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AN ASYMPTOTIC PROPERTY OF THE
EULER FUNCTION

R. J, MlECH

Let φ(ri) denote the Euler function. The starting point
of this paper is the simple observation that if p is a prime
then p and φ(p) + 1 = p have a common divisor which is greater
than 1; its conclusion is: if {mk} is the sequence of positive
square free integers which have h prime factors, where fc ^ 2,
then the number of integers mk not exceeding x such that mk

and φ(mk) -f 1 have a common divisor other than 1 is asymp-
totic to

(log logx)k~2,
logx

where 4 is a positive constant that depends on h.
The source of the problem under consideration was a

question raised by Gordon in the course of his investigations
of Hajόs factorization of abelian groups. The question was:
are there integers n9 other than primes and their doubles, such
that φ(n) -f 1 divides n. This is still an open problem.
However, if we relax our demands, as we have done above,
it is possible to prove the asymptotic relation stated there.

One of the main results needed to establish the first assertion of

this paper is:

LEMMA 1. Let a be a positive integer and bu ,bk be a set of

integers such that 0 < 6* < a and (bif a) = 1 for i = 1, 2, , k. Let

b[, , bq denote the distinct integers which appear in the sequence

bu '' , bk and suppose that b) appears τ5 times for j = 1, 2, , q.

Let π(x; a, bu •• ,δfc) denote the number of square free integers n

not exceeding x such that n = pφ% pk where Pi is a prime and

pi ΞΞ bi mod a for i = 1, 2, , k. Then for k ^ 2 we have

/ Ί Ί \ -L fϋ AOK2 *" I
7T\X\ a, Oίy , ok) — ~ 1

rΛ rΛ ωk(d) los* x L
r j rq\ φk(a) log x

uniformly for a ^ logfc+1 x, where logj x is the jth iterated log-

arithm of x. The constant implied by the έ?-term depends on k.

The proof of Lemma 1 is based on a generalization of one of

Wright's ideas [2] We begin this proof by listing several known

results about primes in arithmetic progressions.
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LEMMA 2. Let π(x; a, b) denote the number of primes not exceeding
x which are congruent to b modulo a, where 0 < b < a and (a, b) — 1.
Then if

a S exp [c± log xβog2

 χ] >

where cx is an absolute constant, we have

π(x; a, b) - —f- —*— Γ
9?(α) log x L

Γl + ^ (
log x L \ log x

except, possibly, for a set of integers {a'} all of which are multiples
of a single integer a" which, in turn, is greater than log4 x, where
A is any fixed positive constant. The constant implied by the ^-term
depends on A.

See Chapter 9, Theorem 2.3 of [1] for a proof.
Frequent use will be made of the following form of this lemma:

if log x ^ u and a ^ ίog2 x then

π(u; a, b) - f
φ(a) log u L V log u

where the constant implied by the ^ - t e r m is independent of u and x.
We shall also employ:

LEMMA 3. If a < x then there is an absolute constant c2 such
that

π(x; a, δ) ^
φ{a) log(x/a)

See [1], Chapter 2, Theorem 4.1 for a proof.
The next lemma is a straightforward consequence of Lemmas 2

and 3.

LEMMA 4. If x ^ 27, 0 < δ < a and (a, b) ~ 1 ίfeβπ

Σ — — —~,— i°g2 # + ^
p = ϋ mod α / % /

uniformly for all integers a ^ 2 log3 α;.

The balance of this section deals with the proof of Lemma 1. As
for notation, a, bu •••, and bk will be the integers defined in Lemma
1, any prime pi which occurs will be congruent to b{ modulo a for
i — 1, 2, , k, and a prime on a summation symbol (as in 2 ' ) will
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indicate that any prime j>< appearing in the index of summation is
congruent to b{ modulo α. The symbols clf cif will denote constants
that depend, at most, on km We also assume that k ^ 2.

LEMMA 5. Let

L(x; α, 6X, , bk) =
jy *>&£* Pi Pk

where the primes p{ run independently through the residue classes
hi. Then if x ^ cz we have

L(x;a,bu . . . , 6 * ) = - ^ - l o g ί a?Γl+ ^(-iSStfL
9> (α) L \ log2 χ

uniformly for a :g log3 a?.

Proof. Since

and since α is chosen so that

a ^ log3 a? ̂  2 log3 ^1/λ: ,

Lemma 5 follows from Lemma 4.

