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BOUNDARY VALUE PROBLEMS FOR ELLIPTIC
CONVOLUTION EQUATIONS OF WIENERHOPF

TYPE IN A BOUNDED REGION

Bui A N TON

Let A be an elliptic convolution operator of order a on
a bounded open set G of Rn, a > 0. Let Aj be the principal
part of A in a local coordinates system and Aj(xj, ξ) be its
symbol with a Wiener-Hopf type of factorization with respect
to ζn: Aj(x>', ζ) = At(&, ξ)A7(χf, ξ) for xί = 0. Af is analytic
in Im ξn > 0, is homogeneous of order k in ξ, k is a positive
integer, k<a. AJ is analytic in Im ξnύ0 Let Br\ r = l , fk
be a system of convolution operators on dG9 of orders ar;
0 g ar < a and let Brj be the principal part of Br in a local
coordinates system. The Άf, Brj are assumed to satisfy a
Shapiro-Lopatinskii type of condition for each j .

Visik and Eskin have shown that the operator ί/from H+(G)
into

H*-a(G, dG) = H-°(&)x x Π H*-«r-v*(dG) a S s ,

defined by: l/w = {A^, BiU, , J5fĉ } is of Fredholm type. In
this paper, we show the smoothness in the interior of the
solutions of Uu = (ffglf , gk). We prove that if At, Brΰ satisfy
a strengthened form of the Shapiro-Lopatinskii condition, then
the operator UKU — {(A + λa)u, BiU, , Bku} is one-to-one and
onto. The nonlinear problem:

v, Sou, , Sa-iu), gi, - , gic}

has a solution in H"(G). f(x, ζ0, , C«-0 is continuous in all
the variables and has at most a linear growth in (ζ0, ,ζ«~i).
If the set Ω = {u:ueH+(G)f Bru = 0 on SG, r = 1, , ft} is
dense in L\G)9 then the completeness in L2(G) of the gener-
aliled eigenf unctions of the operator A2 associated with Uu —
{/,0, « ,0} is established.

Boundary-value problems for elliptic convolution operators have
been considered recently by Visik-Eskin [4].

In §1, we give the notation and terminology which are those of
Visik-Eskin and state the assumptions. The main results are given
without proofs in § 2. The proofs are carried out in § 3.

1* Let 8 be an arbitrary real number and H8{Rn) be the Sobolev
Slobodetskii space of (generalized) functions / such that:

WfWl - j£n
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/(£) is the Fourier transform of /.
By HS{R\), we denote the space consisting of functions defined

on R\ — {x: xn > 0} and which are the restrictions to R\ of functions
in Hs(Rn). Let If be an extension of / to jβ\ Then:

The infimum is taken over all the extensions If of /•
Let θ(xn) be the function equal to 1 if xn > 0 and to 0 if α̂^ ̂  0.

Every function / in L2(Rn) may be written as / = θf + (1 — θ)f.
Hence L2(Rn) has the following orthogonal decomposition:

L\Rn) = H+ + Hό .
o

We denote by H+, the space of functions /+ with /+ in Hi and
such that /+ belongs to Hs(Rn

+), Hs

+ is the subspace of H'(Rn) con-

sisting of functions with supports in cl (R+). Hi, H3, Hi denote
respectively the spaces which are the Fourier images of Hi, Hs, Hi.

Let f(ζ) be a smooth decreasing function (i.e. f(ξ) ^ M\ζn\~1~ε

for large | ξn | and ε > 0). The operator Π+ is defined as:

Π V(f) - - | / ( ί ' , ξn) + i(2ττ)-1 v.p.

For any /, then the above relation is understood as the result of
the closure of the operator Π+ defined on the set of smooth and
decreasing functions.

Π+ is a bounded mapping from Hs into Hi if 0 <̂  s < i and a

mapping from Hs into iϊ+ if £ ^ s. 77" is defined similarly.
Set: £_ = £w - i I f I; (£- - ί) s is analytic in Im £w < 0. Then:

where Z/ is any extension of / to Rn (Cf. [4], p. 93, relation (8.1))
Let G be a bounded open set of Rn with a smooth boundary dG.

We denote by H8(G) the restriction to <? of functions in H8(Rn) with
the norm: | | / | | , = inf || g \\sslBn); g = f on G; s ^ 0.

By HS

+(G), we denote the space of functions / defined on all of
Rn, equal to 0 on Rn/c\ (G) and coinciding in cl (G) with functions in
H°(G).

Hs(dG) is defined as the completion of C°°(dG) with respect to:
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where H^/IUe^-i) is taken in local coordinates and the φό are those
functions of a finite partition of unity corresponding a covering of
clG, whose supports intersect the boundary G. We may show that
different partitions of unity give rise to equivalent norms (cf. [3]).

