ &(1 - y, t)dy = I k(y, t)dy ,
Jo Jo

i- - Γ A;(z/, ί ) ^ = - [DIHI, t - σ)dσ .
2 Jo Jo

Q.E.D.

(2.4)

In deriving the integral equations we will need the following limit
relations.

LEMMA 2.

(a) feSi9 ΐ = l f 2
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(2.5) Km [f(σ)D3

yk(x, t - σ)dσ = -—/(*)
a iO JO 2

0<#<l

(2.6) lim [f(σ)Dlk(x - 1, t - σ)dσ = -ί/(ί)

.<%v° 2

(b) geS%

(2.7) lim Γ g(σ)Dlk(x, t - σ)dσ
χio Jo

K»<1

= -ff(ί)fc(0, t) - Γ [ff(t> - g(σ)]Dσkφ91 - σ)dσ
Jo

(2.8) l i m Γ g(σ)Di

yk(x — l,t — σ)dσ
xti Jo

0<x<l

- -g(t)k(O, t) - [[git) - g(a)]DJc(0, t - σ)dσ .
Jo

Proof. Part (a). We shall prove (2.5) for feS^ The proofs for
the remaining cases are essentially the same.

We write

f{σ)D\k(x, t - σ)dσ
o

= f(t) [ D\kix, t - σ)dσ - [ [fit) - fiσ)]Dlkix, t - σ)dσ .
Jo Jo

From (2.2) and the hypothesis on /

I [fit)-fiσ)] \-\DlKx, t-σ)\< \f\rσ~\t - σy.φ - σ)-^e-*^

< (constant) o-λ(ί — a)*-1 .

Hence, by the dominated convergence theorem:

lim [[f(t) -/(σ)].Z>*λ;(α, t - σ)dσ
x\o Jo

O < < 1

= (lim [f{t) - f(σ)]-D3

yk(x, t - σ)dσ = 0 .
Jo x|o

Thus

lim [ f(σ)-Dlk{x, t - σ)dσ = f(t) lim (' D\k(x, t - σ)dσ
αjO Jo χ|0 Jo

which by (2.3) equals

/(t)lim \[D\kix - 1, t - σ)dσ + [k(χ - y,t)dy - l l
xϊo ( J o Jo J
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=/(ί){Pl>3

tf&(--l, t - σ)dσ + [* k(-y, t)dy - l i

and by (2.4) this equals

Part (b). We shall give the proof of (2.7). As above write

I g(σ) Dyk(x, t — σ)dσ
Jo

\ Dyk{x, t - σ)dσ - [ [g(t) - g(σ)]Dyk(x, t - σ)dσ
o Jo

[Dσlφβ, t - σ)dσ - Γ [g(t) - g(σ)]Dσk(x, * - σ)dσ
Jo Jo

. \k{x, t - σ)

= -g(t).k{x, t) - Γ [βf(ί) - flf(<x)].£U(α;, t - σ
Jo
ft/2

= -g(t) k(x, t) - [g(t) - </(σ)].ZU(α, t - σ)dσ
Jo

I * J - Ĵ  [flf(ί) - flf(σ)] ZU(a?, ί - ^)

- ( [g(t) - g(σ)].Dσk(x, t - σ)dσ .
Jί/2

For given £e(0, T], the first two terms are continuous in x, for all x,
and the interchange of limit and integration in the latter is justified
as above, using the Holder continuity of g. From these remarks, the
proof follows.

Q.E.D.
We seek a solution to our problem in the following form:

u(x, t) = [a(σ)Dlk(x91 - σ)dσ + [ β(σ)-Dlk(x - 1, t - σ)dσ
Jo Jo

( 2 9 ) + W(σ).Dlk(x, t - σ)dσ + [ δ(σ).D2

yk(x - l , t - σ)dσ, 0 < x
JJo

where a, β eS2 and 7, δ e St. The fact that u(x, t) satisfies the equa-
tion for 0 < x < 1 follows from (2.2), which justifies interchanging
the order of differentiation and integration, and (2.1). From Lemma 2,
we shall obtain a system of integral equations for the unknown func-
tions α, β, 7, and δ.

