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A BRANCHING LAW FOR THE SYMPLECTIC GROUPS

WILLARD MILLER, JR.

A “‘branching law”’ is derived for the irreducible tensor
representations of the symplectic groups, and a relation is
given between this law and the representation theory of the
general linear groups.

Branching laws for the irreducible tensor representations of the
general linear and orthogonal groups are well-known. Furthermore,
these laws have a simple form [1]. In the case of the symplectic
groups, however, the branching law becomes more complicated and is
expressed in terms of a determinant., We derive this result here by
brute forece applied to the Weyl character formulas, though it could
also have been obtained from a more sophisticated treatment of
representation theory contained in some unpublished work of Kostant.

The Branching law. Let ¥V be an mn-dimensional vector space
over the complex field. The symplectic group in » dimensions, S,(n/2),
is the set of all linear transformations a € & (V"), under which a non-
degenerate skew-symmetric bilinear form on V* X V™ is invariant,
[3]. If ., -> is the bilinear form on V* x V" and ae &(V"), then

(1) aeSyn/2) if and only if {ax, ay) = {x,y> for all x,ye V".

It is well-known that S,(n/2) can be defined only for even dimensional
spaces, (n = 2u, ¢ an integer). It is always possible to choose a basis
eye, t=1+-- ¢ in V" such that

(2) <ei:e:i>:<e:’e;>:01§i!j§#
ey, €5 = 05 .

We assume that the matrix realization of S,(¢) is given with respect
to such a basis [3]. The unitary symplectic group, US,(#), is defined
by

(3) USy(12) = Sy(p) N U2p)

where U(2y) is the group of unitary matrices in 2 dimensions. The
irreducible continuous representations of US,(¢) can be denoted by
TR where f), fi -+, f. are integers such that fi=zf, = -+ =
Surzfuz 0.
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Let ac US,(¢#). The eigenvalues of a are
€1y Egy * 0y &y, efl, 62—17 ct 54—;1

where |¢,| =1, 1 <7 < g, (see [3]). The character of the representa-
fu is given by

.....

()_ lsll_e-‘ll 812_6_12 ...,el#__s'—lih[
T | — g7# gttt —gmHH Lee g — g7

L=fi+p—it+1,1=<e=p.
The vertical lines in the numerator and denominator of (4) denote two
determinants whose jth rows are obtained by replacing the symbol ¢
by Eje

Let *wy,..., fu and ““o,,..., Gut be irreducible representations of the
groups US,(p), US,(¢ — 1), respectively. Denote by R/1j/+ the
the multiplicity of *~'w, ..., Ous in the restricted representation *wy,..., r
US,(x — 1) which is obtained by restricting “@w to the subgroup of
US,(¢t) consisting of all matrices that leave the basis vectors e,, e,
fixed.

THEOREM 1. Rjv:je =0 unless fi=g; = fiyey 1St = p—2.
If these conditions are fulfilled, then

(5) R

0”, 1
fi—a.+1, fi—9:+2, fi—9g,+3,
’”fl_g}l.~2+#—2?ﬁ_gu~l+#_1?ﬁ+#
D,, fo—9.+1, fi—gs+
"fz'_gfx—-z'i‘ia_saf‘z_gu—l‘l‘f"_Z,f‘z'l'f"—'1
0 Dy, fi—gs+1,
"'fs—gn—2+#_4yj:%_“g,u.—1+ﬂ_3’f3+#—2
0 0 D, . . .
=10 0 0 cee o .
° * fp—2—g,u.—2+1y fy—z_gp.—1+2’ fp.—2+3
Dp.—1,p.-2 fp.—f‘gp.—l’f‘l: f;w—l""z
0 0 0 eee 0 Dy.,/.z.—l f;h+1

where Dy, = max|[fiy, —9;,0], 1=t =p—1.

Proof. The dependence of the character of the representation
“Wy,,...,r, on the eigenvalues ¢, ---,¢, of ae US,(¢) can be explicitly
exhibited by setting

F'Xfl:---»f“(a) = MXfl ,,,,, f“(‘sl’ °t % e,w) .
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The restriction of “wy,..., s, o US,(# — 1) can be accomplished by
requiring that ¢, = 1. It follows that

( 6 ) “x.fl,---’f“(eu vy Euy 1)
= SR Loy a5 )
Gy 2%y Gy »

We will calculate the constants RJr.:;J* by carrying out the decom-
position in equation (6). If we take the limit as ¢,—1 in the

character formula (4), we get

( 7) #Xfl ----- f',.(ely *tcy Eumy 1)
gh — gl gle — gl eee g — grln
e — g7t gl — gyl coe el — grtv

11 -l lg —la lu —lu
Gl — Gk Gk — €k eee &, — g

A , vee L

e — et et — grrtt ... & — &

—_ -1 - —_
e — e ehTl — gpit € — &°

. . .

ey — &t et — ettt e g, — &L
y7’ U’ — 1 eee 1
Set s(J) =(e) — (&), 1st=sp—1

di=¢+¢e'—2,1=i=sp—1.
It is easy to verify the formula
(8) si(n — d; = s;(n) — 2s;(n — 1) + s;(n — 2) .
Also, the relation
(9)
s;(n)=d;[s(n—1)+2s;(n—2)+ - -« +Eks;(n—k)+ - - - +(n—1)s;(1)]+ns;(1)

can be established by induction on (8).

