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COMPACTNESS OF MAPPINGS

EDWIN DUDA

A class of spaces that admit to a special kind of mapping
onto the nonnegative real numbers is considered and it is shown
that this particular type of space is invariant under compact
monotone mappings. It is also shown that if such a space
admits to a one to one (monotone) mapping onto a "nice"
subset of the plane then the mapping is a homeomorphism
(compact monotone mapping). If the one to one mapping
(monotone) is not a homeomorphism (compact monotone map-
ping) then its range necessarily separates E2.

In [3] the author showed that if a locally connected generalized
continuum X with the property that the complement of each compact
set has only one nonconditionally compact component admits a one-to-
one mapping / onto E2, then / is a homeomorphism. This result was
then used in [4] to show that reflexive compact mappings of E2 onto
E2 are compact mappings. This condition that the domain be all of
E2 and the range be all of E2 are naturally unsatisfactory conditions.
In this paper we undertake to reduce these conditions by considering
spaces which admit to certain special kinds of mappings onto the
nonnegative real numbers. It is shown that these spaces include
numerous subsets of E2 and also include spaces which are not subsets
of E2. In general a completely satisfactory reduction on the hypotheses
used for the main result in [4] is obtained.

2* Notation and definition* Throughout X and Y will be
metric spaces and mapping will mean continuous function. A locally
connected generalized continuum is a connected separable metric space
which is locally compact and locally connected. A mapping is monotone
f each point inverse is a continuum and a mapping is compact if the

inverse image of each compact set is also compact. A continuum X
is unicoherent if whenever X = A (J B, where A and B are continua,
then so is A Π B. The nonnegative real numbers will be represented
by [0, oo) and [α, b] will be the real numbers interval from a to b or
a simple arc joining a to b depending on the context. The cyclic
element theory used is that of reference [10]. A topological ray is a
homeomorphic image of a ray in the real line. A set B in a metric
space is conditionally compact if its closure is a compact set. The
Euclidean plane will be represented by E*.

3* Preliminary results*
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THEOREM 1. Let X be a noncompact metric space which has the
representation X = (JΓ=i Aif where A{ c int Ai+1, i = 1, 2, 3, and
each Ai is a locally connected unicoherent continuum which does not
separate X. Then there is a mapping g of X onto [0, ©o) and a
monotone increasing sequence of positive real numbers Ĝ  , (c^)—>co,
such that g~ι[0, a{] is a locally connected unicoherent continuum for

Proof. For convenience of notation assume int AγΦ φ. Let Bt =
Ai Π Cl(X — Ai) for each positive integer i. Each Bt is a continuum,
[5], the Bi are pairwise disjoint and the union of any subcollection of
Bi is a closed subset. By a modified version of Urysohn's Lemma
there is a mapping f, of A, onto [0, 1] with f^B,) = lyfrVάBi) = #i
Similarly there is a mapping f2 of Bλ U A2 — Aι onto [1, 2] with

MB,) = ltffWBJ = J?lf/2(B2) = 2,/2"
1/2(52) = B2 .

In general there exists a mapping fn of l ? ^ U An — An^ onto [w — 1, n]
with UB^) = n-l, fT'MB^) = Bn_xJn(Bn) = n,f~γn(Bn) = Bn. Let
# be the mapping of X onto [0, oo) which is defined in the following
manner. For x e Aj9 set g(x) = fό(x) and note that g is a mapping
with the required properties.

There is a partial converse to theorem one which is useful in
identifying some of the properties of spaces which admit to a special
kind of mapping onto [0, oo).

THEOREM 2. Let X be a metric space which admits a mapping
g onto [0, CXD) for which there exists a strictly monotone increasing
sequence of positive real numbers aiy (a$) —> oo, such that g^O, a{] is
a locally connected unicoherent continuum and ίΓ"1^] is a continuum
for each positive integer i. Then X has the representation X —
\JT=i A^ where A{ c int Ai+ί, each A{ in a locally connected unicoherent
continuum, and ^[a^oo) is connected for i = 1, 2, 3, .

Proof. Let Ai = g~ι[0, a<] for each positive integer i. Clearly
Ai c int Ai+1 for each positive integer i and since ^"'[αj is a continuum
it follows that g~ι[aiy co) is connected.

