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DESARGUES' LAW AND THE REPRESENTATION
OF PRIMARY LATTICES

G.S. MONK

In an earlier work of B. Jόnsson and the author it was
shown that an Arguesian primary lattice of geometric dimension
at least 3 can be represented as the submodule lattice of a
finitely generated module over a completely primary uniserial
ring. Inasmuch as the class of primary lattices includes the
class of subspace lattices of (nondegenerate) projective geomet-
ries, two questions then naturally arise: (1) Is a primary lattice
of geometric dimension at least 4 Arguesian? (2) Is an Arguesian
primary lattice of geometric dimension 2 representable ?

The first question is answered in the affirmative in §1,
thus showing that the abovementioned paper subsumes the
results of E. Inaba on the representation of primary lattices
of geometric dimension at least 4. A counter example is given
in §2 showing that an Arguesian lattice of geometric dimension
2 cannot, in general, be represented, but for reasons far deeper
than the cardinality arguments given for the representability
or nonrepresentability of subspace lattices of 1-dimensional
projective geometries.

We will assume that the reader is familiar with the first six
sections of [3] (henceforth referred to as PAL) and will adopt the
notation and terminology of that work.

It is well known that the class of finite dimensional simple com-
plemented modular lattices of dimension 3 or more coincides with the
class of subspace lattices of (nondegenerate) projective geometries of
dimension at least 2, and that those lattices which are Arguesian
correspond to Arguesian geometries, i.e., those geometries that can
be coordinatized by division rings. We will freely use these facts to
translate arguments in geometry to arguments in lattice theory. In
particular, they will be applied to complemented intervals in primary
lattices, which, in view of 6.3 of PAL, are simple.

1* LEMMA 1.1. Given cycles [W^ZQ in a primary lattice L such
that Wi ̂  Σ {Wj \j φ i}, there are cycles {̂ }̂ 0 of L and a permutation
φ of {0, 1, 2, , n) such that ΣoW^ ) = Σo#* for 0 ̂  j ^ n, and
0 < d[xd] S d[x^\ for j = 1,2, -- ,n.

Proof. We will show by induction on m that for 0 ^ m ^ n,
there is a set of cycles {{wtj}3lt}i=0 such that:
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( 2 )m d[wm>m\ ^ d[wmtj], j ^ m,
( 3 )m 0 < d[wu] g ^ [ w ^ , ^ ] , 1 ^ i ^ m,
( 4 )m Σom~X * + Wjcj = Σow~X» + ww i, k <m^jr

( 5 )m Σΐwoi = Σ ^ « , i ^ m.
For then, taking m = n, we will have the desired set of cycles by
letting xi be wu and ςp the permutation given by woi — wφU). Inasmuch
as such a set of cycles is given for m = 0 by taking w00 to be the
element of {ŵ -Ho of greatest dimension and {w^}^ the remaining
elements of {Wi}%!Q, we can assume that we have such a set for
0 < m < n. Then, setting d[wmm] = r, we infer from 4.14 of PAL
that, for j > m, YJ?wu[r] is geometric in [0, Y^w^r] + wmj], so that,
by 5.2 of PAL, it has a complement ww+1>i in this interval. It then
follows that

( 6 ) Σ ^ i ί + Wm+i.; = Σ > ; ; + wm i ,
0 0

whence, by a routine argument, we infer that

m

[o, wm+lfj] ^

This, together with the assumption that w3- S Σ ί ^ ΐ I i =£ 3} yields that
wm+uj is a cycle such that

( 7 ) 0 < d[wm+1J] ^ d[wm,3] .

Now, if s has the property that wm+lt8 is of greatest dimension among
the elements {wm+ίj%m+1, set

i3- j Φ s, m + 1

wis j = m + 1

Observe that since s and m + 1 are both greater than m, the cycles
{{wl^jli}^ satisfy the formulas (l) w through (5)w, and that {w^}^}™^1

satisfy (6) and (7) as well. It is clear that (l) m + 1 and (2)m+1 hold,
while from (7), (2)m and (3)m we conclude that (3)w + 1 holds. That (4)w + 1

holds in the case k — m follows from (6). On the other hand, for
k < m, we infer from (4)m and (β) that

m—l tn—1 m

^mm + Σ W'ii + W'kj = ^mm + Σ ^ ' i + ^'mj = Σ ^« + W'm + 1,; ,
0 0 0

so that (4)m+1 holds. Finally, we infer from (5)m and (4)m+1 that
ΣΓ+1^oί == Σ Γ + 1 ^ ό which together with (5)w and the fact that
(ΣjTwίi)wm+um+ι — 0 yields (5)m+1 and completes the proof of the lemma.

Notation. Given a primary lattice L, denote the sum of all atoms
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of L by p(L).
For any element x of a primary lattice L, we clearly have that

x[l] = xp(L).

As an immediate consequence of 4.14 of PAL and 1.1, we have

COROLLARY 1.2. Given cycles {Wi} t0 in a primary lattice L
such that Wi S ΈλwΛθ ^ K̂ the element (ΣoW/^)[l] of [0, p(L)] is of
dimension n + 1.