Consider the determinant in the denominator of equation (7).
Using obvious abbreviations, we have
(10)

s(12),s(pe—1),+ - +5(2),5(1) | =
#’#_—]_’...2 , 1
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= |s()—s(p—1),8(t—1)—s(—2),- - - ,5(2) —s(1),5(1)
1 , 1 eee, 10,1

(1) —2s(pe—1)+s(p—2), s(—1)—2s(p—2) +s(p—3),
o o :,8(2)628(1), 8(11)

= | s(¢) —2s(pt—1) +s(p—2), s(pr—1)—2s(pt—2) +s(£—3), - - -,5(2)—2s(1) |
=i s(u—1), s(=2), +++,5@), 3D | -

Equation (8) was used in the last step of (10). The quantity |-|
stands for a determinant of order p — 1.

Now, consider the numerator of (7).
We have

(11)

s(l), (s(le), -+ +,s(l,) | = (using (9))
ll y l2 y ° % l/.c

dls(li—1) 4« + + (= Ds(D]+Lis(), -« -, d[s(lu— 1)+« - - + (1. —1)s(1)]
+1,8(1)

ll y *° % w

d{[s(l1—1)+ cee (1, —1)s()]— —ll—‘-[s(lﬂ—1)+ e +(l“—1)s(1)]}, e

=1,

oo @[5 =D+ -+ (= D3]
- Lot o1+ - DT

'3
Set q(i) = s;(l; — 1) + 28(l; —2) ++--+( —Dsi(1), 1=i=p, 1=
j = p—1. Then, we find that the numerator of (7) is equal to

Bog(rn), < (= 1) = L=

l}"

= T dl, | g(1), ¢(@), -+, q(r — D) |

i=1

- ll l q({,t), Q(z)y q(S)y 0y q(# - 1) r
— b la(1), q(1), 9(3), +-+, (e — 1)
— = lu-—-l l Q(l)y (I(z)y ctty q(# - 2)’ q(#) II} .

Dividing the last expression in (12) by the last expression in (10), we
cancel the factor [[/5'd;,. Thus, to caleculate Rjr.:/* it only remains
to expand the determinants in (12) as linear combinations of de-

terminants of the form

(13) l s(hl)’ S(hz), ety S(hu-—l) l'; hx > 00 > hp.~1 > 0.

12 L 1T dfe® —4-q@, o@ -

Set p;=¢9;+p—1 1=i=p—1. Then Rjr:=/* will be the

Sp—1
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coefficient of the determinant
| s(p1), (p2), *++, (Do)
in the expansion of (12). It is straightforward to show that
Ly = Z8gno Lo — P Lot = P+ * Lotumy — D) Lot

where the sum is taken over all permutations ¢ of the integers
1,2, ..., #. The quantity

(14) Rfv::

li—p;ifl;—p; =20

5 l,—p>=
(1) <'L p!> 0 ifl,,_‘p]<0.

Thus,

(16) Ripzodr = Kh—pp, <bi—=pp - {—pu), L
<l2 - p1>; <l2 - pz) e <l2 - pp.—1>; l,

<lM - p1>: <lﬂ - p2> M <l;1. - pu—1>r lp.

An analysis of expression (16) yields the theorem.

COROLLARY. R jr? = Rivifua

Proof. Direct verification from expression (5).

It is well-known that the continuous irreducible representations of
the n X » unitary group U(n) can be denoted by "v;,...,, Wwhere the
integers fi, f3 *++, f. can take on all values consistent with f, = f, =

«+ fu, [3]. We make the assumption that f, = 0.

U(n) contains a subgroup G(n — 2) = U(n — 2) + E, where E, is
the 2 X 2 unit matrix, which is obviously isomorphic to U(n — 2).
(see [1], page 16 for the notation). We identify G(» — 2) and U(n —
2) by this isomorphism. Thus the irreducible continuous representa-
tions of G(n — 2) Will be denoted by "y, ..., .

Denote by My /» the multiplicity of "y, ..., , in the restricted
representation "y, .., /G(n — 2). The quantity M jrog» . can be
computed from the Weyl character formula for the 1rreducible re-
presentations of U(n) in the same way as we have done for the
irreducible representations of US,(z). We give only the results of
this computation.

THEOREM 2. Let MJ:: Mu+1 be the multiplicity of *~'v, "
(U — 1) as deﬁned above.

----- Ty—1

..... ”._‘_1
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Mfly"'yf;l.,o —_ Rfly‘."yfu.
g1t 9u—1 9157099y —1 *

COROLLARY. DMJrojr = Rjvinie .

S Iu—2
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