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SOME TOPOLOGICAL PROPERTIES OF CERTAIN SPACES
OF DIFFERENTIABLE HOMEOMORPHISMS
OF DISKS AND SPHERES

JACK M. ROBERTSON

Let D,={xe€kE,: |x| =1}, and S*={x€Eps:: |z | = 1.
We denote by H, the space of C= homeomorphisms of D, onto
itself leaving a neighborhood of the boundary fixed. Let K,
be the space of C~ orientation preserving homeomorphisms of
S* onto itself., It is not required that maps in the two spaces
have differentiable inverses. In both space the C* topology
is used.

The purpose of this paper is to establish the following
two theorems:

Treorem 1. H, is contractible to a point for any n.

TueoreM 2. K, s arcwise connected for any mn.

NOTATION.  f(x) = (fi(®y, =+, ®,), =+, fu (@, +++,2,) Where x =
(¢, ++-, x,), or simply f(x) will denote mappings of E, into E,. The
shorter form will be used where the meaning is clear.

The topological analog of Theorem 1 is established by a mapping
described by Alexander (1923)[1]. Smale (1959)[4] proved the cor-
responding result for » =2 in the space of diffeomorphisms on D,
leaving a neighborhood of the boundary fixed. Kneser (1926)[3]
proved that the space of all orientation preserving homeomorphisms of
S? onto S? has the rotation group as a deformation retract, while
Smale gave the corresponding result for the space of orientation
preserving diffeomorphisms on S? in the paper referred to above.
Fisher’s work (1960) [2] gives the analog of Theorem 2 in the topo-
logical case for n = 3.

II. Proof of Theorem 1. Let m(v) be a mapping on I (the
unit interval [0, 1]) with the following properties:
(a) m(v)eC=;

(o) m'(») >0 on (o, %) ;

(¢) m(v)=1 on (% , 1] ;
(d) m@)=e % on <0, 711-> ;
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(e) m(0) = 0.
1= (1 —e W) (1 —mlv)) t # 0,
Now define k(v, t) _{m(v) =0,
on I x I. We see that:
@) k(v,t)e C~ on I x I,
(') k(v, t) is monotonic in v for each ¢e I;

) kv, t) =1 for v = —?l—for all tel:

d) k(v,1) =1 for all ve I;
(") kv, 0) = m(v);

") 0=k(v,t)=<1lon Ix I
The mapping

(1) x— k(|

is in H, for each ¢t. At ¢t =1 the mapping is the identity, while at
t = 0 the mapping has all partial derivatives of all orders zero at the
origin.

The mapping given by Alexander was defined as follows:

tf <_x_) , t # 0 (f extended to be the identity outside D,),
Sfi@) = ¢
x, t = 0.

In the C* topology the mapping of H, X I— H, defined by (f, t) — f;
(the Alexander map) will not be continuous for k¥ = 1. In general,
lim f, # f, because at the origin the derivatives of f, do not converge

t—0
to the derivatives of the identity mapping. However, by composing
the Alexander mapping with (1), we obtain the mapping required in

Theorem 1. Thus define
h:H,x I—H,
by
WS, t) = kf,
where
kfiw) = k(| f(2) F, t) f=) .

In particular A(f, 1) = f for all fe H,, while h(f, 0) is the mapping
given by (1). Because of the form of map (1) at the origin, all
derivatives of all orders of kf, approach zero there and the problem
mentioned above is removed. The argument that k is continuous is
tedious but straightforward.
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IIT. Local straightening of mappings in E,. The proof of
Theorem 2 requires some local straightening procedures for maps in
E, which we now give. For this purpose let L be the space of C*
orientation preserving homeomorphisms mapping U, = {x€ E,:| x| < 1}
into E,, leaving the origin fixed and topologized by the C* topology.
We will use J(f), to represent the Jacobian matrix of f evaluated at
pe U,, and | J(f),| the corresponding determinant.

LemMA 1. Suppose fe L with J(f), = (a;;), » the origin and
(a;;) nonsingular. Then there is a path fie L from f to g, where
g agrees with f in a neighborhood of the boundary of U, and is the
linear map with Jacobian (a,;) in a neighborhood of the origin. Also
for all t, f, agrees with f in a neighborhood of the boundary of U..

