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L, SPACES OVER FINITELY ADDITIVE MEASURES

CHARLES FEFFERMAN

For a space (S, 2, u), « a positive finitely additive set func-
tion on a field 3 of subsets of the set S, L,(S, 2, ») is usually
not complete. However, if we consider the completion
L,,(S, 3, ) of L,, we may ask which of the properties of L,
known for the countably additive case, are true in general.

In this paper it is shown that for every (S, Y, «) there is
a (countably additive) measure space (S’, 3, ///) and a natural
injection j from S into S’ which induces isometric isomorphisms
7« from L,(S, X, ) onto L,(S’,3', //). 3« also preserves order,
and other structures on L,.

This result shows, roughly, that any theorem valid for L,
over a measure space, applies also to L, over a finitely additive
measure, Thus L, and L, aredual (1< p< +o,1/p+1/g=1),
L, is weakly complete, and so forth,

Let S be a set, & a field of subsets of S, and ¢ a finitely additive
extended real-valued set function on Y. We call (S, Y, ) a triple. If
p is positive or bounded, we call (S, X, ) a positive or bounded triple,
respectively.

Let f be a p-simple function on S. We define the L,-norm of f,

as usual, to be 6 | £ ()] v(k, ds))llp(l < p < +=); and we define the
N
TM-length of f to be arctan inf,,[a + v(g, {se S| f(s)| = a})].

DEFINITION. Let (S, %, ¢t) be a triple. The space TM(S, 3, p) is
defined to be the completion of the space of p-simple functions under
the TM-metric. Define multiplication of elements of TM(S, ¥, 1), and
an order relation on TM(S, 3, 1) by using Cauchy sequences of simple
functions in the obvious way.

Let L,(S, 3, 1t) be the set of limits in 7TM(S, 3, tt) sequences of
p-simple functions which are Cauchy in the L,-norm. There is an
obvious norm induced on L,(S, X, #) by the p-simple functions on S.

L,(S, 2, p) is canonically isomorphic to the completion of LS, 2, p),
and thus to S. Leader’s space V,(S, 2, ¢). See [3], which includes
equivalents of Theorems 2, 3, and 5.

The purpose of this paper is to prove rhe following.

THEOREM 1. Let (S, 2, p) be a positive triple. There is a posi-
tive measure space (S, ', t') and an order-preserving multiplication-
preserving isometric isomorphism i from TM(S, X, 1) onto TM(S', 3", ¢
such that:
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1) If fe TM(S, >, 1) is a characteristic function (simple func-
tion), then i(f)e TM(S', 2, 1) is a characteristic function (simple
Sfunction).

(2) i takes L,(S, X, 1) onto LS, 3, it') preserving the L,-norm,
1=<p< +oo.

@) If FeLu(S, 3, p), then | f@e)uds) = | ifeeds).

This leads us to the principle: Let P be any statement about
TM(S, =, p) which can be formulated in terms of the following concepts:

(1) Multiplication, addition, scalar multiplication, order and length
in TM(S, 2, p).

(2) The notion felL,S,Z, ), and the norm on LS, 2, p),
1=<p< +eo,

(8) The function f -—»S f(s)1(ds), defined on LS, X, ).
If P is true whenever (S, 2, p) is a positive measure space, then P is
true for any positive triple (S, Y, ¢). Consequences of this principle
are listed below.

. THEOREM 2. Let (S,2,py) be a posit@ve triple. The dual of
L, (S, 2, ¢r) is canonically isomorphic to L,S,Z2, p) by the duality

ooy =| (Fro@mds) (fel,geLy,
wherever 1 < p < +co,1/p + 1/qg = 1.
COROLLARY 1. L,(S, 2, p) is reflexive, 1 < p < + co.
COROLLARY 2. I'J,,(S, Y, 1) 1s weakly complete, 1 < p < + oo,

COROLLARY 3. A bounded subset of L,(S,Z, ) is weakly se-
quentially compact.

THEOREM 3. LS, %, ) 1is weakly complete.

THEOREM 4. Let (S, 2, p) and (S, 3", p') be positive triples, let
L, be the space of all complex-valued p-integ'm_zble simple functions
on S, and let T be a linear map from L, to TM(S',2, t).

If for a given pair (p, q), T has an extension to a bounded linear
mapping of LS, 2, ) into L,(S’, 1), let | T|,, denote the morm
of this extension; if no such extension exists, let | T |, , = + . Then
log | T'ya,ys %8 @ convex function of (a, b) in the rectangle 0 < a,b < 1.

Theorem 4 generalizes the Riesz Convexity Theorem.

THEOREM 5. Assume that (S, X, pt) is a bounded triple. Let (f,)
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be a sequence in L,,(S, X, ) converging weakly to fe LS, 3, n). Then
( f,,,) converges strongly to f if and only if (f,) converges to f in
TM(S, X, p).

