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BANACH ALGEBRA BUNDLES

BERNARD R. GELBAUM

If 8* is a fibre bundle over a space X with fibre A, a
Banach algebra, and group the group of isometric automor-
phisms of A then the set of sections of the fibre bundle can
be endowed with the structure of a Banach algebra. If the
fibre A is a so-called Q-uniform Banach algebra (e.g., a com-
mutative Banach algebra) then the maximal ideal space of
the Banach algebra of sections can be identified as a fibre
bundle with base Xy fibre the set of maximal ideals of the
Banach algebra A and group the group of self-homeomorphisms
of the space of maximal ideals of A. Similar results are ob-
tained for certain epimorphism structures associated with the
algebras described.

In discussing fibre bundles we shall operate in the following con-
text: A fibre bundle gf specified up to equivalence [3] by a bundle
space, E, a base space X, a fibre A, a continuous projection p: Έ—+ X,
an open covering %S = {U} ot X, homeomorphisms φΌ\ U x A—>p~ι(U)
for Ue^. The φσ are fibre-preserving in that <pσ(x x A) = p~\x).
Furthermore there is an effective topological group Jzf of self-homeo-
morphisms (auteomorphisms) of the fibre A. The mappings φυ and
the fibre A are related as follows: For

xe U Π V, U, 7 e ^ , and aeA, letφΰιφv(%, a) = (x, 9uv(x)(o))

Then gσv(x)ej^ and the map guv: U Π V~+J*f is continuous. If

yep-\x), xe

we shall write φΰ\v) = (x9 tυ(y)).
In our discussions we assume that Jzf is topologized via neighbor-

hoods of which the following is typical:

N(T0) = {T: T(a,) e ΛΓ(Γ0(α4)), i = 1, 2, . . , n)

where T0,Tej^aieA and N(T0(a,i)) is a neighborhood of T^) in
the topology of A. Thus s$f is topologized by pointwise convergence.

Let guv(x0) = TQ and let N(TQ) be given as above. Note that
guv(x)(a) is continuous on (U Γ\ V) x A since it is the composition of
φϋιφv and the continuous open projection (Z7ΓΊ V) x A—>A. Thus
there is a neighborhood N(x0) c U Γι V such that, for

x e N(x0), guv(x)(ai) e N(guv(xt)ai), i = 1, 2, . . . , n .
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338 BERNARD R. GELBAUM

Thus guv(N(x0)) a N(T0) and guv: U Π V—> J%f is continuous.
For our special purposes, A will be a Banach algebra with iden-

tity e, X will be compact Hausdorfϊ and jzf will be a group of isome-
tric C-automorphisms of A. We shall then show how to identify Γ(gf),
the set of continuous sections 7: X —>E(py(x) — x) as a new Banach
algebra D. For a class of Banach algebras (the so-called Q-uniform
algebras), among which are the commutative Banach algebras, we
shall relate various structure spaces for A and D and show how the
fibre bundle structure of g* imposes a structure on the structure
spaces for D(1).

In consonance with the remarks made earlier, we topologize
by neighborhoods of which the following is typical

N(a0) = {a: || α(α,) - a^) \\A < ε, i = 1, 2, , n}

where a0, a e sf and α; € A. Thus the map JY x A 3 (a, a) —> a(a) e A
is continuous.

Other topologies are useful in special situations. However, we
shall confine ourselves to that described above(2). Direct calculation
shows that in the given topology Ssf is a topological group.

1* Γ(ξf). In this section we show Γ(&) may be given the
structure of a Banach algebra D that is in fact a bimodule over the
algebra C(X) of C-valued continuous functions on X.

For 7i, 72 G Γ(gf), fl9 f2 e C(X) and xeUe^S let

A(x)tu(7*(x)))

The above definitions ostensibly make the results dependent on the
choice of Ue^. However, if xeVe^S, then, e.g., if we use V for
definition,

ΊX'Ί2{X) = φr(x,

= <Pv{x,

= <Pu(x,

Thus 7i 72(^) is well-defined as are frΎ^x) and [/i 7i + /2 72](^); clear-
ly Ti T^/ί T./i T! + /, 7, belong to Γίg7).

We note the existence of the following special sections:

1 All the morphisms of this paper are assumed to be continuous, i.e., in the
category of Banach algebras and continuous homomorphisms among them.

2 The author thanks the referee for numerous constructive comments on this and
on other points.
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g>o(x, e) , λ

o(x) = φv{%, 0) , a; € Ue <%S .