LEMMA 6.

&(x; a, &!,-.. 6λ) = X ' log ^ pk

where the primes Pi run independently through the residue classes
bi. Then if x > c4 and a g logfc+1 x we have

; o f 5 l f , 6,) - - A - x log}"1 a?Γl +
9?*(α) L log2 x

The proof is an inductive one. For k = 2 we have

φ ; ; α, 6lf δ2) = Σ ' Σ ' ι°S Pt + Σ ' Σ ' log p2 .

Now, the first double sum on the right hand side of this equation
can be expressed as the sum of three double sums, Σi> Σs> Σ s whose
indices of summation are

Pi ^ ff/log x px g log α?, p2 g a /log a? log x < pλ <L x/p2

x/log x < p 2 S x Pi^ x/Pz ,

respectively. Let us consider χ 2 first. We have, by Lemma 2



98 R. J. MΪECH

Σ ' i°g Vi
log x<ρ1£xlp2

1 )1.
g2 x / JΊ>2 ^ P2 lθg:

Moreover, since 2 Iog3(#/log ^) ^ log3 x ^ α, Lemma 4 can be applied.
Doing so we find that

Σ ' Σ ' log Pl = —g— log2 x\

A straightforward application of Lemma 3 will lead us to tolerable
bounds for Σ i a n ( * Σ s ^ w e ^° ^^^s a n ( ^ ^ e n apply the same
argument to the second double sum that appears in the equation for
&(x; α, bu b2) we will have our result for k — 2.

Let us go on to the induction. Set

f(x/Pi) = &(%/PΪ, a,,bu , δi-!, δ ί + 1, , &fc+1) for 1 ^ i S k + 1,

g(x/Pi) = I/(a?M; α, 61? , &ί_tJ δ i + ι , , bk) for l ^ i g ί ;

g(x/Pk+i) = L(x/pk+1; a, δ2, , δΛ)

and

fe^/Pi) - /(»/ί>i) " WφiaMx/pMΦi) for igi^HL

Then, since

Λa?(α; α, δ2, , δΛ+J) =

and since for 1 ^ i S k,

L(x;afbu •• ,bk) = Σ

it follows that

; α, δj, , δfc+1) — - xL(x; α, δx, , δΛ)
(α)

α;L(α, δ2, , bk+1)
φ(a)

k+l

"Now, if Pi ^ a /log x then x/pt ^ log a; and Iogk+I(x/Pi) ^ log/c+2 a; ^ α.
Thus, by the inductive hypothesis and Lemma 5, we have

Σ' Hx/Pi) = Λ-^T- (logs x) log?"1

Pi^xβogx Lφlc+1(a)

If, on the other hand, we have x/log x < Pi S x then x/p{ S log x,
and we can show, by referring to the definitions of the quantities
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involved, that

Σ' f(χ/Pi) = ^\-ϊ£ϊrτ ( l o^ *> lo^~ ι A

and

Σ'
<

Σ fτ flr(α/2>*) ^ Γ τ s r τ
as/log *<ί>i^* φ(μ) Pi Lφfc+1(a)

In short, we have

( l o g 3

—--xHx;a,bu - Ά )
φ(a)

φ(a)

k Λ 1 &_! 1

——— iog3 x iog2 a; .

Lemma 6 follows from this formula and Lemma 5.

LEMMA 7. Let d(n; a9bl9 , bk) be the number of representations
of the integer n of the form n — p± pk where Pi = bi mod a for
i = 1, , k and the primes p4 run independently through the residue
classes bίm Then we have

^ * φ \fl) log a?

uniformly for a ̂  logA+1 a?.

Proof. Set eZfc(w) = d(w; α, bu , δ&). Then we have

ΰ-(x; a,bu , &Λ) = Σ dk(n) log n = ( Σ ^fc(^)) lo^ «

Since dk(n) ^ fe! and since dk(n) is positive only if n = bt bk mod
α it follows that

Thus

u) ^ - M - ^ - 4 ~ - (logs ^)(log|-2 a?) .
φ(a) φ lc(a)

These results, along with Lemma 6, give us Lemma 7.
We are now in a position to prove Lemma 1. Set

e(n; α, bl9 , 6*) = μ\n)d(n; α, 6lf , 6fc) ,
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where μ(n) is the Mδbius function. Then

0 ^ X d(n; a , b u , bk) - Σ e(n'> a , K , bk)

' ' %+l9 ' k φk~\a) log x

Consequently

n$χ ' ' Φk(a) loor x Lφ

This completes the proof of Lemma 1 since

π(x; a, bu , 6fc) = —• Σ Φ) a, K , M .