COROLLARY 1. Let (S,2, ) be a bounded triple. If (f,) ts a
sequence in L,(S, 2, pt), converging wealy to fe L,(S, 2, pt), then f is
the strong limit of (f.) if and only if (f,) converges in measure to f.

Theorems 2, 3, and 5 are obvious from the above principle. The
usual proof (see [2]) of the Riesz Convexity Theorem uses countable
additivity only through use of the result that L, is dual to L,. Since
we know Theorem 2, the proof of the Riesz Convexity Theorem may
be easily adapted to the finitely additive case.

So in order to establish Theorems 2 through 5, we need only prove
Theorem 1.

2. Proof of Theorem 1. Let B, be the set of characteristic
functions of sets of ¥, and let B be the closure of B, in TM(S, 3, p).
B is a closed subset of TM(S, X, #) and so is a complete metric space.
The function .: B, X B, — B defined by U,(2z, 27) = 2z, € B, S B is
easily seen to be uniformly continuous on B, x B, and therefore |J,
extends to a uniformly continuous |J: B x B— B. If F, G ¢ B abbrevi-
ate U(F,G) by FFUG. Similarly, the function N,: B,— B defined by
Nyxz) = 25_; € B,S B is uniformly continuous on B, and therefore N,
extends to a uniformly continuous N: B— B. If Fe B, abbreviate
N(F') by ~F. Define FNG to be ~(~FU ~G), F,Ge B. Observe
that ): B x B— B is a composite of uniformly continuous functions and
so is uniformly continuous. Define a function z,, on B as follows: For
Fe B, there is a sequence {x; }FE, € X, converging to F'in TM(S, Z, ).
Let p(F) = lim, ... #(E,). It is easily verified that g, is well-defined
and continuous, from B to the positive reals and + «, the latter given
its usual topology.

LEmMmA 1. (B, U, N, ~) s a Boolean algebra, and p, is positive
and finitely additive on B. If FeB and p(F) =0, then F = @,
the null element of the Boolean algebra.

Proof. The set
R={F,G,H)eBXBXxBI(FUG)UH)=FU(GU H))}

is closed in B x B x B since |J is continuous. On the other hand,
it is clear from the definitions of |J, and |J that B, x B, X B,S R.
Since B, is dense in B, R = B x B x B and therefore FFU (GU H) =
(FUG) U H when F, G, He B. The other laws of Boolean algebra are
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verified similarly. The function
r(F, G) = [arctan p,(F' U G)] — [arctan (u(F' — G) + ¢(G))]

taking B x B to the reals is obviously continuous. Moreover, »(F,G) =0
when F,Ge B, Since B, is dense in B, r is identically zero. So g,
is finitely additive on B.

Finally, suppose that g,(F') = 0. This means that F is the limit
in TM(S, 2, 1) of a sequence {x,}, E;e ¥, with lim,... #(E;) = 0. But
then {x;} converges to zero in measure, i.e. in TM(S, 3, ¢t). There-
fore, F' = 0, which acts as @ in (B,U, N, ~).

To simplify notation, identify a set EFeX with its characteristic
function x, ¢ B,.

LEMMA 2. Let G, G, ---€B, and suppose that G,NG; = O,
v # j. Then there is a double sequence {Ep}, Er € 3, such that

1) lim,.. E! = G; in B, for each 1.

(2 ErnEr=0 (+)).

@B If m=mnz=j, then p(EF4E?) < 1/n-2" where 4 denotes the
symmetric difference.

Proof. Since G;€ B, we can find a sequence {A}}, A¥ec X, such
that lim,_...A¥ = G; in B. Let R} = A} — U;«; A% Obviously RINR:=@
(¢ # j). By continuity of — and U,

limR =lim A - YlimA:=G;, — UG; =G;.

k—oo k—oco 3<i k—oo i<i
Pick a subsequence {R!*} of R! inductively, as follows: For each n
and j we can pick a k,; so large that for k, ¥’ = k,;, #(R¥4RY) < 1/n-2"
(this follows from lim,... R% = G,.) For fixed n, take k, to be any
integer which is simultaneously greater than k,_,, and greater than
k.jy7 =m.

For m=n=7,k, =k, and 7 < n so that by definition of %, and
k,;, pt(RinAREm) < 1/m-2". Therefore, letting K7 = R¥», we have verified
conclusion (3). Since lim,_., Rf = G;, conclusion (1) follows from the
fact that (E?) is a subsequence of (RY). Since RFNR:= @ (1 #7)
holds for all %k, it holds for ¥ = k,. So E*NE!}= @ (1 #]J), verify-
ing conclusion (2).