DEFINITION 1. Ά(ξ) is in 0α if and only if:
( i ) A is homogeneous in ξ of order a.
(ii) A is continuous for ξ Φ 0.

DEFINITION 2. Ά+(ζr, ξn) is in 0+ if and only if:
( i ) Ά+ is in 0α.
(ii) Ά+(ξ',ζn) has an analytic continuation with respect to ξn in

Im ξn > 0 for each ξ'.
Similar definition for 0~.

DEFINITION 3. Ά(ζ) is in Ea if and only if:
( i ) A(ξ) is in 0α.
(ii) Ά(ζ) satisfies the ellipticity condition, i.e. A(ξ)φO for ζΦθ.
(iii) Ά(ξ) has for £' Φ 0, continuous first order derivatives,

bounded if | ξ \ = 1, ξ' Φ 0.

DEFINITION 4. A+(ζ) is in Ci if and only if:
( i ) A+(ζ) is in 0? and Ά+(ξ) Φ 0 for ζ Φ 0; k is a positive integer.
(ii) For any integer p > 0, there is an expansion:

= Σ
8 = 0

where ξ+ = ςn + i \ ζ' \; all the terms are in 0J and:

DEFINITION 5. A(ί) is in Dα if and only if:
( i ) Ά(ζ) is in 0β.
(ii) For each s ^ a; there is a decomposition:

ξLA(ξ) = A_(ξ) + Λ.+β,-i(ί)

where i_(ς) is in 0~+e, | Λ.+βf^(ς) | ^ C | f r i + α ( | ί'| + I f I)"1-

DEFINITION 6. A(ί) is in DaΛ if and only if:
( i ) A(ξ) is in Da.
(ii) Ά_(ξ) and i?s+«,_i(ί) are continuously differentiate for ζf Φ 0.
(iii) I JL(£) I ̂  C I £ I"-1; I Rs+aUί) \^

DEFINITION 7. Let A be a linear, bounded operator from Hi into
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Hs~a(Rl). Then any bounded, linear operator T from Ht^ into Hs'a(R^)
(or from Ht into Hs~a+ι{Rn

+)) is called a right (left) smoothing operator
with respect to A.

T is a smoothing operator with respect to A if T is both a left
and right smoothing operator.

Let A(ξ) be in Ea for a > 0 and u+ be in HJ, s ^ 0. Then we
define: Au+ — F^iΆfflu+iς)) where the inverse Fourier transform is
understood in the sense of the theory of distributions. Au+ is well-
defined.

Let Ά(x, ζ) be in Ea for x in cl G and Ά(x, ξ) be infinitely differen-
tiable with respect to x and to ξ. We extend Ά(x, ζ) with respect
to x, to all of Rn by setting Ά(x, ξ) = 0 for | a? | ^ p - ε, ε > 0. The
homogeneity with respect to ζ is preserved. We expand Ά(x9 ξ) into
a Fourier series:

A(x, ί) = Σ Ψo(«) exp (ikxπ/p)Lk(ξ) k = (kl9 , Λβ)

and:

exp (-ikxπ/p)A(x, ξ)dx

ψQ(x) e C7(Rn) with ^0(ίc) = 1 for | x \ ^ p - ε; ψo(^) - 0 for | ίc | ^ p.

For ^ + in H%{G), we define:

~ P + ( Σ ^o(^) exp (ikxπ/p)Lj.*u+
\fc=-oo

P + is the restriction operator of functions defined on Rn to (?,
is defined as before since its symbol Lk(ξ) is independent of x and
I Lk(ζ) I g (1 + I k \)~M I ί |α for large positive ikΓ.

DEFINITION 8. Ά(x, ζ) is in Dl if and only if:
( i ) Ά(x, ξ) is infinitely differentiate with respect to x and ζ Φ 0.
(ii) A(ίc, f) is in 0a for .τ in Rn.

(iii) αM(a?) - (3k/dζ'k)Ά(x, 0, -1) - ( - l)fc exp ( - iπa)(dk/dξ'k)Ά(x, 0,1)
x in Rn, 0 <; |jfc| < +oo.

DEFINITION 9. A(», ς) is in D\tl if and only if:
( i ) I D*Ά(x, ζ) I ̂  Cp(l + I f | ) ; ; 0 ^ I p | < +oo.
(ii) For each x in Rn and for any s ^ — α, there is a decomposi-

tion: (f_ - i)sl(α;, f) - Άjp, ξ) + R(x, ζ)
Ά_(xy ξ) and R(x, ξ) are infinitely differentiate with respect to x
Ά_(x, ζ) is analytic in Im ξn ^ 0 and:
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I D>2L(x, ξ) I £ Cp(l + I ξ \)s+«; I D>Dξ2L(x, ξ) \ £ cp(l + | ξ \)-*+*

I D;R(X, ζ) I ̂  cp(i + I ς* |) s+1+α(i + | ξ I)-1

I D»DξR(x, ξ) I ̂  cp(l + I ί' |)s+α(l + I ξ I)"1 0 g | p | < +00 .