2» In this section we shall prove the assertion made in the
introduction of this paper. To that end, let Φ'{k, x) denote the number
of integers in the set

{m : 1 < m <L x, m = pu , pk, μ\m) = 1, (m, φ{m) + 1) > 1} ,

and let Φ(k, x) be the number of odd integers counted by Φ'(k, x).
Let % be a generic symbol for an odd positive square free integer
which has j prime factors, for j — 1, , k.

Our first goal is formula (3) below. Suppose we have n = nk =
Pi Pis, d I (n, φ(n) + 1), and d > 1; then d is a square free integer
which has j prime factors where 1 ^ j ^ k — 1. Thus if we set

A(wy) = {nk_3 : n ^ f c - i g x, (%, ^_ y) = 1, φ{nsnk_d) + 1 Ξ 0 mod %}

an elementary combinatorial argument will yield the equation

Φ(k, x) = g ( - i)'+1 Σ Σ

Consider next the quantity

(1) Σ Σ 1.
l i x<nj^x n^^jQAinj)

Since we have % = pL py at least one of the prime factors of njf

say pu must be greater than (logfc+1 xflj = z(j, x). Moreover, if %
and nk_j are relatively prime integers such that

k^3) + 1 Ξ= 0 mod ^ 5

we then have nόnk_ό — pxnk_λ and

Λ-i) + 1 Ξ 0 mod Pi .
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Consequently the quantity (1) is bounded above by

(2) β) Σ Σ l,
\J/Pl>z(.3,x) njceAi^

ίk\for any integer n3nk_3 which appears in (1) will appear at most ί .]

times in (1) and at least once in the double sum of (2). If we set
z = z(h, x) = (logfc+1 x)llk we have

( 3 ) <D(k n\ = V (— 1V+1 V V

where

s = Σ Σ i.
Pl>z nk_ιGA(nι)

We shall now show that if k ̂  2 then

(4) g(-i) '+ 1 Σ Σ

log x

where ak is a constant that depends on k.
Consider any fixed % which appears in (4). If nk_3 e A{n3) then

(w*-i, %) = 1 and φ{n3)φ(nk_3) + 1 = 0 mod n3. Thus, if (nh φ{n3)) > 1
the set A(n3) is empty. On the other hand if (φ(ns), n3) — 1, and
nk_j = p i + 1 pkf we have the congruence

( 5) (pj+1 - 1) (pk - 1) ΞΞ i(%) mod %

where £(%) is chosen so that I(n3)φ{nά) == — 1 mod %. Furthermore,
if p3+1 pk is a set of primes that satisfies (5) then there is a set
of integers lj+1, •••,?* such that

( 6 ) lj+1 lk ΞΞ Z^j ) mod %j

(7) (1 + Z<, %) = 1 for i = j + 1, , k ,

for we need only take Z< so that ^ == 1 + l{ mod w,-. Conversely, if
lj+1, , and lk are integers which satisfy (6) and (7) then there are
primes pj+1, * ,ί>* which satisfy (5). Note also that the number of
distinct solutions of (6), where two solutions, li+1, , lk and Γ3+1, " ,l'k,
are said to be the same if and only if both contain the same integers
modulo a to the same multiplicity, obviously does not exceed φk~j~\a)\
thus the number of solutions of (6) which also satisfy (7) is bounded
above by φk~*~\a).

Now, suppose t h a t (%, φ(n3)) = 1, let lj+u •••,£& be a set of

integers t h a t satisfies (6) and (7), and let δ; = 1 + l{ for i — j + 1, , k.
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Then we have

R. J. MIECH

Σ

where {δ/+i, •••,&*} runs over the sets of integers we get when
{Zi+1, •••,?*} runs over the distinct solutions of (6) which satisfy (7).
Lemma 1 will be applicable here if

but this is the case if % S logfc+i x since

logk-s+1(x/nj) ^ logΛ_y+1(a;/logfc+1 x) ^ logJfe(a;/logJSί+1 x) ^ logfc+1 x ^ %

for x ^ Ci, cx being a constant that depends on k. Consequently if

j ^ k — 2 and % g logfc+1 a; then

) JL y - ^( 8 )
φh"3{ns) log a? log2χ

where a(n3) is an integer such that α(%) ^
implies that (8) also holds if j — k — 1.

