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UNIMODULAR CONTRACTIONS IN HILBERT SPACE

BERNARD RUSSO

Let T be a unitary operator on a Hubert space H. Then
in particular,

(i) T is a contraction, i.e. || T\\ ̂  1; and
(ii) The spectrum of T is a subset of the unit circle, i.e.

Sp (T)cC, where C denotes the set of complex numbers of
absolute value one.

Call an arbitrary operator T a unimodular contraction if
it satisfies conditions (i) and (ii) above. Then several questions
immediately come to mind. Do there exist nonunitary unimodular
contractions? If so, what is the nature of their spectra, e.g.
what subsets of the unit circle arise as spectra of nonunitary uni-
modular contractions; when does the spectrum contain point, resi-
dual, or continuous spectrum? Under what conditions is a uni-
modular contraction unitary? What is the nature of operator
algebras containing nonunitary unimodular contractions?

In this paper examples are given of nonunitary unimodular
contractions. It is shown (Theorem 2) that such exist with
arbitrarily prescribed spectrum, which however can contain no
residual spectrum. It is also shown (Theorem 1) that nonunitary
unimodular contractions exist only in infinite von Neumann
algebras. This result is applied to a mapping problem of opera-
tor algebras.

1* Preliminary discussion* We first dispose of eigenvalues.

LEMMA 1.1. Let T be a unimodular contraction. Then eigen-
vectors of T corresponding to distinct eigenvalues are orthogonal.

Proof. If Tx = rx, Ty — ty, where x and y are unit vectors and
r and t are distinct complex numbers of absolute value one, then the ex-
pansion of 11 T(ax + by)\\^\\ax + by\\ yields Re rtab(x, y) <̂  Re ab(x, y)

for all complex numbers a and b. Since r Φ t, this can happen only
if (x, y) = 0.

PROPOSITION 1.2. If T is a unimodular contraction on a Hubert
space H, whose eigenvectors span H, then T is unitary.

Proof. The hypothesis and the preceding lemma imply that the
eigenspaces of T are orthogonal and that H is their direct sum. It
follows that T is an isometry of H onto H.

By reduction of a matrix to triangular form it is easily seen that
a unimodular contraction on a finite dimensional Hubert space is unitary.
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In the general infinite dimensional case it follows from the proof of
Proposition 1.2 that by dropping to the orthogonal complement of the
eigenspaces we may assume that the spectrum of a unimodular con-
traction is continuous. Indeed, since the spectrum is all boundary, it
follows that Sp (T) coincides with the approximate point spectrum of T.
Since by the above remarks, the point spectrum may be assumed empty,
it follows that the spectrum of T is all continuous spectrum. By con-
trast, we mention an example of Jamison [6]. He exhibits a nonnormal
operator T on L2(0,1) whose spectrum is the unit circle C and consists
of point spectrum only.

In general, except for Corollary 1, the author has been unable to
find sufficient conditions for the normality of a unimodular contraction.
In view of the result below (Theorem 2) and the preceding paragraph,
the size or type of the spectrum is not the place to look.

2* Examples and main results.

EXAMPLE 1. Let H be the set of sequences a = {a*}**, of complex
numbers such that Σ \an\

2 is finite, with the usual inner product
(α, b) = Σ anbn. Let {x^Z^QH be the canonical orthonormal basis
for H, i.e. xin) is the "characteristic function of n". Let 0 < t < 1,
and let G be the operator defined by

[tx{0) if n = 0 ,
Gx{n) =

{ x{n) if n Φ 0 .

Let U denote the bilateral shift operator, Ux{n) = x{n+1), for all n.
Then T = UG is a contraction which is not unitary. We assert that
Tis a unimodular contraction. Indeed, a computation yields || T~k || = t~^
for k = 1, 2, •••. Thus the spectral radius of T~ι is 1. It follows
that Sp (T) is a subset of the unit circle. Further investigation shows
that Sp(Γ) is the entire unit circle.

The example T just given cannot lie in any finite von Neumann
algebra. The reason is that T is completely nonunitary, i.e. for each
nonzero vector x, there is a positive integer n such that either
|| Tnx || Φ || x ||, or || T**x || Φ \\ x ||; but it is not true that the sequence
T, Γ2, Γ3, converges to 0 in the strong operator topology [3: p. 32],
On the other hand, a theorem of Foias and Kovacs [4: Th. 1] states
that a von Neumann algebra M is finite if, and only if, Tn converges
strongly to 0 for each completely nonunitary contraction T in M.

In what follows certain concepts from the theory of von Neumann
algebras are used. A standard reference is [3]. For the convenience
of the reader these concepts are summarized here.