Clearly these definitions are [/-independent. Furthermore for all
τeΓ(gf),

7 e = e Y = 7, O 7 = 7-0 = 0, 7 + 0 = 0 + 7 = 7 .

The above definitions endow Γ(&) with an algebraic structure.

If we set \Ί(X)\ = \\tLr{Ί(x))\\A for *τe Z 7 G ^ , and then

|| 71| = sup I y(x)\ ,

we see that:
( i ) since each gϋV(x) is an isometry, | j(x) | is independent of

the choice of U 3 x,
(ii) I 7(#) I is continuous on X and
(iii) since X is compact, | | τ | | < °°.
Direct verification shows that || || is a norm on Γ(&) and that

with respect to this norm Γ(ξf) is a Banach algebra D.
In the work below we shall need a lemma whose general character

justifies its inclusion here.

LEMMA 1.1. Let Ue^S and let feC(X, A), the set of A-valued
continuous functions on X, where the support K of f is contained
U. Then

j(x) = φσ(x, f(x)) , xeU

Ξ o(x) x$U

is in D and tu{Ί(x)) = f(x).

Proof. For xeU, 7(x) is clearly continuous. If x0 £ U, then

7 ( O = 0(X0) .

The (compact) support K of / lies in U whence there is a neighbor-
hood N(x0) not meeting K. Clearly, throughout this neighborhood
y(x) = o(x). The equation pj(x) = x is valid by definition of 7.

REMARK. If {ψv} is a C-valued partition of unity subordinate to
<%f and α e i let

yιτ(x) = cpu{x, aψu{x)) , x e U

= o(a ) , x&U.

If ^ is finite, let 7 = Σ ^ 7Γ. Then for Uoe^
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The last expression is net necessarily equal to a.
We note also that by the very definition of the structure of D

the mapping θUχ: 7 —•> tϋ{
ry{x)) for any xeUe1^/ is a C-epimorphism

of D onto A.
The algebra D is clearly an analogy and an extension of the con-

cept of C(X, A). When £f is the trivial bundle, then in fact D =
C(X, A). We note in passing that for a suitable tensor product norm,
namely λ, the "least cross-norm" [2], we may identify C(X, A) and
C(X) (&λA. In another place, the author proposes to explore this sug-
gestion since it appears to lead to an abstract and useful formulation
of the algebras studied here.

2* Uniform Banach algebras* The Gelfand-Mazur theorem may
be rephrased as follows:

If A is a commutative Banach algebra and if M is a regular
maximal ideal of A then A/M is C-ίsomorphic to C.

We are led to the following definition:

Let Q be a simple Banach algebra with identity eQ and let A be
a Banach algebra that is a Q-bimodule, i.e., for qeQ, aeA, qa and
aq (possibly different) are defined, belong to A and

| |gα[| ^ | | g | | | | α | | , \\aq\\ ^ | |α | i \\q\\;eQa

= aeQ = a, q(ab) = {qa)b, (ab)q = a(bq), (qa)qf

•= Q(a>Q')m, (Q, a) -+ qa, (Q, a) ~* ^Q

are bilinear. If, for every regular maximal ideal M of A, A/M is C-
isomorphic to Q, Λve say A is Q-uniform.

Whereas the set w ^ i of regular maximal ideals is of interest if
A is commutative, the set Epi c (A, Q) of C-epimorphisms ηA of A onto
Q, where |] 7]Λ(a) \\Q ^ || a \\Λ, is of interest when A is a not necessarily
commutative Q-uniform Banach algebra. Until further notice we as-
sume A is a Q-uniform Banach algebra and that it has an identity
e, as noted earlier. Examples of such (noncommutative) A abound,
e.g., C(X, Q) where X is compact Hausdorff and Q is a simple Banach
algebra, e.g., the set End c(Cπ) of endomorphisms of Cn,n > 1. In a
separate paper [1] the author will treat general Q-uniform algebras
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in detail.
We note here the surjection k: Epi c (A, Q)37)—+ ker (η) e ^//A. If

Epi c (A, Q) is given the weak topology (a typical neighborhood is

N(Vo) = fa: || y{a%) - Vo(cLi) \\Q < s, 1, 2, . . . , n, a, e A})

and if . ^ is then given the strongest topology such that k is con-
tinuous, then Epi c (A, Q) is a Hausdorff space and the map k is an
open surjection.

We make one more observation in the form of

LEMMA 2.1. Let A he a Banach algebra that is a bίmodule over
a Banach algebra B. Then every regular ideal I of A is also a B-
ideal.