Let I?r; r = 1, , ft be a system of convolution operators on dG.
We introduce the definition of a regular elliptic convolution boundary
value problem on G:

DEFINITION 10. Let G be a bounded open set of Rn and φό be a
finite partition of unity corresponding to a covering Nd of cl G. Let
Π/Γ̂  be the infinitely differentiate functions with compact supports in
Nj and such that: φjψ3- = φ3-

(1) Let: P+A = Σ , P+ψnAfj + Σ J P+ΨάA{l - ^ )
be an elliptic convolution operator of order a on G with the following
properties:

(a) The operator φjAψj transformed in local coordinates, is the
sum of a convolution operator As and a smoothing operator. The
symbol Άj(x3'y ζ) is homogeneous of order a in ζ a > 0

(b) Άj(xj, ί) e Ĵ α and for xi = 0 admits the factorization:

where Άf, Άj belong to 0i, 0«_fc respectively and A: is a positive integer,
(c) A Ax*, ξ) is in D°a Π ΰι

atί for xeNά(λdGΦ 0.
(2) Let 7 denote a passage to the boundary dG and:

P+Br = Σ P+<P, Brφs + Σ ^ > ^ r ( l - f y) r - 1, , k
ά ό

be a system of convolution operators on dG with the following pro-
perties:

(a) The operator φjBrψά taken in local coordinates, is the sum
of a convolution operator Bτj with symbol Bri, homogeneous of order
ar in ξ and a smoothing operator. 0 <£ <xr < α — J.

(b) £ri(a?', ί) e D2r n Dι

arΛ for α? e N, Π 3G ^ 0.
The boundary-value problem: {P+Au+, yP+β1u+, , 7P+Bku±} is

said to be uniformly regular on G if:

Det ((&„(&', £'))) ^ 0 for all x* eNjΠdG^O

and:

ord (δrs(ί')) = ^ + ft - β , r, β = 1, , ft .

Assumption (1); Let {P+A, jP+Bu , 7P+J5J be a uniformly
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regular elliptic convolution boundary-value problem on G in the sense
of Definition 10.

We assume there exists a ray arg X = Θ such that:
( i ) If: AW, ξ, X) = A3.(xj, ξ) + λβ = Άt(x*, ξ, X)Άj(x>', ξ, λ); then:

Άj(xj, ξ, X) is in Ci.
(ii) Όet((brs(xj,ζ',X))) Φθ for all x* with JV̂  Π dG Φ 0 and

= θ, | λ | > λ o > 0

Π+BrS(x', ξ)F-\Άϊ(χί, ξ, λ))-1 - iδrβ(a?>, ς', λXfi)-1 + Λr.(a?% ί, λ)

2* In this section, we shall state the results of the paper. First,
we have an interior regularity theorem:

THEOREM 2.1. Let {P+A, ΎP+BU * ,yP+Bk} be α uniformly reg-
ular elliptic convolution boundary-value problem on G in the sense
of Definition 10. Let u+ be an element of H°ί{G) and Uu+ —
{/, 9is * * ', 9k} with {/, gu , gk] in H\G, dG) and a ^ 0. Suppose
that f is in Hs~a(G), s^a then u+ is in Hl(G) Π HJUG).

If f is in C°°(clG), then: u+ is in C^(G).

With an additional hypothesis, we show that the operator associated
with the problem is one-to-one and onto:

THEOREM 2.2. Let {P+A, yP+Br; r = 1, , k} be a uniform uni-
formly regular elliptic convolution boundary value problem on G in
the sense of Definition 10. Suppose that Assumption (1) is satisfied.
Then for every (f,glf •••,£*) in ffs~"α(G, 3G), there exists a unique
solution u+ in HS

+(G) of:

P+(A + Xa)u+ =f on G, yP+Bru+ = gr on dG; r = 1, ., fe

s >̂ a and s, a, ar are all assumed to be nonnegative integers.
Moreover, there exists a positive constant M independent of λ, u+

/, gr such that:

| | u+ II. + I λ Is || u+ Ho ̂  J l f { | | / | | M + I λ |-« I I / | | 0 + Σ II Or ir.-αr-(i/2)
L lr = l

/or αiϊ u+ in HS

+(G), arg λ = θ; \ X \ ̂  λ0 > 0.