Another usuful version of theorems one and two is possible for
monotone mappings. First we establish a useful lemma of which there
are more general versions, i.e., Theorem 2 of [9].

LEMMA. Let X be a locally connected generalized continuum.
If g is a monotone mapping of X onto [0, co) then f is a compact
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mapping.

Proof. Let K be a compact subset of [0, oo) with least upper
bound u and greatest lower bound I. There is a continuum Ko

containing g~\u) U 9~\l). The closed interval g(K0) contains K so
that g^giKo) contains g^iK). By monotoneness of g, g^giKo) is a
continuum so that g~γ{K) is compact.

THEOREM 3. Let X be a locally connected generalized continuum
and g a monotone mapping of X onto [0, oo). If there exists a
sequence of positive real numbers a^ (α*)—* °°, such that each gr̂ fO, αj
is embeddable in E2 and no point inverse of g separates E2 in some
embedding, then ^-1[0, α̂ ] fails to separate E2 for each positive integer i.

Proof. It is well known that if one embedding of a continuum in
E2 fails to separate E2 then the same is true for all other embeddings.
Suppose then that ^[O, a{] is a subset of E2 under some embedding.
Let G be the decomposition of E2 into the points not in (/"̂ [O, a{] and
the continua ^ [ c ] , 0 <c < a{. Since this decomposition is upper semi-
continuous it follows by a well-known theorem of R. L. Moore, [6],
that the decomposition space Y is a topological plane. Furthermore
the image of (/"̂ [O, α̂ ] under the natural mapping ψ of the decompo-
sition G is a simple arc. Since the arc ψig^lO, α̂ ]) does not separate
Y and f i s a monotone compact mapping, ^"'[0, a{] does not separate E2.

It will be useful for further discussion and statements of results
to refer to a locally connected generalized continuum which admits to
a mapping g of the type in Theorems 1, 2, or 3 as a #-unicoherent
space. To give some indication of a class of spaces which satisfy
the conditions of Theorem 1 recall that a locally connected continuum
each true cyclic element of which is homeomorphic to a 2-sphere is
called a cactoid. It is well known that a monotone image of a 2-sphere
is a cactoid and that any cactoid can be realized by a monotone mapping
defined on a 2-sphere. Moreover, any monotone image of a cactoid is
also a cactoid. The space obtained by removing a noncut point from
a cactoid satisfies the conditions of Theorem 1. (See Theorem 4.)

A base set is a locally connected continuum which is homeomorphic
to a continuum in E2 every true cyclic element of which is a 2-cell.
A hemi-cactoid is a locally connected continuum which is the union of
a base set and disjoint sequence of cactoids each intersecting the base
set in a single point and subject to the condition that for any ε > 0
at most a finite number of the cactoids have diameter greater than ε.
It is well known that any monotone image of a hemi-cactoid is also
a hemi-cactoid and any hemi-cactoid can be realized by a monotone
mapping defined on a 2-cell. The space obtained by removing a noncut
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point from a hemi-cactoid will satisfy the conditions of Theorem 1
provided the noncut point is not in an open 2-cell of a true cyclic
element which is a 2-cell. (See Theorem 4).

We generalize the notion of cactoid and hemi-cactoid by considering
a locally connected continuum X in which each true cyclic element is
either a 2-sphere or a closed 2-cell. Before establishing the main
theorem concerning such spaces consider the following remarks. For
a 2-sphere S and any point pe S, S — p = (JΓ=i -A*, where Ai is a closed
2-cell, Ai c int Ai+1, and (S — p) — A{ is connected for each positive
integer. For a closed 2-cell C and any point p on the boundary of
C, C — p = \JT=I Ai, where A< is a closed 2-cell, A* c int Ai+ι, and
(C — p) — Ai is connected for each positive integer i.

Much of the preceding discussion of known results can be found
in [10].

THEOREM 4. Let X be a locally connected continuum every true
cyclic element of which is a closed 2-cell or a 2-sphere. If p is a
noncut point, p not in an open 2-cell of a true cyclic element which
is a closed 2-cell, then X — p — (JΠ=i Aiy where A{ is a unicoherent
locally connected continuum, A{ c int Aί+1, and X — A{ is connected
for each positive integer i.