A von Neumann algebra is a self-adjoint algebra of bounded linear
operators on a Hubert space which contains the identity operator and
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is closed in the weak operator topology [3: p. 33], A von Neumann
algebra Mis finite if for each T in M, T*T = I (the identity) implies
TT* = I. A trace on a von Neumann algebra M is a function φ defined
on the positive operators in M with extended nonnegative real values
which satisfies the conditions (i) φ(S + T) = φ(S) + φ(T) (ii) φ(rT) =
rcp(T) if r ^ 0, (iii) φ(UTU*) = <p(T) for 17unitary in M. A trace ^ is
faithful if T ̂  0 and cp(T) = 0 imply T = 0, normal if cp(LUBr Tr) =
LUBr<p(Tr) for each norm bounded increasing family {Tr} of positive
operators in M, and j£m£e if the range of φ does not contain infinity.
If M is a von Neumann algebra with a finite trace <£> such that φ(I) = 1,
the determinant function A is defined on the set of regular elements of M
by the formula A(T) = exp φ(\og \ T\), where | T\ = (T*T)1/2 [3: p. 105].
The properties of A that we shall use are (i) A(ST) = A{S)A{T), (ii)
J(T) ^ sup{|z|: 2eSp(T)}. We say that projections P and Q in a
von Neumann algebra M are equivalent if there is an element X in
Λf such that X*X = P and XX* = Q. A projection P in Λf is ,/wnte
if there is no projection Q <^ P which is equivalent to P (except P),
and infinite otherwise. A von Neumann algebra is purely infinite
if each nonzero projection belonging to its center is infinite.

LEMMA 2.1. Let M be a von Neumann algebra with a faithful
finite normal trace φ such that φ(I) = 1. Then each contraction T
in M of determinant 1 is unitary.

Proof. Since || Γ| | ^ 1, 0 ̂  | T\ ̂  I so that log | T\ ̂  0. But
1 = exp φ(\og I T I) entails 0 = φ(ίog \ T |). By faithfulness, log | T \ = 0,
I T\ = I, T*T = I. By finiteness of M, T is unitary.

LEMMA 2.2. Let M be a von Neumann algebra ivith a faithful
finite normal trace φ such that φ(I) — 1. Then each unimodular
contraction T in M is unitary.

Proof. It suffices to show that each unimodular contraction T in
M has determinant 1. Since Sp (Γ"1) = Sp (T)~\ T and T~ι both have
spectral radius 1. Thus 1 - Δ(I) = A(TT~ι) = A{T)A(T~ι) ^ 1, so that
Δ(T) = 1.

LEMMA 2.3. Each purely infinite von Neumann algebra M con-
tains a nonunitary unimodular contraction.

Proof. By a result of Kaplansky [7: Lemma 4.4] there are pro-
jections {PJϋo, in M which are mutually orthogonal and mutually
equivalent, and ΣPn = /. Let Hn be the range of Pn. There is a
unitary operator U in M such that UHn = Hn+1 for all n. Let 0 < t < 1.
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and set G = tP0 + (/ - Po). The operator T = t/G is a nonunitary
unimodular contraction in ikf (cf. Example 1).

THEOREM 1. In order that a von Neumann algebra M be finite,
it is necessary and sufficient that each unimodular contraction in M
be unitary.

Proof. Suppose first that M is finite. It is known [3: p. 98] that
M is a central direct sum of countably decomposable finite von Neumann
algebras (each family of orthogonal projections is countable). It is also
known [3: p. 98] that each countably decomposable finite von Neumann
algebra has a faithful finite normal trace. Thus there are mutually
orthogonal central projections Ca in M such that / = ΣaCa and M = Σ&Ma,
where Ma = CaM has a faithful finite normal trace. If T is a unimodular
contraction in M, then CαΓ is a unimodular contraction in Ma. By
Lemma 2.2, CaT is unitary. Hence T = ΣaCaT is unitary.

Conversely suppose that M is not finite. Let C be a maximal
finite central projection in M [3: p.97]. Since M is not finite, C Φ I.
Thus M = CM® (I - C)M, where CM is finite, and (I - C)M is purely
infinite. By Lemma 2.3, (/— C)M contains a unimodular contraction S
which is not unitary. Then C + S is a unimodular contraction in M
which is not unitary.

COROLLARY 1. A unimodular contraction of finite type is unitary.
(An operator is said to be of finite type if the von Neumann algebra
it generates is finite).

