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ON MEASURES WITH SMALL TRANSFORMS

RAOUF DOSS

G is a locally compact abelian group whose dual Γ is
algebraically ordered, i.e., ordered when considered as a
discrete group. Every (Radon) complex measure μ on G has
a unique Lebesgue decomposition: dμ = dμ8 4- g(x)dx, where
dμs is singular and g e L^G). A measure μ on G is of analytic
type if μ(γ) = 0 for γ < 0, where μ is the Fourier-Stieltjes
transform of μ.

The main result of the paper is that if I \μ(γ)\2dγ<<χ>9

Jr<o
or more generally, if, for γ < 0, μ(γ) coincides with the trans-
form fiγ) of a function / in LP(G), 1 ^ p ^ 2, then the singular
part dμ8 is of analytic type and fi8(Q) = 0.

Throughout the paper the symbol M(G) denotes the Banach algebra
under convolution of all regular complex measures on G. Haar
measure will be denoted dx on G and dy on Γ. If the singular part
dμ8, of a μeM(G), vanishes, then dμ is called absolutely continuous.

We first prove that if μ e M(G) and μ e L2(Γ), then μ is absolutely
continuous. This natural statement must have been proved before,
but it does not seem to appear in the literature. It is not implied
by the //-inversion theorem, which assumes μeM(G) and μe&iΓ),
nor by Plancherel's theorem. It is best possible in the sense that
μeL2(Γ) cannot be replaced by the weaker condition μeLv{Γ), p > 2;
for, as shown by Hewitt and Zuckerman [3], on any nondiscrete
locally compact abelian group G, there exists a nonvanishing singular
measure μ8 for which μseLp(Γ), for every p > 2.

Next we suppose that the dual Γ is algebraically ordered. This
means that there exists a semi-group PcΓ such that P ( j ( - P ) = Γ,
Pf] ( — P) = {0}. We do not assume that P is closed in Γ, so that,
e.g., iϋ\ k ;> 1, is algebraically ordered. If P is closed in Γ9 then Γ
is called ordered (Rudin [4]). But then Rk is ordered only if k = 1.
If Γ is discrete, the two notions of ordered and algebraically ordered
coincide. A discrete abelian group Γ can be ordered if and only if
its (compact) dual G is connected (Rudin [4], 8.1.2 (a) and 2.5.6 (c))
Thus the dual Γ of a locally compact abelian group G can be algebrai-
cally ordered if and only if the Bohr compactification G of G is con-
nected.

So suppose Γ is algebraically ordered. A measure μ e M(G) is said
to be of analytic type if μ(j) = 0 for 7 < 0. Helson and Lowdenslager
[2] prove that for a compact abelian group G, with ordered dual Γ,
if μ e M(G) is of analytic type, then the singular part μs is of analy-
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tic type and moreover βs(0) = 0. Our main result is a twofold generali-
zation of this theorem, namely:

Let G be a locally compact abelian group with algebraically

ordered dual Γ and let μeM(G). If \ \β(Ύ)\2dy< °o or more

generally if, for 7 < 0, β coincides with the transform f of a func-
tion f in LP(G), 1 ij p <; 2, then μs is of analytic type and β8(0) = 0.

This theorem is new even in the case G — R. Combined with the
F. and M. Riesz theorem it yields the result: if μ e M{R) and
1 I β(Ύ) I2 dy < 00 then μ is absolutely continuous.
Jr<o

THEOREM 1. Let μ be a complex measure on the locally compact
abelian group G. If βe L\Γ) then μ is. absolutely continuous.

Proof. (Short and due to the referee.) By PlanchereΓs theorem
there is fe L\G) with / = β almost everywhere. Let g be a continu-
ous function, with compact support in (?, such that geL^Γ). Then

\ fg = \ fg (Parseval-Plancherel)

g(Ύ)d7\ (x, 7)dμ(x) (since / = β)

Γ JG

= \ g(x)dμ(x) (Fubini and .^-inversion theorem).
JG

Now every continuous h with compact support C in G, can be uniformly
approximated by #'s of the above type, with supports in a fixed compact
set C": choose a fixed compact neighborhood V of 0 and a kernel k ^ 0,
bounded, with support in V, and put g — h*k; then

support g<zC + V = C',ίi,ke L2(Γ), g e L\Γ) ,

and g may be chosen uniformly close to h. Hence

ί hf = \ hdμ
JG JG

for every continuous h with compact support in G. Therefore

ί | / | < * | | / ι | | < 00,feL\G);
JG

since β = /, we conclude, by the uniqueness theorem dμ(x) = f(x)dx
and μ is absolutely continuous.

LEMMA 1. Suppose G is a locally compact abelian group whose
dual Γ is algebraically ordered, μ e M(G) and μ is of analytic type.
Then the singular part of μ is also of analytic type.
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This lemma has been proved in Doss [1] under the assumption
that Γ is ordered. But the proof is valid for an algebraically ordered
Γ with the following obvious modifications:

The compact interval [ — S, d] is replaced by a compact symmetric
neighborhood V of the origin in Γ. The relation 7 < — d is replaced
throughout by 7 < 0, 7 ί V.

Finally the function k such that

(1) k e L\G) k(x) ^ 0

(2) k(y) ^ 0 k(j) = 0 outside V

is obtained as follows:

Choose a symmetric compact neighborhood W of 0 in Γ. Let
u(7) = 1/meas W on W, u(y) = 0 outside W. Then u e Lι(Γ), u e L\Γ),
ueL2(G). Put v = u*^6. Then

(2') 0(7) ^0, v vanishes outside the compact (symmetric) set

V= W+ W.

Also v e &{Γ) and

( Γ ) v{x) - I u(x) \2^0,ve L\G) .