If we take j = 1 we have, by (8)

Lemma 2

( 9 )

Set

Σ
a; log2

fc-2

x
log x | V l o g 2 a; / J "

Φ i )

Since α(^) ^ kφk~^(n^) this infinite series converges. Furthermore,
ak Φ 0. For, since % is a prime, say nt — pu aip^) is the number of
solutions of the congruence l2 lk = 1 mod p1 such that (1 + lu pλ) = 1
for ΐ = 2, , A. Since the set of values Z2 = ί3 = = ϊ* = 1 satisfies
these conditions we have a(n^) = α(Pi) > 0 for ^ ^ 3, i. e. ak Φ 0.
In short, the left hand side of (9) is equal to

log a? og'k+i X ' J '

where ak is a positive constant.
If 2 ^ j g k — 1 then we have, by (8)

Σ
l

log a;
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Formula (4) follows from this and preceding result.
The main problem that remains is that of finding a reasonable

bound for the quantity S where

Σ
and z = (logfc+1 x)llk.

To t h a t end, fix px and define B(pu i) to be t h e set of integers
p2 pk in A(pj) such t h a t i — 1 of t h e prime factors of p2 pk

are less than px and k — i are greater than pu for i = 1, •••,&.
Then

(10) s^ΣΣ Σ i.

If we fix Pi and i, where 2 <Ξ i <£ k — 1, we have

Σ i - Σ Σ
β B ί i )

where each of the prime factors of p2 pi is less than p1 and C,
which depends on plf , and p^, is the set of integers pi+1 pk

such that p y > p1 for i > i, p1 p ^ + 1 p& is square free and less
than or equal to x, and φ{px •••pi) + l = 0 mod j>1# Similar statements
can be made when i = 1. If we fix p l y , and p f our problem then
is that of finding primes pί+u , and pk such that

(p<+1 - 1) (pk — 1) ΞΞ I mod pί

where I is an integer, relatively prime to pu that depends o n ^ , ,
and p^ Let D be the set of (k — ί)-tuples

{(6i+1, • , bk): (6 i+1 — 1) . . - (6A — 1) = ί mod P l , 0 ^ 6 , ^ ^ } .

Then, holding pu p2, , and p< fixed we have

y 1 < v y 1
i?i+l""2'A;Sc' (δi+iι t &^62> pv- pkt£x

Pl<Pj=bj mod pvj>i

If we fix (6<+1, , bk) and let (δ +1, , b'k) run over the (k — i)-tuples
we get by permuting the integers bί+1, , and bk we have

y i < y y i

where £7 is the set of integers

{Pi+ι - - - Pk: Pi - -' Pi - - Pk ̂  %, Pi < Pi+i<

< Pk, Pj = b'j mod plf j > ί} .

Now, fix (b'i+u , bk). If pi+1 pk is in E it follows, by induction, that
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1

Plc-r ^ (X/Pl ' ' ' Pk-r-l) '+1 = t(r)

since px pk-&k ^ a? and ί?Λ_(r+i) ^ P^-r for r = 0,1, , k — (i + 1).
Consequently we have

x
Σ Σ Σ ( ; p »
H+l Pk-r Pk-i ^ Pi ' ' ' Pk-1

where the prime on the summation symbol indicates that px < pk_r <Ξ t(r)
and pk_r == b'k~r mod p1 for r = 1, , k — (i + 1).

Split the quantity on the right hand side of (11) into two sums,
2 i and Σs The index of summation of 2a w ^^ be those integers
Pi P*-i s u c h that pip2 pk^ ^ α;1"5, where δ is a positive number
that will be chosen later; the index of summation of χ 2 will be those
Pi Pk-i such that p\p2 pk^ > a;1"5.

