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A SUM OF A CERTAIN DIVISOR FUNCTION
FOR ARITHMETICAL SEMI-GROUPS

E. M. HORADAM

Let {bn} denote the set of elements of a free ordered
arithmetical semi-group with multiplication and a known
counting function. Using the corresponding terminology of
arithmetic let bn = dδ and let τ'(jbn) denote the number of
divisors d of bn where both d are δ and square free. Then
it is shown here that T(x) defined by

Γ(«0= Σ τ'(bn)~Ax\ogx
bnsχ

(bn,bu)=l

where A is a constant depending on bu.

A more explicit definition of the semi-group is as follows. Suppose
there is an infinite sequence {p} of real numbers, which we will call
generalised primes, such that

1 < Pi < Vi <

Form the set {b} of all p-products, i.e., products plλpl2 , where
vuv2, ••• are integers ^ 0 of which all but a finite number are 0.
Call these numbers generalised integers and suppose that no two
generalised integers are equal if their ΐ/s are different. Then assume
{b} may be arranged as an increasing sequence:

1 = δi < &2 < < δ» < -

We say d\bn if de {b} and there exists 3 e {b} such that dδ = bn; d
and δ are then called complementary divisors of bn. Let τ'(bn) be
the number of divisors d of bn where both d and its complementary
divisor are square free. In fact

(1.1) τ'(bn) = Σ 1 .

d square free

δ square free

This means that τ'(bn) = 0 unless bn is of the form Π PiP] Let x

be any positive number and bu any generalised integer. The sum to

be evaluated, T(x) is defined by

(1.2) T(x) = Σ τ'ίδ.)

where (δΛ, bu) denotes the greatest common divisor of bn and bu. In
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order to evaluate this sum a further assumption on the number of
generalised integers less than or equal to x is required. Let [x]
denote the number of generalised integers ^x.

Assume

(1.3) [x] = x + R(x), R(x) = 0 (xa) and 0 < a < 1 .

Using (1.3) it will be shown that when bu is square free

(1.4) T(x) = Ax log x + θ(x exp. j (

Ί

l o g h^"a X)
V I log log bu J /

where

This sum is similar to that found by Gordon and Rogers in [2].
Also using the methods of [2] exactly analagous results for arith-
metical semi-groups can be found to those shown by Gordon and
Rogers. The only extra difficult result required is the prime number
theorem for generalised integers. This is proved in [6] and is

(1.5) π(x) = - ® - + 0 (•
log x \\og2 x

2. Supplementary definitions and results* Define the Mobius
function μ(bn) for the semi-group as follows: μ(bn) — 0 if bn has a
square factor μ(bn) — ( — l)k, where k denotes the number of prime
divisors of bn and bn has no square factor; μ(l) = 1. Let φ(x, bu)
denote the number of generalised integers ^x which are prime to bu.
Then it is proved in [3] that

(0 when bnφ\

d\bn (1 when bn = 1 ,

and in [4] that

(2.2) φ(x, bu) = Σ μ(d)\%
d\bu Ld

Hence using assumption (1.3) we have

(2.3) Φ(x, 6.)
d\bu d V d\bu da

= xf(bu) + O(x*MK)) say .

Then as is shown in [3], and in any case as the functions are
multiplicative
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f { K ) =

Define ζ(s) = Σ~=i b~'(s > 1). Then it is proved in [1], using an
assumption equivalent to (1.3) that

C(s) = π a - vrr1.
r = l

Hence

= Π (1 - pr

8) - Σ / ^ A S .
ζ(s)

Abel's transformation, in the following form, will be used to give
some necessary estimates. Suppose {hn} and {an} are given with
δi ^ δ2 <: , bn —> co. Let A(x) = Σκ<;x an. Suppose ψ(x) has a
continuous derivative ψ'(x) for all x involved. Then

Σ (α;) - \* A{u)ψ'(u)du .

Using (1.3) and this transformation, we obtain the following results.