Proof. Suppose p is in a true cyclic element S which is a 2-sphere.
Let S — p = \JT=iA[, where A[ is a closed 2-cell, A[amtA[+ι, and
(S — p) — A[ is connected for each positive integer i. For each positive
integer i, let Ai be A\ union all of the components of X — S whose
closure meets A'im This gives the required representation for X — p.

In the case where p is in a closed 2-cell which is a true cyclic
element, the argument is similar.

Suppose now that p is a noncut point which does not belong to
a true cyclic element. For q e X, q Φ p, there is a simple arc [q, p]
joining q to p. Let K be true cyclic element which has a nondegenerate
intersection with [q, p]. The set K Π [q, p] is a simple arc and hence has
a last point in the order q, p. Let H be the set of such points obtained
by considering all nondegenerate intersections of true cyclic elements
with [q, p] and let b be the least upper bound of H on [q, p], (take b = q
if H = φ). If b = p, then H contains a sequence (p ) converging
to p and if b Φ p, then choose (pj to be any sequence on [b, q] converging
to p. It can be assumed that the sequence (p{) is monotonic increasing
in the order q, p. For each positive integer i define Ai to be p{

union of all the components of X — p{ except the one that contains
(Pi, p]. For each positive integer A{ is a unicoherent locally connected
continuum, A{ c int Ai+ί, and X — A{ is connected.
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In order to make the statements of some theorems somewhat
briefer, it is convenient to make the following definition. A space X is
said to be a .D-cactoid if X is a locally connected generalized continuum
which is obtained by removing a noncut point p, p not in an open
two cell of a true cyclic element which is a 2-cell, from a locally
connected continuum each true cyclic element of which is a 2-sphere
or a 2-cell.

COROLLARY 1. Every D-cactoid is a g-unicoherent space.

THEOREM 5. If f(X) = Y is a compact monotone mapping and
X is a D-cactoid then so is Y.

Proof. Let X' be the locally connected continuum and p the non-
cut point for which X' — p — X. The space Y, since / is a compact
mapping, is known to be a locally connected generalized continuum.
Denote by Yr the one point compactification of Y and denote the
compactifying point by q, q g Y. There is a natural extension of /,
call it / ' , which takes p onto q. Let if be a true cyclic element of
Yf and note by the monotoneness of / ' , fr~ι(K) is a continuum. There
is a true cyclic element C of X' with f'(C) 3 K. The mapping f'/C
is monotone hence f'(C) is a cactoid or a hemi-cactoid. Clearly K is
a true cyclic element of f'(C) and as such is a 2-sphere or a 2-cell.
Thus the space Y' — q = Y is a D-cactoid.

4* Main theorem* In order to make use of a theorem in [11]
and portions of the proof of the theorem in [3] the following notation
is useful. Let f(X) = Y be a one to one mapping of one locally
compact separable metric space X onto another such space Y. Let
S be the set of points in X at which / is a local homeomorphism
and let T be its complement. From a result in [9] the set S is open,
T is closed, and f(S) is an open dense set in Y. The sets S and T
and the following theorem of [11] will be used in proving the main
theorems.

THEOREM A. Let X be a locally compact arcwise connected
separable metric space, let Y be a locally connected generalized
continuum. If f(X) = Y is a one to one continuous function which
is not a homeomorphism, then there exists a topological ray R in X,
R closed in X, with f(R) a simple closed curve in Y. Moreover, if
r is the initial point of R, there is a subray R' of R such that
f(R' U r) is a simple arc and Rr a S.

THEOREM 6. Let X be a g-unicoherent space. If f(X) = Y is a
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one-to-one mapping, where YcE2 is locally compact, locally connected,
and Y = (JΠ=i Bn B%c *nt B%+ι ( r el Y)9i = h 2, 3, and no B{ separates
Έ2, then f is a homeomorphism.