Now, we have a global regularity theorem for the solutions of
Uu+ = (f,gl9 •••, flτfc).
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THEOREM 2.3. Suppose the hypotheses of Theorem 2.2 are sat-
isfied. Let u+ be a solution in Ha

+{G) of Uu+ = (f,glf •••,#*). If
(/, 9ι, , 9k) is i n Hs~a(G, dG), s^a, then: u+ e Hl(G). More generally
if f is in C-(clG), gr are in C~(dG); then u+ is in C°°(G).

We shall now consider problems related to the spectral theory of
the operator associated with Uu+ — (/, 0, , 0).

COROLLARY 2.1. ( i ) Suppose the hypotheses of Theorem 2.2
are satisfied. Let

Ω = {u+: u+ G H%{G), yP+Bru+ = 0 (m 3G; r = 1, , A}

Suppose that Ω is dense in L2(G). Let A2 be the operator on L2(G)
with D(A2) = Ω; A2u+ — P+Au+ on G.

Then: (A2 + λ"/)"1 exists, is defined on all of L2(G) and is a
compact operator. The spectrum of A2 is discrete.

(ii) Suppose further that Assumption (1) is satisfied by rays
argλ = θr; r = 1, , N and that the plane is divided by those rays
into angles less than 2aπ/n. Then the generalized ei gen functions of
A2 are complete in L2(G).

COROLLARY 2.2. Suppose that the hypotheses of Theorem 2.2 are
satisfied. Let Sr; r — 0, , a — 1 be bounded linear operators from
H+(G) into L2(G). Let f(x,ζ0, •• ,ζ«-i) be a function measurable in
x on G, continuous in all the other variables and such that:

Then for (gu •••,£*) in ΠίU Ha-^~^2\3G) and \ λ | ^ λ0 > 0,
arg λ = θ there exists a solution u+ in £Γ+(G) of:

P+(A + X)u+ = f(χ, Sou+, , Sa^u+) on G;

7P+Bru+ = gr on 3G;r = l, .--,k

3* Proof of Theorem 2.1. ( 1 ) First, we show the existence
of a left regularizer of U.

From Theorem 2.9 of [4], the operator U has a right regularizer
S, i.e. US — I + R, where S is a bounded linear mapping from
Hs-a(G, dG) into H+(G) and R is a bounded linear mapping from
Hs-a(G, dG) in H8+1~a(G, dG).

Let Rλ be the operator from HS

+(G) into itself defined by the
ralation: R&+ — SUu+ — u+.

We show t h a t : | | 5 ^ + | | β + 1 ^ C\\u+\\s for all u+ in Hs

+

+ι(G).



402 BUI AN TON

Consider:

UR1u+ = USUu+ - Uu+ = Uu+ + RUu+ - Uu+ = RUu+ .

From Theorem 2.9 of [4], we have:

Ho + || P+ARλu+ ||.+1_β

But RUu+ = UR1u+ and R is a bounded mapping from Hs~a(G, dG)
into H8+i~a(G, dG). Therefore:

,u+ || i+ι ^ Af{|| 22^+ Ho Σ

Since we assume that in all the local coordinates system, the
principal parts of A, Br have symbols belonging to Dι

aΛ; Dι

arfl respec-
tively with 0 ^ ar < a; we have:

| | P + ^ + | U < ^ C ] | u + | | s and || yP+Bru+ | | U r _ 1 / 2 ^ C \\u+ | |.

(Cf. [4], Th. 1.4; p. 104).
Hence: || 22^+1 |β + 1 ^ M\\u+\\8 for all u+ in H$

+

+1(G).
( 2 ) (a) We show that: ||JS1(<pu+) | | s + 1 <̂  M | | φtt+ | | s for all u+ in

i ί (G) and φ in CΓ(G).
Let ζ(x) be an infinitely diίferentiable function with compact

support in G and such that: 0 ^ ζ(x) ^ 1; ζ(a?) = 1 on Gu ζ(x) = 0
outside of Go with cl Gx c Go c cl Go c G.

Let u+ be an element of Hί(G). Then w+ is in H8(G) and there
exists a sequence φn of elements in C°°(clG) such that:

φn > u+ in fίs(G) .

One can check easily that: ζφn—>ζu+ in HS

+(G); s ^ 0. Consider ζφn

It is an element of £Γ++1(G), so from the first part we get:

M is independent of n. Hence R^ζφJ — v in HS+1(G). Since ζ^M —> ζ^ +

in HS

+(G) and i?! is a bounded linear mapping from HS

+(G) into itself,
we obtain: v — 121(ζtt+).