From (2.5) and (2.6) we obtain, upon taking the limit of (2.9) first
as x I 0, and then as x | 1, the equations

a(t) = - — a(t) + [β(σ) Dyc(-l, t - σ)dσ
2 Jo

(2.10)
+ Γ<γ(σ)-D2

yk(0, t - σ)dσ + Γ δ(σ)-D2

yk(-l, t - σ)dσ
Jo Jo
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and

b(t) = Γα(<j).D»fc(l, t - σ)dσ + — β(t)

(2.11) ° t

 2

t

+ Γ 7(σ)D2

yk(l, t - σ)dσ + Γ δ(σ) Dlk(0, t - σ)dσ .
Jo Jo

The limits obtained from the various terms other than those where
Lemma 2 is applied are by continuity which follows from (2.2).

Since

D\k(-l, t-σ)= -DJfc(l, t - σ)

and

D\k{-1, t-σ) = D\k{\, t - σ) ,

we can write (2.10) as

a(t) = —~a(t) - Γ β(σ)-Dlk(l, t — σ)dσ
2 Jo

(2.10)'
+ [\(σ).D2

yk(0, t - σ)dσ + Γ δ(σ)-Dik(l, t - σ)dσ .
Jo Jo

From (2.1)

Dxu(x, t) = — \ a(σ) Dyk(x, t — σ)dσ — \ β(σ)>Dyk(x — 1, t — σ)dσ
Jo Jo

i t ft

7(σ) D P φ ? , £ — o)dσ — I δ(o ) D f̂e(α; — 1, t — <7)cί<7 .
o Jo

Using (2.7) and (2.8) we obtain upon taking the limit of this relation
as x { 0 and then as x } 1, the equations

c(t) = a(t)-k(0, t) + Γ [a(t) - a(σ)]Dσk(0, t - σ)dσ
(2.12) n ° x p

Jo 2 Jo w

and

d(t) = ~Γα(σ).J9σfc(l, ί - σ)d<7 + β(t)-k(O, t)
Jo

(2.13) + Γ ί/3(ί) - β(0)]Dσk(0, t - σ)dσ
Jo

S t 1

γ(σ) jD f̂c(l, ί — σ)dσ — — δ(ί) .

Adding and subtracting (2.10)' and (2.11) gives
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α(ΐ) ± b(t) = - - ί [α(ί) + £(ί)] ± Γ [α(σ) + /3(σ)].D»fc(l, ί - σ)dσ
2 Jo

+ Γ [y(σ) ± δ(σ)]Dlk(0, t - σ)dσ ± Γ [γ(<j) ± h(σ)\D\k(l9 t - σ)dσ .
Jo Jo

Similarly, adding and subtracting (2.12) and (2.13) gives

c(t) ± d(t) = [a(t) ± β(t)]k(0, t)

+ [ {[a(t) ± β(t)] - [a(σ) ± β(σ)]}Dσk(0, t - σ)dσ
Jo

+ [ [a(σ) ± β(σ)].Dσk(h * - σ)dσ + Γ [<γ(σ) + δ(σ)]D»fc(l, ί - σ)dσ
Jo Jo

Setting

φ(t) = 7(ί) + δ(ί) A(ί) = c(ί) -

= α(ί) - β(t) B(t) = α(ί) +

- δ(t) C(ί) = C(ί) +

+ β(t) D(t) = α(ί) - δ(ί)

we obtain the following pairs of equations

-ίφ(ί) + Γφ(σ) -Dl*(l, < - σ)ώσ + ψ(t)k(0, t)
2 Jo

+ Γ [ψ(t) - ψ(σ)]DM0, t - σ)dσ
Jo

(2.14) + [ψ(σ) Dσk0-, t - σ)dσ = A(t)
Jo

t - σ)dσ + [φ(σ) D2

vk(l, t - σ)dσ - —
Jo 2

[ l k ( l , t - σ)dσ = B(t) ,
Jo

and

4 \ , t - σ)dσ + g(t)-k(O, t)

+ Γ \g(t) - g(σ)]-Dσk(0, t - σ)dσ
Jo

(2.15) - Pg(σ) Dσk(h t - σ)dσ = C(t)
Jo

[f(σ) Dlk(0, t - σ)dσ - P f{σ)>D%k(l, t - σ)dσ - l
Jo Jo 2
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- [ g(σ)'Dlk(l, t - σ)dσ = D(t) .
Jo

3 Solution of the integral equations* To facilitate the solution of
the integral equations, we define for suitable functions / and g

(3.1) (Γi/)(ί) =

and

(3.2) (T2g)(t)=- —

Tx is the operator which is commonly called 71/4 (see M. Riesz [4]). How-
ever, it is not immediately clear that T2 is JΓ~1/4 because of the singulari-
ties allowed at the origin in the classes of functions under consideration.
The following example will illustrate the effect of the singularity at the
origin. Let

h(t) = t~1+8 , 0 < δ < -I (hφSJ.
4

Then

^ ( δ ) ./-5/4+δ

Γ(δ-l/4) * '

a function to which ΎΎ (or /1/4) cannot be applied. Using the methods
employed by M. Riesz in the theory of Riemann-Liouville integrals, we
shall show that on the classes under consideration T2 is actually J~1/4.