Proof. Let o(v) be a mapping on [0, o) with the following pro-
perties:

(@) a(v)eC=;

() o(@®)=1on [0,a), a>0;

(¢) o) =0 for v=1;

(d) o'(v) £0 for ve|0, ).
We see that |o’(v) | < M for some M. Let ¢ < r be chosen so that
for xe U,,
afz (9319 °

ox

(1) |ay; —

ce, ) |<8’€>0;¢: 1,-ve,mj=1,2 -, n.
i
Then for z¢ U,,

(i) |og2, + o0 +anx, — fil®y, co-,2,) | <mnec for 1=1,2, -+, n.
Now define

R R CACARTES

2 e e 2
+t0<®l+ c? 2 >(a11x1+ cee T ALT,

'—fl(wly "’7937;))1 "'9fn(m11 0ty xn)

2 e e o 2
+to<x‘+ = + @ )(amxﬁr cor Al

— fulws e )

At t=0, f,=f; at t =1, f, is linear with Jacobian (a,;) inside a
neighborhood of the origin; for all ¢, f, agrees with f outside U..

The element in the (¢, 7)th position of J(f;) differs from a,; by at
most

Qii — afi(wu M) xn)
J axj
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22, X e
+l ci G,< ) ¢’
( a4 e ad ) < ofi(w,, ---,mn)>|

a/“‘_‘ .

c* afﬂj

T ) @, + -+ i, — il -, 0,)

On U,, | ;| < ¢ so that the expression is bounded by € + (2/c) Mnec +
€ = (2 + 2Mn)e. Hence by choosing ¢ sufficiently small, | J(f;)| will
remain positive on U, for all ¢ so that f, will be a homeomorphism on
U,. Continuity of the path f, in L is immediate from the definition

of f..

LEMMA 2. Let f(2,, -+, %,)=(@u®; + + « « + 01,8, QosXot =+ * F Aoy @y ** *
W) € L with ay «+- a,, > 0. Then there is a path f,€ L such that
a=t= byft(xly Sty xn) :f(wu M) xn) att = a?ft(xn ""mn):(a’nwn Sty
Auu,) 0 a neighborhood of the origin ot t =b, and f(x, -+, 2,) =
flx,, ---,2,) 9n a neighborhood of the boundary of U, for each t.

Proof. We construct the path in » — 1 arcs as follows. Choose
a positive ¢, less than ». Let %k, > 1 be sufficiently large so that
whenever

x4+ kel 4+ o--- + B S e,

we have |z;| <¢,1=2,8, -+, m
Now define

LEVEESREL A

ft(xn ey xn) = (auxx + e 4+ a2, — tU( g
1

(@105 4 = o0 4 @0 ®,)y ooy + <00+ ATy <0y Byuy)
Then f, = f when ¢ = 0 and f, at ¢ =1 is the mapping
(1T Qosy + <00 + ATy, + 0, @,,2,)
in a neighborhood of the origin. For each t, f, = f outside
o + ki + - + ki) = ¢}
so that f, = f outside U,. Also J(f;) in the (1,1) position differs
from a,, by

lt le 0,<‘w{f+£ﬂix§+...+k?x2n>(a12xz+"°+a1x) .

c c

This expression is zero outside the ellipsoid «? + K22 4 -« + ka2 = ¢2.
Inside this, |2, | <e¢, so if |a,;| < M, j=2,--+,n, and Mis a bound
on the derivative of o(v), the expression is at most 1 - (2/¢,) - M(n — 1) -
M, - e. This expression is small whenever ¢ is small (nothing that ¢
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can be chosen independent of ¢,). Thus by choosing ¢ small, | J(f,)]|
will remain positive inside the ellipsoid and f, will be a homeomorphism
for each t.

Thus we assume fe L and for ¢; > 0 with |z | =< ¢; < r the map-
ping is given by

(@05 =y Qigyi @iy Qs + Qipii@ipy + 2o + QT
Qitr,i+1Ti01 T 000+ Qipr,n@ny =00y )

Let k; > 1 be sufficiently large so that whenever af 4+ --- 4 @} +
ki, 4+ <+« + kel < ¢, it follows that |a;|<e, j=14+1,---,m.
Define for ze U,

ft(xu M) mn)
= (fl(xlv Sty xn)! "'yfi—l(xu ] xn)rfi(xlv Tty xn)

_ w(, T e W Ml 717 28 e i . 10
c;

fi'H(mU ) xn)’ "'rfn(xly ) xn)) .