As is known (see [10]), each contraction T on Hubert space H
has a unitary dilation U defined on a Hubert space K containing H
as a closed subspace, i.e. Tx = PUx for x in H, where P is the pro-
jection of K onto H. The unitary operator U and the Hubert space
K may be chosen to satisfy one or both of the following conditions:

(i) Tnx = PUnx, T*nx = PZJ-nx, for each x in H and each
n = 0,1,2, . . . ,

(ii) K is the subspace generated by Unx, with x in H and
n = 0, ± 1 , ±2, . The operator U is correspondingly referred to as
a strong unitary dilation of T, and a minimal unitary dilation of T,
respectively. If U is a strong unitary dilation of I7, the spectral
measure of U gives rise to what is called a strong operator measure
F of T, namely for each Borel subset of C (the unit circle), say
σ, F{σ)x = PE{σ)x, x in H, where E is the spectral measure of U.
By the support of F (resp. E), notation A(F) (resp. Λ(E))r is meant
the complement of the union of all open sets of F-measure zero (resp.
JS'-measure zero). Since E(σ) = 0 implies F(σ) = 0, we have A(F) c A(E).
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M. Schreiber [10: Th. 2] has shown that T is unitary if Λ(F) Φ C.
The spectral measure E of U is supported on Sp (U). Hence we may
state:

PROPOSITION 2.4. Let Γ be a contraction with a strong (not
necessarily minimal) unitary dilation U. If Sp (U) Φ C, then T is
unitary.

This result is also found in [12: Corollaire 2.2],
Examples of minimal unitary dilations of contractions which are

not strong unitary dilations are provided by the Laurent and Toeplitz
operators Lf and Tf, where / is a bounded measurable function on
the unit circle, of absolute value 1 a.e., and for which neither / nor
/, the complex conjugate of /, belongs to H°° [1].

EXAMPLE 2. Let Tf be the Toeplitz operator on H2 of the unit
circle defined by the function

(e2it 0 < t < π ,

Then Tf is a contraction such that Sp(2/) = C (see [11: p. 286]).
Observe that neither / nor / belongs to H°°. It is known [1: p. 98]
that the only Toeplitz operators which are unitary operators are the
scalars of absolute value one.

PROPOSITION 2.5. Let Tf be a Toeplitz operator which is a unimod-
ular contraction. Suppose that either / or / belongs to jff°°. Then
either Tf is a unitary operator or Sp (Tf) — C.

Proof. By the theorem of Hartman and Wintner [5], Sp (Lf) is a
subset of Sp(Γ/). Hence Lf is a unitary dilation of Tf. Since either
f ox f belongs to H*3, it follows from results in [1] that Lf is a strong
unitary dilation of Tf. By Proposition 2.4, if Tf is not unitary, then
Sp (Lf) = C.

EXAMPLE 3. Let T be the operator on L2(0, oo) defined by the

formula (Tf)(x) = f(x) - xA*f(t)dt. Then T is not unitary but it is
Jo

shown in [2: p. 136-7] that T is a contraction with Sp(T) = C.

In each of the preceding three examples the spectrum of the
nonunitary unimodular contraction T was the entire unit circle C.
That this was an accident is indicated by the following result.
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THEOREM 2. Let K be a compact nonempty subset of the unit
circle. Then there exists a nonunίtary unimodular contraction A
such that Sp (A) = K.

Proof. We begin with the special case in which K consists of a
single point, say z0. On L2(0,1) let V be the Volterra operator,

(Vf)(x) = \*f(t)dt. Then, as is known, Sp (F) = {0}, and V + V* = P
Jo

where Pf is the constant function I f(t)dt. If T is the Cayley trans-
form of iV, i.e. T = (V - I)(V + I)-1, then Sp(Γ) = {-l} and
I - T*T = D*PD where D = 21/2( V + I)-1. Since P is positive, so is
/— T*T so that T is a contraction. The required operator is —z0T.
To get the general case, let U be any unitary operator with spectrum
equal to K. Fixing any point z0 in if and T as above A = Z70 ( — 20T)
is a nonunitary unimodular contraction with spectrum equal to K.

Retain the notation of the preceding paragraph. Since

Im(Γ) = -2(1+ F)*-1 Im (FK/ + F)-1

and Im(F) is compact it follows that Im(Γ) is compact, where
Im (A) = A — A*/2i for any bounded operator A. Hence the operators
T and A of Theorem 2 are of type I, i.e. generate a von Neumann
algebra of type I [13: Th. 2]. Moreover by Theorem 1 A is an operator
of type loo. By Theorem 1 every infinite von Neumann algebra contains
nonunitary unimodular contractions.

Problem. Do there exists unimodular contractions of type 11^ or
III?

3* Linear mappings of operator algebras* In [8: Th. 2] it was
shown that an identity conserving linear mapping of a von Neumann
algebra M into a von Neumann algebra N which maps the semigroup of
regular contractions in M into the semigroup of regular contractions in
N is a C*-homomorphism. We can now prove a similar result allowing
M to be merely a C*-algebra provided that N lies in some finite von
Neumann algebra. If φ is such a mapping, then the results of [8]
show that φ maps the unitary operators in M into unimodular con-
tractions in N. By Theorem 1 φ preserves unitary operators so is a
C*-homomorphism [9: Corollary 2],
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