Proof. The proof is made by proving a series of statements which
determine the cyclic structure of the space X if / is supposed not to
be a homeomorphism and then reaching a contradiction. Let a{ be a
sequence of positive real numbers for which g~ι[0, αj is a locally
connected unicoherent continuum and hence /gr̂ fO, α̂ ] does not separate
E2 for any i or as in Theorem 3 each fg^c], 0 < c < oo, fails to
separate £/2 so that each fg~~l[0, a{] fails to separate E2 for any sequence

We first show that every simple closed curve J i n 1 bounds an
open two cell which is an open subset of X. To this end, let an be
an element of the sequence α< for which g(J) c [0, an\. The continuum
/flΠ^O, αw] fails to separate i?2 and contains the simple closed curve f(J)
so it contains the open two cell bounded by /(/). Since //fiΠ^O,̂ ] is
a homeomorphism onto its image, f~\E) is an open two cell which is
open in X and is bounded by J.

To show the space X has exactly one nonconditionally compact
cyclic element suppose first that all cyclic elements of X are compact.
By Theorem A there exists a ray R, R closed in X, such that f(R) is a
simple closed curve and a subray Rr aR and Rf c S. That is, R' aS
implies / is a local homeomorphism at each point of R'. The closed
ray Rr cannot be a subset of any compact cyclic element so that Rf

contains a point p which separates X. Let Xo be R union all the
components of X — R that map into the open two cell bounded by
f(R). There is an integer n such that Bni)f(R) consequently f(X0)
is a closed two cell. A contradiction is obtained by nothing that p
locally separates XQ but does not locally separate f(X0). Thus X has
at least one nonconditionally compact cyclic element. We show that
X has exactly one nonconditionally compact cyclic element by showing
that the complement of any compact set K has at most one noncondi-
tionally compact component. For a compact set K there is an integer
n for which g(K) c [0, an). The set flr^O, an] is a continuum containing
and g~ι[an, oo) is connected in all of the cases being considered so
that X — K has at most one nonconditionally compact component.

That each nondegenerate compact cyclic element of X is topologically
a closed 2-cell and B = M Π T, where M is the noncompact cyclic element
of X, is a topological line follow from the proofs of (iii) and (v) in [3].
Finally the proof can be completed by using the argument (vi) of [3].

COROLLARY 1. Let X be a g-unicoherent space and f(X) — Y a
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one-to-one mapping, where YaE2 is locally compact and locally
connected. If f is not a homeomorphism then Y separates E2.

COROLLARY 2. Let X be a D-cactoid and f(X) = Y a one-to-one
mapping, where YczE2. If Y is a D-cactoid, then f is a homeo-
morphism.

5* Applications* In [9] it was proved that any monotone map-
ping of a plane onto a plane is a compact mapping and in [4] this
result was generalized by proving that any reflexive compact mapping
of a plane onto a plane is a compact mapping. These results are
useful and interesting but suffer from the unnatural condition that
the mapping must be an onto mapping. It is the purpose of this
section to show that by virtue of the theorems in section four much
stronger results can be established. These results generalize corres-
ponding theorems of K. Borsuk [2] and K. A. Sitnikov [7].

THEOREM 8. If X is a D-cactoid and f:X-^E2 is monotone,
where f(X) is locally connected, locally compact, and f(X) — yjT=ιBi,
Bid intBi+1, and E2 — B{ is connected for i — 1, 2, 3, , then f is
a compact mapping.

Proof. Let M be the decomposition space generated by /, π the
natural mapping of X onto M and h the unique one-to-one mapping
of M into E2. The mapping π is compact and monotone so that M
is a D-coctoid. By Theorem 6 the mapping h is a homeomorphism.
Since / is the composition of two compact mappings, it is also compact.
See [1], [8].

COROLLARY 1. Let X be a D-cactoid. If f(X) — Y is a monotone
mapping, where YczE2 is locally compact, locally connected and Y
does not separate E2, then f is a compact mapping and Y is a D-coatoid.

COROLLARY 2. Let X be a D-cactoid. If f(X) = Y is a monotone
mapping which is not a compact mapping, where YczE2 is locally
compact and locally connected, then Y separates E2.

COROLLARY 3. Let f: E2 —> E2 be a monotone mapping, where
f(E2) is locally compact and locally connected. If f(E2) satisfies the
conditions of Theorem 8 or E2 — f(E2) is connected or f(E2) = E2

then f is a compact mapping.
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