By the inversion theorem

v(y) = \ v(a?)(a?, 7)dx .
JG

Put Λ(a?) = ̂ (a?) . Then, by (V)

( 1 ) & € I/(G) , Jc(x) ^ 0 .

Moreover, ίc(y) — \ fc(cc)(x, y)dx = v( — 7). Hence, by (2')

(2 ) fc(y) ̂  0 , ίc(v) = 0 outside F .

LEMMA 2. Le£ G be a locally compact abelίan group whose dual
Γ is algebraically ordered. Let

da — ds + w(x)dx

be a positive measure on G, where ds is singular and w e Lι(G).
Let K be a compact set in Γ and denote by Ω the set of trigono-
metric polynomials p(x) of the type

p(x) = ΣJΦI Ύ) 7 < 0 , 7 ί K .

Let φ be the unique function belonging to the closure of Ω in L2(dσ)
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and such that

Then

\ 11 - φ \2dσ - inf ( 11 - p \2dσ .
JG p e Ω J G

\ 11 — φ\2dσ <^ I wdx .
JG JG

Proof, φ is the unique function belonging to the closure of Ω in
L2(dσ), for which

( 1 ) \ (ά77)(l - φ)dσ = 0 for 7 < 0, 7 <£ K .
JG

We can easily find, by means of an appropriate kernel, an feLι(G)
whose transform/ is equal to the transform of the measure (1 — φ)dσ,
for 7 < 0. But then the measure (1 — φ)dσ — f(x)dx is of analytic
type. By Lemma 1, the singular part (1 — φ)ds is of analytic type:

f (x, 7)(1 - φ)ds = 0
JG

for 7 < 0 .

By continuity (or by the Helson-Lowdenslager theorem, in case Γ is
discrete), the same relation holds for 7 = 0. We conclude

\ (x, 7)(1 - φ)(l - φ)ds = 0 for 7 ^ 0 ,
JG

and since 11 — φ \2ds is real, the above relation is true for 7 ^ 0 .
Hence, by the uniqueness theorem:

(2 ) 11 - φ \2ds = 0 (1 - φ)ds = 0 .

Hence (1) reduces to

( (X7Ύ)(1 - φ)wdx = 0 for 7 < 0, 7 ί K .
JG

Since φ belongs to the closure of Ω in U(w) we conclude

\ 11 — φ \2wdx = inf I 11 — p \2wdx ^ \ wdx .
JG peΩ JG JG

Hence, by (2)

f 11 - φ \2dσ ^ [ wdx
JG JG

and the lemma is proved.

MAIN THEOREM. Let G be a locally compact abelian group
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whose dual Γ is algebraically ordered. Let

dμ = dμs + g(x)dx

be a complex measure on G, where dμs is singular and g e Lι(G).

If I I U{Ί) \2dy < oo, or more generally if, for 7 < 0, β(τ) coincides
Jr<o Λ

with the transform f(y) of some function / e !/((?), 1 ^ r ^ 2, £/mι
d//s is of analytic type and us(0) = 0.

Proof. It is sufficient to prove ί£8(0) = 0, for by translation, we
get ϋs(j) = 0 for 7 < 0. By hypothesis there is feLr(G), such that

/(7) = fi(7) a.e. for 7 < 0 .

Let ε > 0 be given. There is kt e U(G) such that ίct has compact
support Kγ and such that

(see e.g. [4], 2.6.6). Also there is /̂  €!/((?) such that h1 has compact
support H1 and such that

(the proof of 2.6.6 in [4] works unchanged). Put

9L = Q -

Then

llftlli

Put

dX = cί̂ g +

dσ = d\μ.\ + \ g1(x) \dx + \ fx(x) \rdx .

Let V be a symmetric compact neighborhood of the origin independent
of ε and the subsequent choice of ku hu Ku Hγ. Put

so that K is compact.
By Lemma 2 there is a

P(X) = EM«f 7*) 7n < 0, 7W ί ίΓ

such that

( 1 ) t 11 - P Nσ £ ε + \\gι \\x + | | / ϊ ||x ^ 3ε .
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Put p, = —— + — == 1. By Holder's inequality and (1)

/ P ι

LJG J LJfl

This, combined with \\fι\\r < ε1 / r gives

( 2 ) I I P Λ I U ^ s 1 / r + [(3<

By the Schwarz inequality and (1)

ί 11 - p I dσ ^ (3ε)1/20Ί

Hence

J ί?

1/2

i.e.,

( 3 ) I λ(τ) -

Now from the definition of dX and from f(j) = β(7) a.e. for 7 < 0
we see that

( 4 ) λ(δ) = u(δ) - f(d) = Uδ) a.e. for δ < 0, δ ? K, U ̂  .

But 7n < 0, 7W e (i^i U £Γi) - V. Hence, if 7 ^ 0, 7 e F we have

7 + 7W < 0, 7 + 7n ί i^i U Hi .

Whence, by (4)

ί (», 7)(», 7n)ώλ = /x(7 + 7W) a.e. for 7 ^ 0, 7 e V .

Therefore,

(pdX)A(j) = (p/1)
Λ(τ) a.e. for 7 ^ 0, 7 6 V .

We deduce, by (3)

I λ(7) - (PΛΠ

Finally

( 5 )

a.e. for 7 ^ 0, 7 e V .

a.e. for 7 ^ 0, 7 e F .
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Now e > 0 is arbitrary. By (2) and (5) there exists a sequence

φneLr(G) such that
(6) Il9>.llr-O

Φ»(Ύ) —* #.(7) a.e. for 7 ^ 0, 7 e F .

We deduce from (6)

This shows that μβ(y) = 0 a.e. for 7 ^ 0 , 7 6 7 .

In particular, by continuity, ύs(Q) = 0 and the theorem is proved.
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