Therefore: ||i?x(Cu+) | |β + 1 ^ C| |ζw+| | . for all u+ in ί ί (G).
(b) We shall deduce the smoothness in the interior of the solu-

tions of Uu+ = (/, gu , gk) from the above argument.
Let u+ be a solution in H%(G) of C/u+ = (/, gu , #fe) where

</, g» , 0*) is in ίίo(G, 3G) and / is in iΓ(G).
Consider:
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P+A(ζu+) = Σ P+φjA(ζφjut) + Σ P+φ, A(l - irj)(ζu+) .
3 3

Transforming φjA(ζψjU+) in local coordinates and applying Lemma
4.D.1 of [4], (p. 145), we get:

where Ts are smoothing operators with respect to Ai9 i.e. with
respect to a bounded linear mapping from HS

+(B+) into Hs~a(B+).
On the other hand, since the kernel of A has a point singularity

and <pj(l — ψά) = 0, the operator φάA{l — ψj)u+ has an infinitely
differentiate kernel and hence may be estimated in any norm (Cf.
[4], P. 125).

So:

P+A(ζu+) = ζAu+ + TQu+

where To is a smoothing operator with respect to a bounded linear
mapping from HS

+(G) into Hs~a(G).
Doing in a similar fashion for Br(ζu+), we obtain:

7P+Br(ζu+) = ζBru+ + Tru+ r - 1, . . , k

where Tr are smoothing operators with respect to a bounded, linear
mapping from HS

+(G) into Hs~ar~[m{dG).
Combining the results and taking into account the fact that ζ

has compact support in Go whose closure is in G, we get:

U(ζu+) = (ζf + Tou+, 7Tru+; r = 1, . , k) .

We have: SU(ζu+) = ζu+ + Rι(ζu+).
Consider U(ζu+). Since u+ is in Ha+{G) and the T8 are all smoothing

operators, U(ζu+) is in £P(G, dG). Therefore SU(ζu+) is in H%+ι{G).
From the first part of the proof, we get: R1(ζu+) e H%+ι{G). Hence

ζu+ is in Hl+ί(G).
(c) We prove by induction for the general case.
Suppose that ζu+ is in Hϋ^1(G)9 s — 1 ;> a. We show that it is

true for s.
Let Ύ] be an infinitely differentiate function with compact support

in G and such that: 0 <̂  η{x) <: 1; η{x) = 1 on G3, η(x) = 0 outside of
G2 with

cl G3^G2Q cl G2^GtQ cl Gt S Go

and clGoϋG. Consider U(ζηu+). We have:
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We express φjA{ζηψά) in local coordinates and applying Lemma
4.D.1 of [4], we obtain:

+) + T0%U+)

+) + yT0

2(u+) + Tϊ(ζu+) .

So:

P+φiA(ζηψsu+) = ζηAu+ + VT*u+ + T*(ζu+)

where Γ0

3, T£ are smoothing operators with respect to a bounded linear
mapping from H8

+(G) into Hs-a(G).
Since ζu+e H^iG), T4

0(ζu+) lies in Hs~a(G) and:

| | ? ϊ > + | | . _ α ^ M\\ T*u+\\HS-a{G2) £ M\\u+\\H.-i{G2) .

So, P+A(ζηu,+) is in Hs~a(G).
We do in a similar fashion for jP+Br(ζr]u+).
An argument as above shows that U{Zηn+) is in Hs~a(G, dG).

Therefore SU(ζηu+) belongs to HS

+(G). Moreover, since ζu+ is in
H^iG), R,(ζVu+) ϋes in HS

+(G). Hence ζηu+ belongs to HS

+(G).
(d) If / is in C°°(G)> then by repeated use of the Scbolev

imbedding theorem, we get: u+ e C£C(G).

Proof of Theorem 2.3 using Theorem 2.2. Let u be a solution
in H%{G) of: J7w = (/, gu , #fc) where (/, gu , grfc) is an element
of Hs~a(G, dG) for s ^ a.

From Theorem 2.2, there exists a unique element v in H+(G),
solution of:

U(X)v = (/, &,-••, flτfc)

where

I/(λ)i; - (P+(A + \a)v, ΎP+B^, . , ΊP+Bkv) .

Consider:

J7(λ)(ι; - u) = (-λα^, 0, , 0) .

Since λ*w is in Ha(G), it follows from Theorem 2,2 that the unique
solution w = v - u of C7(λ)w = (-λΛw, 0, , 0) is in i ϊ f (G). There-
fore u = v - w belongs to Hfn{s>2a)(G).

If min (s, 2a) = s, then we are through. If 2a < s, then since
u is in i f f (G), w is in H%a{G), so u Hf n ( s '3 α )(G).

Repeating this boot-strap argument, we get finally w in HS

+(G).