Proof. If u/I = identity of Ά/I, let beB,xe I. Then u(bx) ~
bx e I. However (ub)x e I whence ox e I and similarly xb e I.

3* Epi c(I}, Q). When A is Q-uniform we assume J ^ is the
group of isometric Q-automorphisms of A. We prove first that D is
Q-uniform and then we shall show that Epi c (D, Q) is a new fibre
bundle over X with fibre Epi c (A, Q) and where the various maps and
the group of the bundle are quite naturally related to the correspond-
ing entities for gf. Note that the map θUχ: 7—> tυ(y(x)) for xe Ue^S
is now a Q-epimorphism of D onto A.

LEMMA 3.1. The algebra D is Q-uniform.

Proof. We define actions of Q on D by:

= φ σ ( x y qtv(7(x))) , x e U

- φσ(x, tπ(7(x))q) , x G U .

Because the guv are Q-automorphisms the above is a valid definition
and makes D a Q-bimodule.

Next let M be a maximal ideal in D. We shall show that for
some x0 e X, every U e C2/ such that x0 e U and every 7 e M, tΌ(Ί(xώ) Φ e.
Indeed, otherwise, for each x there is some Ux 3 x and a yxe M such
that tUχ(jx(x)) = e. In consequence [tϋJcίz{y))Y1 exists for all y in a
neighborhood Nx c Ux. We may assume there are neighborhoods Vx,
Wx satisfying Vxcz Vxa Wxa Wxa Nx. Let x,, i = 1, 2, . . . , n be
such that U?=i Vx. - X. Let /, 6 C(X) be such that f = 1 on F β . , /* = 0
off Wx.,0^Ux)^lf all a?. Then let gi(x) = /,(α;).[V (7^τ))]~1 for
^ e TFa.ί, ^(x) = 0 otherwise. The support of ^ is contained in U*.
and since inversion is continuous we find ^ e C(X, 4 ) . Thus there is
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a section 7; such that tv (Ίi(x)) = g%{x). Then tσ (7< 7β.(«)) = β for
#e Fx <. Note that τέ Ξ jryx.eM. Let {^} be a partition of unity
subordinate to the covering {Vx.}. Then ψi ΎiβM (Lemma 2.1) whence
7 = 2?=i ψffi e Af. However, for any # there is some Vx. 3 x and then

(To prove this, we begin with x e VXi c UXi,

n

t (v(fr\\ — V

If x e UXj then

If x ί Ux., then x$Vx., ψΛx) — 0 whence
3 3

In all cases then

Thus y(x) = e(x) and M cannot be a proper ideal.
Note that the method of proof applies to the simplest case in

which the bundle is trivial and A = C (or even A = R, in which case
A is not a complex but a "real" Banach algebra). The conclusion is
that the identification of points and maximal ideals in function alge-
bras is not completely dependent on their being complex or on their
having an involution.

We thus choose some xQ such that ί̂ (7(ί»o)) ^ e for all 7 e M and
all Ue^S such that x0 e U. Consequently θu (M) Φ A, is an ideal and

we show it is maximal. Otherwise there is a maximal ideal MΞ2 θπ (M)

and since θUχ is surjective, θϋι

x (M) is an ideal in D. However

θul(M) 3 M whence, θϋl(M) = M and so M = θv (M), a contradiction.

Set #^o(M) = MA0 and let r: A->Q have kernel MA0. Define ΎJD:D-+

Q by %(7) = rit^TiaJo))) = 7 ^ ( 7 ) . Then ^ e Epic (D, Q) and thus

ker(^) is a maximal ideal. Clearly, ikfcker(^) and so M = ker (^).

We conclude JD/ikί is C-isomorphic to Q and thus that D is Q-unifornu

In the argument just given we have used the following

LEMMA 3.2. Let xeUe^S,ηAe Epic (A, Q). Then

VD = tfAr, e Epi c (Z>, Q.) .
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Proof. Since

θϋχeΈviQ(D, A) c:Έvic(D, A)

and since ηA e Epi c(A, Q)y the result is clear.
Our principal object now is to prove a form of converse to Lemma

3.2, namely

LEMMA 3.3. // rjD e Epi c (D, Q) there is a unique xQ e X such that
if xoeUe^S there is an rjA satisfying: ηD — ηAθϋχ (ηA may depend

on U).