THEOREM 1. If feSlf then TJ is uniformly (ε + 1/'4)—Holder con-
tinuous on any closed subinterval of (0, T] where the e is that associated
with /eSΛ

Proof. Let t, τe[δ, T],S> 0. Assume without loss of generality
τ < t. Form the difference

Adding and subtracting f(t) in the integrands gives
2 This Theorem is essentially contained in Hardy, G. H. and Littlewood, J. E., "Some

properties of fractional integrals1', Math. Zeit., Vol 27, (1928), pp. 565-606.
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4=/(t).Γ(ί-<7)-"4A7
Jo

+ [ [/(*) - fit)]-it - σ)-°»dσ - fit)-[ (r - σ)~
Jo Jo

- Γ [f(σ) - ff(ί)] (r - σ)~*l4dσ = Af(t)(t114 - τ1/4)
Jo

+ Γ \fiP) - /(*)]• [(ί - ^)"3 / 4 - (τ - σ)-^]dσ

+ \[ U(o) - f(t)].(t - σ)-^dσ = IX + It + 73 ,

say.
Regarding 72, write it as

h = Γ' UiP) - f{t)W - a)-*'* - (T - σ)-«*]dσ
Jo

+ Γ W) - f(t)]'[(t - σ)-3'4 - (τ - σ)-*ι*]dσ = Ju + Jn .
Jδ/2

Using the mean-value theorem

\f(P) -fit) | . [ ( r - σ)-«* - (ί - σ)->'<]

= \f(β) - fit) 13/4 [(r - σ) + θ(t - τ)Γ'*.it -τ),0<θ<l

Since t - σ, τ - σ > δ/2 for J21,

\fi°)-fit)\Λiτ - σ)-sli -it- σ)-3'4] < σ-^t-σYΊf^S^'iSβr^'it-τ

< 3/4 Tε (2/δ)7/4 |/|1.σ-λ(ί - r) = (constant).σ-λ (ί - τ) .

Thus,

IJJ2 [/(^) - /(ί)] [it - σ)-*'1 - (r - σ)-»'«]d

/(σ) - /( ί) | [(τ - a)-*' - i t - σγι*]dσ

ίθ/2
σ~λdσ = (constant) •(£ — r) .

0

Now

~ X Jδ/2

< (δ/2)-λ | / | 1 [ (t - σγ.[(τ - σ)~*'* - (t - a)-*
Jδ/2
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ί - σy.[(τ - σ)"3'4 - (t - σ)-^]dσ .

Set τ - a = (t - σ)s. Then

1 - 8

T ~~σ 1 - s

and

(1 - sY
Hence

τ ds .

I J 2 2 | < (constant) (t - Γ ^ + . Γ " (1 - s)-5'4-s (S-
3'4 - l)ds

Jo

< (constant) (ί - τ)lli+l \\l - s)-5'"-ε (l - s3'4) s-3'4ds
Jo

< (constant) «(ί - τ) 1 / 4 + ε

the latter integral existing for ε < 3/4 since

(1 - s)-5/4-ε (l - s3/4) s-3/4

= s-3/4 (l - s)^1/4-ε (l + s + s2)(l + s3'2)- !(l + s3'4)^1 .
Now

ι/ 3ι<j; !/(*)-

< (2/δ)λ | / | 1 Γ (ί - σy~3l4dσ = (constant) (ί - r) s + 1 / 4 .

This completes the proof. Q.E.D.

THEOREM 2. /eS^

(i) T^T^— JΊ, where IΎ is the identity transformation on S^
(ii)

Proof.

r(i/4)Γr(-i;4)

Γ ΓΓ/(")(* - σ)-3μdσ - [Tf(σ)(τ - σ)-il4dσ~\(t -
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We proceed as in the theory of Riemann-Liouville integrals.
Define

F(μ) =
y

which exists and is analytic for Sΐeμ > —1/4 — ε by Theorem 1. Now
restrict μ so that 9ΐeμ > 0. Then

F(μ) =

Γ(μ)

Γ/(ff)(ί σYdσ
μΓ(μ) )oJK ' κ } Γ{μ)

x (t - τγ-ιdτ .