Proof of Corollary 2.1. ( 1 ) Let A2 be the linear operator from
D(A2) = i3 into L2(G) with A2u = P+Ai^ if ueD(A2).
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With the hypotheses of the corollary, it follows from the theorem
that (A2 + λ"!)-1 exists, is defined on all of L\G) and maps L\G)
into H%(G). Since G is bounded, the injection mapping from H+{G)
into L\G) is compact. So (A2 + λ"/)-1 is a compact mapping of L\G)
into itself and therefore the spectrum of A2 is discrete, and the
eigenspaces are of finite dimension.

(2) We have the following estimate on the growth of (A2

JrXaI)~1:

If Assumption (1) is valid for rays argλ = θ, ;j = 1, , N and
the plane is divided by these rays into angles less than 2aπ/n, then
it follows from Theorem 3.2 of Agmon [1] (p. 128-129) that the
generalized eigenfunctions of A2 are complete in U(G). Indeed in the
proof of the theorem, only the compactness of (A2 + λ*/)"1 and an
estimate on the growth of the resolvent operator as in this paper
are needed.

Proof of Corollary 2.2. Taking into account Theorem 2.2, we
may prove without much modification Corollary 2.2 as in [2].

Proof of Theorem 2.2. The proof is long. It is technically sim-
pler than in the case when X = 0. First, we have the lemma:

LEMMA 3.1. Let {P+A; yP+Br; r = 1, , k} be a regular elliptic
convolution boundary-value problem on 22* in the sense of Definition
10, with constant symbols Ά(ξ), Br(ξ)f homogeneous of orders a, ar

repectively. a, ar are positive integers. Suppose that Assumption
(1) is satisfied. Then for every (/, gu , gk) in Hs-a(Rl, i^""1), s ^ a,
there exists a unique solution u+ in Ht of: P+(A + Xa)u+ — f on JB+;
yP+Bru+ = gr on Rn~ι\ r — 1, , k Moreover:

\ \ u + \ \ ϊ + \X\° \\u+\\+ t ί M { \ \ f \ \ t - a + \X\8-a

+ Σ II Or IIL^-u,,, + I λ | — r - < w \\grΣ
r=l

M is independent of X,u+,f, gry u+ is the inverse Fourier transform
of u+(ξ) with:

u+(ξ) = (A+(f, X^ΠΠjiXXAM, λ))-1

+ Σ A (f, λ)(ft(£') - fr(ξ', x))

r=l

where:

Ά(ξ, X) = Ά(ξ) + Xa - Ά+(ζ, λ)i_(ί, λ)
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δ*m are £&e elements of the transpose of the inverse of the matrix

(Φrm(ξ'> **)))• ϊ/ ^ s anV extension of f to Rn and

/,(£', λ) = π'π+8r(ζ)(Ά+(ξ, \))-ιπ+ΐf(ζ)(Ά_(ς, λ))- 1 .

Proof. Set Ά(ξ, λ) = A(f) + λa. It is homogeneous of order a
in (f, λ) and belongs to Ea. Since Ά(ξ) is in £/«; it has a factorization
of the form: Ά(ζ) = Ά+(ξ)A_(ζ) with Ά+ e Ct, A_ e 0^_fc. The factori-
zation is unique up to a constant multiplier. The same proof as in
Theorem 1.2 of [4], p. 95 with ξ+ replaced by ζλ

+ = ξn + i(\ λ | + | ί ' |)
and f i = ί» - i(| λ I + I f' |) gives:

Ά(ζ, λ) - i + ( ί , λ)JL(£, λ) .

Moreover if A+ e Cί; then: A+($, λ) e Cί, (with respect to f, λ).
Similarly A_(f, λ) e 0~_fc.

( 1 ) First, we show that u+(ζ) e Hi so that Π+ϊί+(ξ) = u+(ζ) (Cf.
[4], p. 93, relation 10.1). u+(ζ) is analytic in Imfn > 0 for | λ | Φ 0.
It suffices to show that:

C is independent of τ > 0.
( i ) We write:

We have:

;+(ί', £Λ + ir) |2dί'dίH ^ CJ(| ί I + I λ I + τ)-2fc I §r(ί', £Λ + ir, λ)

where:

g(ξ, λ) -

But i / ί i - ) - 1 is in JHo, so Π+ΐf{A_)~ι = g is in Hi, hence v+eHQ\

(ii) Since A+(£, λ) e Ci, (Ά+(ζ, λ))-1 e C±k c D_k (Lemma 2.4 of

[4]). So:

ΰr(ζ, λ) e D - 1 - β r .

We have:
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(ξL)MDr(ξ, λ) - Pr(ζ, λ) + Rr(ξ, λ)

with:

Pr 6 0= 1_α r + J / and I Rr \ <ί C(\ ζ'\ + I λ |)*-*(l f I + I λ I)-1 .