Proof. Let ηD e Epi c (D, Q) be given and let ker (τjD) = MD. We

note first that there is an x0 e X such that if xQ e U e fs then MA =

θUχ (MD) is a maximal ideal in A. The argument for this fact was

given in the proof of Lemma 3.1. If ί^eEpi c (^4, Q) is such that
ker (rj4) = MA then ker (ηΛθUχ) = ker (ηD) and thus ηD = a-rjAθUχ where

a is a (7-automorphism of Q. Setting ηA — arjΛ we conclude

VD = VΛΘUXQ

We show now that the x0 is unique. Indeed, let xλ be such that
if xλe 7 e ^ / there is an ηr

A satisfying ηAθVχ = ηΛθtTχ. We show that
x0 = χ1 by showing that if x0 e Wo, xι e W19 where Wo, WΊ are open,
Wo c Uo 6 ^ , W1aU1e %S, then Wo Π W1Φ 0 . Indeed, we can find

fe C(X), 0 ^ /(«) ̂  1, fix,) = 1 and / = 0 off TΓlβ Then 7 = f e e C(X, A)
is such that θUlx (7) = e whereas ΘUQX (7) = 0 (Lemma 1.1) and thus

VΆ0ulx ^VΛ^UOX- Since X is Hausdorff we see xγ = a;0, i.e., a?0 is

unique.
We are now in a position to define a projection P: Epi c (Z), Q) —•

X, namely by letting P ( ^ ) = xQ in the notation above. Furthermore,
for Ue ?/ define Φυ(JJ x Epi c(A, Q)) -+P~\U) by the formula

Finally, for each xe U f] V, where U, Ve'?S, define Guv: U Π F ~>
Perm (Epic (A, Q)) = the set of permutations of the set Epi c (A, Q)
according to the following formula

Guv(x)(ηΛ)(a) = ηA(guv(x){a))

We shall show below that if the weak topologies (§ 2) are used
for Epic(Z), Q) and Epi c(A, Q) then:

( i ) P is a continuous surjection.
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(ii) Each ΦL is a homeomorphism onto P~ι(U).

(iii) Φ?Φr(x, ηA) = (x, Gvu(x)(vA)) if xeUnV.
(iv) Each Guv is a continuous map of U Π V into the set Auteo

(Epic (A, Q)) in the sense that each Guv(x) e Auteo (Epic (A, Q)) and
Gur: U f] V—> Auteo (Epic(A, Q)) is continuous with respect to a sui-
table topology for Auteo (Epic(A, Q)).

These statements imply

THEOREM 3.1. Epi^ (D, Q) is a fibre bundle over X with fibre
Epi^ (A, Q), projection P, maps Φv and group Auteo (Epi^ (A, Q)).

Ad (i). Let

Vox -^VDO, P(VDX) = Xn P(VDO) = $0 .

If xλ -+> x0, let x0 G Ue <2S and find open V, WBX0 such that We: VaU
and such that for a subnet xλ,$ V. Choose feC(X) so that

0 ^ f(x) £ 1,

/ = 1 on ΐΓ, / = 0 off F and let jeD be such that tu(Ύ(x)) =
(Lemma 1.1). (Alternatively, let T = / e.) Then

whereas

^ ' ( 7 ) = VAi'θUχp) = 0

and

^DO(7) = VAoθσxp) = eQ ,

a contradiction. Thus P is continuous. It is clearly surjective.
Ad (ii). We show first that Φυ is continuous. Let

(Xi, VAX) —^ (ίCo ^-io)

Assume ηAλΘUχ) = ηDλ -» ηm = (χ09 γjA0).

Then there is a neighborhood

N(Vno) = {VJ>: II ̂ 2,(7i) - ηm(Ίi) \\Q < e, i = 1, 2, ., %}

and a subnet ^ / ; ; / 6 N(ηm). We know that eventually

II U 7 ^ ; / ) ) - M^ίαo)) lu < e/2 , ΐ = 1, 2, , %

and thus eventually

< e/2
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(since || ηA(a) \\Q ^ || a |L), i = 1, 2, . . -, n. Hence

Eventually the first term falls below ε/2 uniformly in 7}Aλ,9 i — 1, 2,
• , w, and then eventually the second term falls below ε/2, whence
eventually rjDl, e N(ηm), a contradiction.