We have, by Lemmas 3 and 4,

= 2 J ' ' ' 2U

c* x Ml §, T)φ{Pi)Pi - - - Pi log x
Pj = b mod V\

c i -^-logt^x,
Pi log x

where cs, c4, are constants that depend on k and δ. If we sum
on (b +1, , b'k) we have

x logo"*"1 x
77—^
(Pi)Pi "'Pi

since there are at most (k — i)l permutations of 6ί+1, , bk. Summing
on (bi+u , bk) yields

,*-*"1 x
(6y+1,.»,6jb)6D φ(Pl)Pl '"Pi lOg X

for there are at most φ^^iPί) (k — ί)-tuples in the set D. Since
Pj < Pi for j = 2, , i we have

v - v v < C6 / v 1V"1

 τ logf"'"1 a?
2 J 5 — 2-1 2J4 ^ 7 Γ Zl j X

(P)P \ P
φ(Pi)Pi \p<Pi P ' log X

px x log^-1 x
~ φ(Pi)Pi log x

Since we have the restriction i ^ k — 1, we have

V - v 1 v < •> log!"2 Pi x logt2

2-i6 — 2-ι 2 J 5 = C8 :—r ^
log X
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Finally, since px > z, it follows that

^^ x logf ~2 x

n>z ~~ log x y Ί Γ

In short, we have

(12) Σ Σ Σ
log x i / z

where the summation is restricted to those integers px and nk_ι =
2̂ Pk for which p\p2 p ^ ^ a?1""8.

Let us return to (11) and deal with ^2, i.e. with those integers
Pi * Pk where p\p2 p^ > x1"8. Under these circumstances we
have

( x Λ c x8

7Z[ , Pιt Uk I ^ TL\PitV , Ply Uk)

\Pi -Pk-i '
log xδ

Since we also have, for 0 g a < 1,

i
J)Ξ6 mod P!

we can prove, by induction, that

1

y.δ+1-τ

Thus if follows that

where /3 = /S(i) = ! — (& — i)""1. If we now sum on (6 +1, , b'k) and
Φi+u bk) we obtain a quantity that is bounded above by

Omit the summation on i for the moment, and divide the sum

Σ Σ sί+*/(Pi Pi)β

into two parts, the first, ]£7, being that part where pλ ^ α;ε, the second,
2,8> being that part where px > x% ε being a positive number that
will be chosen later. We have, since pά < p1 for j = 2, , i,

— V V
/ 1 \*

= \ 2 J — T ) A = C8^
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where λ = i( l — β)ε + d + β. Furthermore since

it follows that

X ^ Pi PiPi+i p* ^ ί>f"<+1p2

1

V . < V _i_ V
*S P? Pa-Pi^x/pf-*"1-1 (ί>2 PiY

Set ε = l/(2ft) and δ = l/(4fc). Then l + < 5 - s = l - (4ft)-1, λ ^ 1 -

(4ft)-1, and

2-XΊ ~Γ 2-Λ& = ^l l k 4

A summation on the ί's yields the inequality

k-l

(13) ΣΣ Σ
> i l 6£
ΣΣ Σ

ρχ>z i

where the summation is restricted to those integers px and nk^ = p2 pό

for which Pip2 pk_± > x1"*.
If we return to (10) we see that we must find a bound for that

part of S corresponding to i = k. If we have nk_± — p2 Pu in
B(pu k) then, by definition, pd < p1 f or j = 2, , fc and

(3>2 ~ 1) (ϊ>* - 1) - 1 = 0 mod ^ .

Once again we have a two way split. On one hand we have

Σ
eB{

for the obvious reasons. On the other hand, if px > xllk then
p2 ' pk ^ a:1""17* and

V V 1 < V VI
/ j x j -I- r= y^ J y ι •*-

>l/fc eB(k) S 1 1 l k

 x>zUh
a—Pjfe)-D

Since the number of prime divisors of φ(p2 ί>fc) — 1 which are
greater than xllk does not exceed k this last double sum is bounded
above by kx1"11*. Therefore, we can conclude that

(14) Σ Σ l^w1-1*.
pχ>z nk—1eB{P1,k)

Let us assemble our results. Items (10), (12), (13), and (14) imply
that

(15) flf=^Γ^
L log x V z
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Relations (3), (4) and (15) yield

) akxψ
log x

where z = (logfc+1 xflk. Since Φ'(k, x) was defined to be the number
of positive square free integers m less than or equal to x which have
k prime factors and which have a factor in common with φ(m) + 1,
and since Φ(k, x) was defined to be the number of odd integers counted

by Φ'(k, x) we have, for k > 2,

<P'(fc, x) - Φ(k, x) + Φ(k - 1, x/2) - (akx log}"2 a?)/log x .

If fc = 2 then

$'(2, α;) = Φ(2, α?) + π(x/2) - (at + l/2)α?/log a? .

These are the results we set out to prove.
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