- σ)-*ι*dσ)

Interchanging the order of integration in the second term and setting
τ — G — (t — σ) s in the inner integral gives

—— Γ /(σ) (t - ^ -
Γ{μ) Jo

Adding and subtracting f(t) in the integrand of this latter integral gives

( ί _ σ

This latter term has a zero at μ = —1/4 since the integral defines a func-
tion analytic for ϋiψ > —1/4 — ε and (Γ(μ + 1/4))-1 is an entire function
with a zero at μ = —1/4.

From the identity theorem from 'function theory'
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Γ(μ + 5/4)

for Wμ > —1/4—ε. Therefore we find that

ΓFΪM) \lίfiσ)(t ~ σrmdσ - ίf(σ){τ -

Thus,

{σ) (t - σ)-ιlidσ

| = f(t)

(ii) All that remains to be shown is that

supίλ-1"|(2'1/)(ί)|< + co .
t

Adding and subtracting f(t) in the integrand we have

tλ~m [f(σ) (t - σ)-*"dσ

fλ-l/4 Ct /λ—1/4 ft

= [/(σ) - /(ί)] (ί - <?)-3l4dσ + 1 /(ί) (ί - σ
Γ(l/4)Jo v Γ(l/4) JovΓ(l/4)Jo

Thus,

tκ

< (constant)- T*|/1 + — — I ί λ ^ L p — n ± U \(T- tf +

< (constant). Γε I/|x + — ^ — Γ λ | / ( Γ ) | < +

Q.E.D.

THEOREM 3. g e S2

(i) T±T2 — I2, where I2 is the identity transformation on S2.
(ii) T2g e Sτ.
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Proof. Part (i) is proven exactly as part (i) of Theorem 2 and part
(ii) follows directly from the definitions of S2 and T2.

Q.E.D.
Consider the following system of equations made up from the terms

with singular kernels in (2.14).

i-φ(ί) + ψ(ί) &(0, t) + Γ [ψ(ί) - ψ(σ)]-Dσk(0, t - σ)dσ = f(t)
2 Jo

(3.3)

Ϋφ{σ) D\W, t - σ)dσ - λ.ψ(t) = g{tf
JO £

where / e Sλ and g e S2. Now

, t-σ) = (
27Γ J -

( t σ ) Γ η e d η

= -—(t -
4ττ

= -—(t - σ)

(t <7) [ r e ^
4ττ Jo 47Γ

Similarly,

DσA;(0, t-σ)= Π&*ί-(t - σ)-5/4

47Γ

and

4ττ

Then using the fact that Γ(3/4) Γ(l/4) = πcscπ/i =

4TΓ Jo

_ _ _ i _ ( Γ ,

Similarly,

(3.5) ψ(t).&(0, ί) + j * [ψ(ί) - ψ(^)] βσ*(0, t - σ)cto -

Thus from (3.4) and (3.5) we can write (3.3) as

3 This is just the system of integrals equations one obtains for the problem on the
half-space (0 < x < «>) (x) (0, T).
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(3.3)'

Using Theorems 2 and 3, we can solve this system of equations by

formally applying ϊ\ and T2. Applying (l/y'sDΓj to the second equa-

tion and adding to the first gives

Since T*TX = Ilf we find that

Similarly, we find that

Thus the solution of (3.3)' is given by

(3.6)

Defining

M =

\
- X T - l I

WΊ ' 2 2

where M is an operator on the product Sx (g) S2 we can write (3.3)' as

(3.3)" MΦ = F

where

and (3.6) as

(3.6)'

Ψ

Φ = SMF.
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Thus,

(3.7) M~x = 8M .

Define for suitable functions:

{Sf)(t) = \ f{σ)*D\k{l,t - σ)dσ
Jo

(3.8) (Uf){t) = [ f(σ) -DJcQ-, * - <>)dσ
JO

(Vf)(t) = \f{σ)'D\k{l, t - σ)dσ .
Jo

In terms of the above defined operators and Tu and Γ2, we can
write the general system (2.14) as:

λφ + Sφ + —ί=
(3.9)

or as,

(3.9)'

where

(3.10) N=(S U \ , F=IA

V S) \B

From (2.2) it follows that all of the kernels in the operators in N are
bounded (in fact, they are C°° functions).

Write (3.9)' as

(3.9)" (I + NM-ι)MΦ = F

where

is the identity transformation on Sλ (x) S2 This is certainly meaningful
since NM"1 is well-defined and likewise (I + NM~ι)M.

LEMMA. All of the kernels in the operators in NM'1 are bounded
and differentiate.
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Proof.