)(ai,i+1wi+1 + oo+ a®,) ,

For the proper choice of &, we can repeat the argument given above.

LemMmA 3. Suppose f(x,, »--, x,) = (@, +++, a,x,)€ L, a; >0 for
all ©. There is a path f, in L from f to a mapping which 1is the
identity in a meighborhood of the origin, and f,=f for all t in a
neighborhood of the boundary of U,.

Proof. First, if a > 0 let p(x) be a funection on (— oo, c0) with:
(a) p(x)eC=;
(b) P'(x) >0 on (— oo, o0);
(¢) p(x) == in a neighborhood of the origin;
(d) »(x) = ax outside (—s + a, s — a), a > 0.
We again construct the arc in segments. Choose s, < 7 and define

ft(xlv M) xn)
2 LRI 2
= (alxl + ta( 2 o+ 7 an ) @ () — ay), @, 2, <+ -, anxn> ,

1

where o is defined in Lemma 1 and p,(x,) satisfies properties (a) — (d)
above for s=s,. At ¢t=0, f, = f; at ¢t = 1 in a neighborhood of the
origin f, is the mapping (x,,a,%,, +--, a,2,). Also for all tel, f,=f
outside the cylinder o} + --- + 22 <8, —s, =<x, <s,. J(f,) in the
(1, 1) position is
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2 o o o 2 2 ® o e 2
[1 —_ tO'( x, + 5 - >] a;, + to < i g2 + 2 ) pl,(xl) ’
1

1

which is positive for all £ on the cylinder given above. Hence f, is
a homeomorphism for each ¢.

Now there is an s, with 0 < s, <s, so that on the cylinder
o F st e a8, —8, <2, <5, the mapping is given by
(2, @y, -+ -, a,x,). On this cylinder define

2 2 e 9
P v ) = (sa + to (BEEE e 0L )

s;

X (pefas) — ay,), Q3 Xsy <2+, @, xn) .

Here p,(x,) satisfies conditions (a)-(d) given above with s = s,. Repeat-
ing the process we complete the desired path.

IV. Proof of Theorem 2. The proof now consists of fitting
together properly the mappings already constructed.

Let fe K,. Then there is a point p on S so that f has non-
singular Jacobian at that point. Let (0,, P,) be a coordinate neighbor-
hood where 0, = S™ — p,(p, antipodal to p») and P, an associated
stereographic projection. Now there is a path e,, t € I, in the rotation
group on S™ so that ¢, is the identity map, e,f = ¢ leaves p fixed and
Pe,f)P;* = PgP™ has a triangular Jacobian with positive diagonal
elements at the origin. Let C be a closed disk on S" so that for
some r >0, U, c P(C). Applying Lemmas 1 — 3 there is a path
(PygP), tel, in the space of mappings on U, from PgP"' to a
mapping which is the identity in a neighborhood of the origin.
Furthermore, for all ¢, (P,gP?), agrees with P,gP* for all x e P,(C)
except on an interior set of U,. Define g,c€ K, by

_ (PTY(PgP) P, on C
~ |g outside C.

9.

Then g, = g and g, is the identity in a neighborhood of p.

Next let C, and C, be two closed sets covering S" where C; is a
circular disk on S™ with p the center of the disk, and so that C, is in
an open set left pointwise fixed by g¢g,. We further assume p¢C.,.
Let (0,, P,) be a coordinate neighborhood with C, < 0, = S — p and
P, an associated stereographic projection. Then except for a trivial
dilation P,g,P;* is an element of the space H,. By Theorem 1 there
is a path (Pg.P;Y), from P,g,P;* to the identity map on P(C,. We
now define &, < K. by
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- P (Pyg,P;"),P, on C,
"~ g, outside C,.

t

The path from f to the identity map is now complete and Theorem 2
is established.

The spaces H, and K, are intermediate spaces to the topological
spaces of Alexander and Kneser, and the diffeomorphism spaces treated
by Smale. It is interesting to note that methods used in this paper
are related to methods used in the larger nondifferentiable spaces and
the smaller differomorphism spaces. Alexander’s mapping is altered to
give Theorem 1, while Theorem 2 parallels Smale’s work.
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