1 r 1 - & [β Φ 1

(2.5) Σ -π- = 7 ^ + ^ + 0(^-0, f!

and 7,5 is a constant equal to ζ(/9) when /S > 1.

(2.6)
Σ Γ Ί

bn^χ ba

n 1 - a

(2.7) Σ -^- = CGδ) - Σ -^- = Oία?1^) for /S > 1 .

Again using (1.5) and Abel's transformation we obtain

1

(2.8) Σ — =

(2.9) Σlogp = x + 0(x/logx) .

Define

(2.10) λ(δj = Σ &%**- - Π (l - \ ) .
(bn,bu)=l Pl*u

Then from (2.7) we have
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(2.11)
(bn"bu)=l

3* The Q function. Let

1 if bn is square free and (δΛ, bu) — 1

0 otherwise .

= Σ
1 if δn = 1

0 if bn Φ 1 .

Then from (2.1)

Qu(K) = e((bn, K)) Σ μ(d) .

This gives

QuW = Σ e((bn, δj) Σ

Σ
2

- Σ

from (2.3)

/ ( τ(l-2α)/2

- χf(h){Hbu) + 0(χ^2)} + o ^ α / β ( δ j | ^ — —

from (2.11) and (2.5). Hence

(3.1) QΛα) = xf(bu)X{bu) + 0(^2/α(6J) + 0(^/α(6J) .

4» The evaluation of the sum of the divisor function T(x).
Replacing in (1.2) the value for τ'(δΛ) defined in (1.1), we have the
result that T(x) is the number of elements in the class satisfying
dδ = bn, μ\d) = μ\δ) = 1, where bn ^ x, {bn, bu) = 1. This is the same
class as that for which dδ <£ x, (d,bu) = (δ,bu) = 1 and μ\d) = μ2(δ) = 1.
Rearranging the order of summation we have that T(x) is the number
of elements in the class satisfying δ <£ x/d, (<?, bu) = 1, δ square free,
where d <̂  a?, (cί, 6W) = 1 and d is square free. Hence
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T(x) = Σ Quid) Σ QM

from (3.1)

K) Σ - ^ + o (V/2/α(U Σ -jir
d^ a d^x a1'

b.) Σ 4r

Σ ^ψ- + 0(χfa(K))Σ
d^

from (2.5) and (2.6).
Now from (3.1) and Abel's transformation we have

QML u) log x + 0(Λ(&β))

Substituting this result in the expression for T(x) we obtain

(4.1) T(x) = f%bu)X\bu)x log x + 0(xfa(K))

From the definition in (2.4) we have

(4.2) fa(K) = Σ lj^ ^ Σ 4 r ^ Σ 1 = 0(6«)

where δ is any positive real number. This is proved in [5, Th. 5]
and is true for all bu. However, when bu is square free we can
obtain a better value for fa(bu) by using the prime number theorem.
Suppose bu is square free and let bu = pulpu2 puk ^ P1P2 Pu Then

(4.3) log bu^

from (2.9). Hence

Π (i + Λ
( ) log 6tt \

from (4.3), and so

log/„(&.)£

Then from (2.8)
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(4.4) fa(bu) = 0 (exp. jil^lAίll})
V I log log bu ) J

for bu square free. Now from (2.4) and (2.10)

V(bu) = Π (l - — Y Π (l - -Λ-
p\bu \ p J v \ τ

v\bu (p + 1) v JΓ

— A (say) .

Hence from (4.1), (4.2) and (4.4) we have

(4.5) T(x) = A x log x -j- O(xbi)

for all bu and all positive real numbers δ and

(4.6) T(x) = Ax log x + 0 (x exp /(^g 6*) 1 α

V I log log bu

for all square free bu.
This is the result given for T(x) in (1.4). Since

? v I F
the value for A may also be written

ζ2(2) Pif. (p + I) 2

I gratefully acknowledge assistance given by the referee in the
evaluation of the error term.
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