LEMMA 3. Let G,,G,, .-+ € B and suppose that G;NG; = @ (4 +#J).
Assume 32, #(G;) < +co. Then there is a GeB such that G;SG

and ﬂl(G) = =1 #1(Gi)-

Proof. Pick a double sequence {E?} as in Lemma 2. Observe
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that by (1) and (3) of Lemma 2, p(E?4G;) <1/n-2" (j <n). Let
= U3 E7. By (2) of Lemma 2, A" = 37 ;.. So

pmariany = (o) - (Seso)|m@s)

[~}

= 3, 1o0320) — 230)| @) + | azi@)enas)
= 3 (B 4B + (B = (3 -5 ) + m(BR
=SS mG) e <

o RS NT
+ #I(Gn-i—l) .

Since the series >, (2/2" + ¢(G.+,) converges, {A"} is Cauchy in
measure. Let G = lim,_., A*, Ge B. Now

1(G; — G = lim p1(By — A") =0,

since E < A™ for » > 1. So by Lemma 1, G — G; = @, and therefore

G;SG. It remains to show that ¢(G) = 3.2, #(G;). By virtue of

G: <SG, we have >\, ¢ (G;) = (U G)) £ 1.(G). Since n is arbitrary,
2, (G £ 1(G). On the other hand,

#G) = lim (4" = lim 3 e (B7)

< lim (33 (@) + —=))

n—oo .2”
= lim (
n—oo

By the Stone Representation Theorem, there is a set S’ and a field
X7 of subsets of S’ such that X is isomorphic as a Boolean algebra with
B. Let j: B— 23} denote the isomorphism. j induces a positive finitely
additive set function g on X} defined in the obvious way using j and
t.. Lemmas 1 through 3 carry over from (B, p,) to (S', 3, p) by
virtue of the isomorphism. 3} need not be a sigma-field. However,

=) =3 m@) .

LEMMA 4. pf is countably additive on 3.

Proof. Let A, A,,--- €23} be pairwise disjoint, and let 4 = Uz, 4
Aecli. We must show that py(4) = 32, 1i(4,).

From the fact that g is posititive and finitely additive, we have
immediately that >, ¢i(A4;) < pi(4). In case 3.2, py(4) = + o, we
are already finished. We may therefore suppose that >\, p(4;) < + oo.
Since Lemma 3 carries over to (S’, Y, ), there is a set A’ e 3} such
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that 4, A" and py(A') = 332, t(A;). From A4; & A’ we conclude that
Ac A, and therefore py(A4) < w(4’) = 22, to(A).

Since p; is countably additive on 3}, we can extend p to a posi-
tive measure 2’ on J3’, the sigma field generated by Xi.

We shall show that (S, 2", o) is the measure space asserted to
exist in the statement of Theorem 1. Thus, for instance, L,(S, 3, 1)
is isomorphic to L, (S, 3", ).

Since B< TM(S, 2, 1) is total, we can extend j:B—J, to
it TM(S, 3, p) — TM(S', 3', 1') by extending first to g-simple functions,
setting 4,(2%, @iz,) = 2k, aw;(E;), and then extending ¢, from the
space of simple functions to TM(S, 2, #) (in which the p-simple func-
tions are dense). One must, of course, show that 7, is well-defined,
but that is easy.

From the definition of %, it is immediate that ¢ is an order preserv-
ing multiplication-preserving isometric isomorphism into, taking charac-
teristic functions (fe B) to characteristic functions (x;,).

For AelX{, . = i(37'(4)), so that y,eim<. Since {y,|Acly} is
total in TM(S', 5', /'), © is onto.

If GeB and p,(G) < +o then GeL,S, 2, ), and |G| = 1(G)
where the norm is taken in L,. Therefore, ;' takes pi-integrable
simple functions to elements of L,(S, ¥, #) and preserves the L,-norm.
Therefore i~ takes L,(S’, 3}, p) into L,(S, 3, pt) preserving norms.
But L,(S", 2%, 1) = L(S',2", '), so i~ takes L,(S', 2", ') isometrically
into L,(S, 2, t).

If EeY and p(E) < 4+, then pg(j(E)) < 4+ so that ;4 €
LS, %, ¢'). Since y, = 17'(%;), we have y,eim+™*. On the other
hand, {y.| #(E) < + o} is total in LS, 2, ¢£). So i~ is onto. This
verifies (2) in the statement of the theorem.

By what we have already shown,

K ={refus, 5 || rowmds = | @@}

is a closed subspace of L,(S, 2, ). But clearly, every p-simple func-
tion on S is in K. Therefore K = L,(S, 2, ¢£). This verifies (3) in the
statement of the theorem.

Theorem 1 could also have been proved with the assumption that
u is bounded, replacing the assumption that g is positive. In order
to effect the change, we repeat the above proof, replacing g by its
total variation w. g as well as u can obviously be extended from ¥
to B. Minor changes then convert the proof for y positive, to a proof
for p bounded.
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