Therefore:

Pr(ξ, X)(ξl)-M(gr - Λ)

is in flj", and:

Π+Pr(ζ, λ)(ίi)-^(^r - /,) = 0 .

It remains to show that:

Rr(ξi)-X(gr - /,) e 5 0 .

We take M large enough and the proof is trivial.
So:

Π+Rr(ξ, λ)(fi)-*(&(£') - Λ(ί')) e m .

Therefore:

o

( 2 ) Consider:

|| ^ + ||+ - II /7+(f_ - i) «+(f) ||0 = || /7+(f_ - i)sΠ+u+(ξ) ||0 .

It is majorized by:

Σ II ̂ + ( ί - - i)sΠ+Dr(gr - fr) ||0 .
r = l

( i ) Consider the first expression. It follows from [4] (footnote
of p. 113) that the expression is equal to:

which is majorized by:

C || (A+(ξ, λ))^/

Since Ά+(ξ, λ) is in 0^, we may write:

A+(ξ,X) = (|f I + \X\)kA+(ξ/(\ξ I + |λ | ) ,λ/( | f I + |λ | ) ) .

Let c = Min | Ά+(ζ, λ) | for | £ | + | λ | = 1. Then c > 0 and is
independent of f, λ. We obtain:



408 BUI AN TON

iu
which is majorized by: c1 \\ ΐf(AJ)-1 \\s_k (Cf Remark 2 of [4], p. 105).
We also have:

II (A+)^π+mA_)-* Ho ̂  c I λ |-» tfL

Since:

We have:

JL(£, λ) = (I ξ I + I λ |)-*i_(?/(| f I + I λ I), λ/(| ζ I + I λ I))

So as before, we get :

and:

I λ |"fc || ί ? ( ί ) ( l _ ( ί , λ))- 1 Ho ^ C I λ |-«

Therefore:

+ I λ l II /7+{(i+(ί, λW-^+Z/ίfXX-ίf, λ ) ) } ||0

is majorized by:

(ii) Consider:

|| /Z+(f_ - iyBr(ζ, \)fr(ξ', λ) Ho + I λ | || Π+Dr(ζ, λ)/ r Ho .

From this first part, we know that Dr(ξ, λ) e D_^ar. Let M be a
large positive integer. We have from the definition of D^_ar:

mMDr(ζ, X) = Pr(ζ, λ) + Rr(ξ, λ)

with:

Pr(ξ, λ) G 0 z ^ r + j r I Λr(ff λ) I ^ C(| f' | + I λ | ) ^ ( | ζ \ + | λ I)"1 .

We can show easily that: (ζi.)-"Pr(ζ9 λ) e H«, so: Π+(ζί)~MPr = 0. From
[4] (footnote of p. 113), we get:

/7+(f_ - iyiI+(ξL)~MPΛξ, λ) - 0 .

Hence:
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/7+(f_ - iyΠ+Dr(ξ, X)fr(ζr, λ) Ho = II /7+(f_ - iyΠ+(ξi)~*Rjr Ho

Consider:

j l ( f - - i ) \ ι

= C 1 ( I

= c S ( |

for M sufficiently
So:

ξ' 1 + 1 λ.

ί'l + 1 λ

large.

', λ) |

and:
π y 7 + D 7 II < r 1 1 Λ ι~<*r—(w ii ? ι i '
I I " •UrJτ llθ ^ <^ I Λ. I r l l / r l l o

(iii) Similarly, we have:

|| /7+(c_ - iyΠ+Drgr II. + I λ | s || /7+ίU, ||.

^ C{|| ^ ||:_βr_H/« + I λ |—r-u/«)|| gr IIJ} .

(iv) Since s, α, α r are positive integers, we have from [3] (rela-
tion 1.14, p. 63):

ii/, ιιu,-(i/« + I λ ι — - ( w H Λ ιι; ̂  M{\\/r \\s_ar + 1 λ r«- n/ r iw
with

Λ = Π+Br(mA+(ξ, λ))-ι/7+ίf(ί)(I_(ί, λ))-1 .

Since Br(ξ) is homogeneous of order ar in f with ar ^ 0; we get:

| | / r ||8_αr ^ C II ( i + ( ί , λ ) ) - 1 / 7 + ί / ( f ) α _ ( ί , λ ) )- 1 II. .

Again as before, we write:

A+(£,λ) = (|f I + |λ|)*Ji+(£/(|£| + | λ | , λ / ( | ί l + I M) .