NM-1 = 8

IS U\ I 1 j
2 '

\V Sj

i_Ti\

= 8

2
2

\ z

We shall carry out the proof for ST2. The proofs of the remaining
ones follows exactly the same lines.

For feS2:

lS(TJ))(t)

)3yk(l, t — τ)dτ

Γ(—l/4)Jo\Jo

We proceed as in the proof of Theorem 2. Let

F(μ) =

W\, t - τ)dτ .

This defines an analytic function for 3ΐeμ > —1/4. Now restrict μ so
that ϊRψ > 0.

Then

, t -

Interchanging the order of integration in the second term gives
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Integrating the inner integral by parts n gives

—±—[f(σ)((-l)*[ (τ - σ)"*-*D*τDyc(l, t - τ)dτ)dσ ,
ί (μ + n) Jo V Jσ /

which is analytic for 9ΐeμ > — n.
Thus from the identity theorem we have that

lk^ t ~ τ)dτ

= F(μ) = _J_jV(τ).τ^Z)^(l, t - τ)dτ

f(σ) (ί ί (r - a^^-DWWL, t - r)dτ)dσf StejK > -1/4.+ , T 7 \
I {μ + n)

Taking the limit as μ j —1/4, we get

Γf

 λ

ΛIΛ, t ϊ Γ t/ω - Λ )̂] (τ - σ)- δ ^).ΰ^(l, t - τ)dτ
Γ( —1/4) JoVJo /

/ ( —1/4) Jo

Γ(n — 1/4)

Hence

[S(T2f)](t) = • /

( " 1 ) " JV(^)'(Γ (τ - σf-^.D-Dlk{l91 - τ)dτ)dσ .
Γ(n — 1/4) Jo VJσ /

From (2.2)

1 Γ (r — σ)n-5li-Dn

τDlk(l, t - τ)dτ < (Constant)-Γ (τ - a)n-^dτ

= (Constant)-(ί- σ)n~11* .

Clearly the kernel is continuous and differentiable for 0 < σ < t. In
fact, we could conclude that it is infinitely often differentiate.

Q.E.D.
The above Lemma shows that I + NM~ι is essentially a perturbation

of the identity.. That is, the problem is reduced to solving a system of
Volterra type integral equations with bounded and differentiable kernels.

APPENDIX: Derivation of Estimate (2.2). This appendix is included
at the suggestion of the referee in order to make this paper essentially
self contained.
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From (2.1)

Dlk(x, t) = (2π)-1[°° {-iz)n exp(-izx - z%dz , t > 0 .

Making the change of variable zt11* — y gives

(1) Dn

xk(x, t) = ( - i ^ π ) - 1 * - ^ " ^ 4 ! " yn exp (-iyxt'1'* - y*)dy .

The integral in (1) considered as an integral in the complex plane
is easily seen to be equal to

( 2 ) \ (y + ic)n exp [—ia\y + ic) - (y + ic)A}dy

where c is any real number and a = (#£~1/4)1/3.
Denoting the integral (2) by / we find upon expanding that

j=0 \J

x I yj exp t ~ i(asy + Ay3c — 4yc3) — (y4 — 6yV)]dy .

Using the inequality Qy2c2 < 9R~ψ + Re' with R > 9 it follows that

I /1 < (exp [a3c + (R - l)c4]) tCfj\o \nA~ IV \j exp [-τ/4(l - 9R^)]dy .

Setting

A(n) = max | y \j exp [-?/4(l - 9R
0<j<n (J-oo

we obtain the inequality

I /1 < A(n)(l +\c\rexp[α3o + (β - l)c4] .

Now choose c = -μ(R - l)~1/3α, 0 < μ < 1. Then

α3c + (JB - l)c4 = - μ(l - μz){R - l)-1/3α4 < 0

and

111 < A(n)[l + μ(R - 1)"1/31 a \]n exp [-//(I - μ*)(R - l)"1/3α4] .

Setting

B(n) - {max} [1 + μ(R - l)~1}3z]n exp [-2-^(1 - μ2)(R - l)-^

and replacing a by (#£~"1/4)1/3 we get the inequality

( 3 ) 111 < il(tt)B(n) exp [ - 2 - ^ 1 - /i3)(i2 - l)- 1 ' 8 ^ 4 *- 1 ) 1 7 3 ].
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Estimate (2.2) is obtained from (1), (2), and (3) with

d = (2π)~1A(n)B(n) and C2 = 2-^(1 - //)(# - 1)"1/3
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