Next we show Φσ is a bijection between U x Epi^ (A, Q) and
P~\U). If (x, ^ ) Φ (xf, Ύ]'A) then either x Φ X' or a; = x' and ̂  ^ ηA.
Yί x Φ x' we may find fe C(X, A), as in earlier arguments, so that
the support of / is inside 17, f(x) = β, /(a?') = 0 and for some T G D ,

Then θLφ) = β, ίΓ χ(τ) = 0 and so

If x = a?', let ^(α 0 ) ̂  ^ ( α 0 ) , and let θUχ(yQ) = α0. Again, we see Φ^(^, ^ ) ^
Φϊ/ί^'j ^ ) Furthermore we have seen that each ηD may be written
in the form r)AθUχ. Thus Φσ is a bijection of U x Epi c (A, Q) on P~~\U).

Now we show Φ^1 is continuous. Thus let rjΌl —> ^ 0 . Since P is
continuous, P ( ^ ; ) = ̂ -*a? 0 = P{ηm). If ^ ^ = yAχθuXλ and 57̂ 0 = ^o^^β o

we wish to show ηAλ—>ηAQ. Otherwise, there is a neighborhood

N ( η A 0 ) = {ηA: II ηA{a%) - y A 0 ( a { ) \\Q < ε, ί = 1, 2, . . . , n}

and a subnet 37̂ ,̂ g N(ηA0). Furthermore we may assume that for some
open W and V there obtains: xoeWczWc:V<^.U and that xx, e W
for all V. Again we find /< e C(X, A) such that /<(») = α̂  on ΐF, /<(») = 0
off V. If ^(Tίίa?)) = Λ(α?), let

ẑ>o(%) ||ρ < ε, i = 1, 2, . . ., W} .

Thus || ηDλ,(Ίi) - yDo(Ύi) \\Q = II VAAUX) ~ ^ o ( 0 \\Q ̂  ε, and we arrive a t
a contradiction of: rjOl,-^r)m .

Ad (iii).

where

VA@VX

 == VA@UX ~ VA9UV\X)^VX

 = Gjjγ\x)(y]A)θVχ .

Thus ηA = Guv(x)(y]Ά), η'A — Gvu{x){ηA), and so

Φp φyix, ηA) = (x, Gvu{x)(ηA)) .

Ad (iv). To discuss the mappings Guv(x) we first prove
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LEMMA 3.4. If T is a C-automorphism of a Q-unίform Banach
algebra B, then Γ*: Epi^ (B, Q) —» Epic (B, Q) defined by

T*(v)Φ) = V(T(b))

is an automorphism of Epi^ (B, Q).

Proof. We note that T* is injective since T*(ηύ = T*(η2) if and
only if η^Tb) — %(Tb), and since T is an automorphism of B, we find
γjx = τj2% Furthermore, if ΎJ is given, direct calculation shows that rj =
T*((T~γη), i.e., (T*)"1 = (Γ"1)*. Let Γ(%) = Co, and let

JV(ζ0) = {ζ; || ζ(h) - U*i) |U < e, i = 1, 2,

Then let

N(Vo) = {V II y(Tbd - UTbd |U < s, i = 1, 2,

Clearly T(N(ηQ))(zN(ζQ). The same kind of argument shows (T*)-1 ==
(Γ"1)* is continuous.

From Lemma 3.4 we see that each Guv(x) e Auteo Epi^ (A, Q).
By virtue of (iii) we see, in a manner analogous to that given in

the introduction that Guv(x)(ηA) is continuous on (U ΓΊ V) x Epic (A, Q).
For our purposes, the relevant part of Auteo (Endc (A, Q)) consists

of all auteomorphisms of the form Γ* where T e j%?. We denote this
relevant part of Auteo (Endσ {A, Q)) by J^"*. Since

is bijective, we see that J ^ * may be regarded as an anti-isomorphic
copy of j^f. (If 2 W T * , Γ2~^T2* then TtT2^TtTί.) We topologize
j ^ * by giving it the topology of J^/* i.e., a set S * c j / * is open
if and only if the preimage S is open in stf. In this way J ^ * becomes
a topological group.

Since the maps guv; Un V—+Jϊf are continuous we see that the
maps Guv: U f] V—> Sf* are also continuous.

4* ^//D+ The spaces ^//D and ^fAy in the topologies they derive
from Epic {D, Q) and Epic (A, Q) respectively, are related via a fibre
bundle.