So:

| | / r ||._βr ^ C II / J Ϊ

Similarly, we obtain:
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Combining all the results, we get the a priori estimate
(3) A direct verification shows that u+ is a solution of the

problem. It remains to show that the solution is unique.
Let v+ be a solution of the problem with v+eHt. Then v+(ζ),

its Fourier transform has the same form as u+(ζ) with lf(ξ) replaced

by £i/(?) lif is an extension of / t o Rn.

Set IJ =lf- kf. Then l2fe ίfr, so lj(ξ) e H~.
Now a verification as in the first part shows that:

hence:

Π+ίj(ξ)(A_(ξ, λ))-1 = 0 .

Taking into account the ellipticity of A(ξ, λ), we get: u+(ζ) = v+(ξ).

Let:

Aou+ = X ψoi^o) exp (ikxoπ)/pLku
k

AjU+ = Σ ^o(^) e χ P (ikxπ)/pLku+
k

where iro(x), Lk are as in § 1.
We have the Lemma:

LEMMA 3.2. Let ψ(x) be in Cr(Rn), Ψ(x) = 0 outside of \ x — x0 \ ^ δ
I ψ(x) I ̂  K where K is independent of δ. Suppose that Ά^x, ξ) is
in Dι

a. Then:

, - A0)u+ | | tα ^ Cδ || u+ | |t« + C(δ) \\ u+ \\U_a

C(δ) - 0 if s = a.

Proof. Cf. Lemma 4.7 of [4] (p. 119).

Proof of Theorem 2.2 (continued).
(1) First, we establish the a priori estimate.
Let Nj be a finite open covering of cl G with diam (Nj) sufficiently

small; φs be a finite partition of unity corresponding to Nj and ψd

be the infinitely differentiable functions with compact supports in Nd

and such that: φ3 ψj — φ3 .
Let: F = (f,gu , gk) be an element of Hs~a(G, dG); s ^ a.
By definition, we have:
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U(X)U+ = Σ P+φίU(X)(fjU+) + Tu+ = F .
3

We express φjU(X)ψj in local coordinates. From Appendix 2 of
[4], we get:

where T3 is a smoothing operator with respect to Z7, (λ).
So:

Uj(\) corresponds to the case when Ajy Brj have constant symbols.
From Lemma 4.D.1 of [4] (p. 145), we have:

w+) + Tju+

where T) is again a smoothing operator.
Hence:

Applying Lemma 3.1, we obtain:

| \\t + I λ | λ |-« || φίf\\ϊ

,. - Ajo)(ψju+) || + I λ |-«

+ I λ | -«r-ci/.) || <piflrr IIJ + |

+ I λ |-«r-ti/« ll ΊP+Ψj{Brj

Using Lemma 3.2, we get :

| u+
λ

Σ
r=l

+ Σ ll ?wriι:-.r-(i/« +1 λ ι-(i'!>-"
l

(by using an inequality in [3] p. 63).
Summing with respect to j , we have:

k

r = l
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Taking δ small and | λ | large, we obtain by taking into account
an interpolation inequality of Visik-Agranovich [3] (p. 64, relation
1.21):

|| u+ II. + I λ | || u+ Ho £ M J H / I U + I λ \ -\\f\\t

+ Σ II gr H U w - . r + I λ |-«'-<"« || 9n \\'λ .
r=l )

(2) It follows from the a priori estimate that if there exists
a solution, then it is unique.

It remains to show the existence of a solution.
We know from Lemma 3.1 that Uj(X) has a right inverse R3

Let R3 be the operator R3 expressed in the global coordinates system
of G.

Set:

We have:

U(X)RF = Σ U(X)φjRj(ψjF) = Σ U(X)φjψjRj(irjF) .
3 0

Passing into local coordinates (using Appendix 2 of [4]) and applying
Lemma 4.D.1 of [4], we obtain:

T)F

where T) is a smoothing operator.
Applying again Lemma 4.D.1 of [4], we have:

+ TjRF .

Therefore:

= F + T'RF +

where Tf is a smoothing operator with respect to U(X); i.e. with
respect to a bounded linear mapping from H+(G) into Hs~a(G); and
tj is the operator Tj defined by:

T}F=(iη(k) - UfrMψjRsdrjF))

expressed in the global coordinates system of G.
So: U(X)RF = (I +
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Denote by:

Since T' is a smoothing operator, we get by taking into account the
first part of the proof:

HI T'RF\\\H.-a[Qtd0) £

Using Lemma 3.2, we obtain:

+ C(d)/X\\\F\\\HS~*{G,dG).

So for small δ, large |λ | , by using an interpolation inequality of
[3], we have:

WI^RFWHS-CHGΛG) < 1/2 III F\\\H8-a{GidG) .

Hence: (I + ^fR)-1 exists and Ϊ7(λ)-1 = R(I + &R)-1.
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