THEOREM 4.1. ^ D is a fibre bundle over X with fibre ^/SA. The
projection π: ^/SD —*X is defined by π(MD) — P(ηD) where ker (τ]D) =
MD. This definition is independent of the choice of ηD and π is
continuous. The group is the group of auteomorphisms of ^/fA. Fur-
thermore, if Ue^f then π~ι(U) is homeomorphic to U x ^fA. The
map Ψυ\U x ^£A—*π~\TJ) implements the homeomorphism according
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to the formula:

Wv{x, MA) = {y: tu(Ί(x)) e MA) = MD e ^/SD .

The maps 5fuv: U Π V—>Auteo (, //Λ) are defined by

5?uv(x)(MA) = {gσv(x)(a): a e MA} .

The function &uv(χ)(MA) is continuous in the pair (x, MA) by virtue
of the formula:

ΨϊΨv(x, MA) = (x, &VΌ{x)(MΛ)) .

The map c^7υv\ U Π V—> Auteo (^/f4) is continuous in a suitable
topology for Auteo

We omit the proof of Theorem 4.1 since the arguments and con-
structions of the proof closely parallel those given in § 3.

5* Complements* Some of the foregoing may be carried out in
a more general context where no assumptions about the Banach alge-
bra A are made except that it has an identity. The constructions of
P and 7Γ, of Φv and ψv, of Guv(x) and 3?uv(x) can be carried out with-
out recourse to hypotheses about Q-uniformity of A. However, some
of the continuity proofs cannot be repeated in the "natural" topologi-
cal context.

First Epie (A, Q) and Epic (D, Q) must be replaced by Epic (A) and
Epi,? (D) (the respective sets of all epimorphisms of A and D onto
simple quotients). Next ^.//A and ^/ίίD should be given their hull-kernel
(hk) topologies and then Epi^ (A) and EpL(D) are given the weakest
topologies that make the mappings ηA —* ker (ηA) and ηD —> ker {ηD)
continuous. It is of interest to note that P and π remain continuous
but that Ψσ need not be continuous. We show π is continuous and
since Epiσ (D) —* ^//D is continuous, the continuity of P follows.

Indeed, if MmZDp\MD^sMD and if π(Mm) = xo£π(S) let_xoeW
where W f] π(S) = 0 . As in earlier proofs, let xQe W1a W1cz W.
We may assume also that We Ue <&. Then if fe C(X, A) has sup-
port in U and if f(x) = e on Wly f(x) = 0 off Wlf let 7 e D be such
that tσ(y(x)) = f(x). Then tu(j(x0)) — e and so 7 g Mm whereas tυ(j{x)) =
0, x & W and so ye Γ\jVDeS MD. We arrive at a contradiction.

On the other hand the following example shows that Ψσ need not
be continuous.

EXAMPLE. Let A be the commutative Banach algebra of functions
f(z) analytic for | z \ < 1 and continuous for | z \ ̂  1, z e C; let X=[0, 1]
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and let g7 = A x X. Then D = Γ(tf) is the set of all continuous
maps from X to A. The bundle if is trivial and we wish to consider
the singularly covering {X} and to show that Ψx is not continuous. We
shall exhibit a section TG D, a pair (Xo> -Mo) a n d a set of pairs fe, M?)
such that

y(xλ) e Mλ , y(x0) £ M .

Thus, if ilf^ = ^Vfe, ikQ, then T G Π ^ and 7 £ MD = ΨLT(χ0, Mo)
whence Ψu{(xλ, Mλ)} ςt Ψuϋxo, Mo)}. Specifically, let

xλ = λ, Mi — , 0 ^ λ ^ 1 .

Let

EE / , ( « ) = Z2 - ^ 2 " • ^

2{x - 2) 2(x - 2)

Then Λ(l) = 1,

JLλ ^ + χ2 ( 1 - x

4 + 2(.τ-2)

Furthermore

//v 9\ //y 9\

whence 7 eD. As λ —• 0, y(xλ) —• 7(̂ 0) = 7(0) = z2. On the other hand,
Π;. Mλ - {0} c M = {/: /(I) - 0}. Thus

y(χλ) — 7(λ) — /; ( j = 0 ,

whence y(x2) e Mλ. But 7(x0) = z2 gM. We conclude that Ψx is not
continuous in this example.

The referee has suggested an alternative approach for the more
general situation: For each simple Q and any A, the argument of
§ 3 shows that Epiσ {D, Q) has a fibre bundle structure with fibre
Epic (A, Q), although Epiσ (D, Q) and Epi? (A, Q) may be empty. There
now arises the problem of patching "al l" Epic (D, Q) and correspond-
ingly " all" Epic (A, Q) together and thereafter relating the resulting
structures.
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