LEMMA 1.3. Given cycles u, w0, wλ, w2 and w3 in a primary lattice
L such that u is contained in Σ o ^ ; o,nd is disjoint from Σ ί ^ ί | i Φ j}
for j = 0,1,2, 3, there is an integer n = 0,1,2,3 and a cycle s
of L disjoint from Σ ί ^ * \i Φ j) for J — 0> 1> 2, 3 such that

Proof. Letting Wi = Σ { ^ i | j Φ i}, we might as well assume that
Wi S ^i for every i, since otherwise u would suffice. We then infer
from 1.1 that there are cycles {x^U and a permutation φ of {0,1, 2, 3}

such that Σiΐwφii) = Σo»» and 0 < d[xj] ^ ^[x^J for 1 ^ j ^ 3. Thus,
setting k = d[x3] and

a = (ΣlXi)[k] = i > P ] ,

we have that [0, a] is regular and

a ^ (Σo

so that, by 5.3 of PAL, u is contained in a point s of [0, a]. We
infer immediately from 4.14 of PAL that s is disjoint from Wt for
every i, since u has this property. Moreover,

0 = s^(3) = s(xύ + x, + B2) = s(xQ[k] + x\k] + α;

whence, by a dimension argument,

a = s + £o[&] + î[fc] + ^2[^] ,

and

s + TF̂ o) = s + x0 + xι Λ- x2 ^ α ^ ^[A:] = a;3 .

Inasmuch as s + TF (̂3) also contains x0 + ^ + x2, we conclude that
s + "fFpo) ^ ^Φ(3) and s is the desired element.

LEMMA 1.4. Let xQ, xιy x2 be elements of a primary lattice L such
that xx and x2 are cycles and (x0 + ^)[1] Φ (x0 + ^2)[1] Then
(Xo + X^Xo + X^ = Xo.
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Proof. Observe that x0 + x1 and x0 + x2 are cycles in the primary
lattice U — [xQ, 1] such that

(x0 + x^p(L') Φ (x0 + x2)p(L') .

Thus, by 4.14 of PAL, (xQ + x^)(xQ + x2) — xQ, the zero element of U.

(1.5) THEOREM. Given cycles aQ, alf α2, bQ, bu δ2, c, in a primary
lattice L, let az = c = δ3, and

Ai = Σ K \3 * i}, Bi = Σ ί & i \3 Φi), i = 0 , 1 , 2, 3 ,

i = (α« + ak)(bi + bk) , iφjφk, i, j , k, = { 0 , 1 , 2} .

// α* + c = α* + δ* = &* + c /or i = 0, 1, 2, απc? ίfeβrβ are cycles {t^to
in L such that d[ti] ^ d[c] and tiAi = 0 /or i = 0,1, 2, 3,

Proo/. Case 1. {a0, a1? a2}_L or ^40[l] :> ^ [ 1 ] , A2[l]. We will first
show that there is an atom u of L disjoint from A^l) for i = 0,1, 2, 3.
There is clearly such an element under any of the conditions:

AQ[1] ^ A^l], A2[l]; {α0, aίy α2,3α3};

α̂  ^ At for some i = 0,1, 2, 3. Thus we might as well assume
that

{α0, aί9 a2} ± a^As > 0; a4 S A i = 0, 1, 25 3 .

First observe that according to 1.2, the elements {A^lJliio are planes
in the 4-dimensional simple complemented modular lattice [0, (ΣIK )!!]]-
Furthermore, inasmuch as α3 is a cycle and

0 = (α0 + a^fao + a2)(a1 + a2) ^ α3(α0 + αOί̂ o + α2)(«i + 2̂) »

we have that {α3, α ί t αy}± for some i and i , so that for & distinct
from i,j and 3, Ak[l] = a^[l] + %[1] + ^s[l] Since the assumption
that α3A3 > 0 implies that α3[l] ^ -4.3[1], we then infer that Ak[l] ^ A3[l].
But then Ak[l] = A3[l], because these elements are both planes in
[0, (Σo^)[l]] We can therefore assume that the planes A0[l], A^l]
and A2[l] are distinct, for otherwise we would immediately have the
existence of the desired atom u. But then, if A^llA^l] ^ Aj[l] for
i,j and k distinct in {0,1,2}, we infer from 1.4 that

l] = (ak +

Inasmuch as (α< + α3)[l] and (ak + α3)[l] are lines and A^l] and A^[l]
are distinct planes in [0, Σ O ^ ) [ 1 ] ] J these formulas are equalities, and
the points αo[l], a\l] and α2[l] are contained on the line (α* + α3)[l].
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This contradicts, by 4.14 of PAL, the independence of the cycles
0,0,0,}. and α2, and we conclude that A^lJAJl] g£ A3[l] for i,j and k
distinct in {0,1, 2}. From this we see that the desired point u of
[0, (Σottί)[l]] exists by considering the dual situation in which there
are four points in a 4-dimensional simple complemented modular lattice
of which exactly three are distinct and are not collinear. It is clear
that in such a case there is a plane not containing any of the points.

Thus we can apply Lemma 1.3 to obtain a cycle s of L disjoint from
Ai for every i and such that s + An 7> an for some n. Then, letting

α{ = (s + a{)An , b[ = (s + 64)AΛ , i = 0,1, 2

c' = (s + c)An ,

it is easily seen that d[c'] ^ d[c], and α + δ- = α + c' = δ + c' for
i = 0,1, 2. Choosing a cycle cL<Ξ ίn of the same dimension as c', and
a cycle c2 such that cL + & = c2 + cf = ^ + c2, let d{ = (^ + αθ(c2 + δj)
for i = 0,1, 2, and

g. = (^ + d̂ . + dfc)(c2 + rfy + dk)An , i ^ i Φ k Φ i, i = 0,1, 2 ,

and cyclically. It can then be shown that
a{ + di = Cj. + α = βx + di, and δ + d* = c2 + δ- = c2 + ^ for i = 0,1, 2.
Clearly

&(0o + 9i) ^ (do + d^An[(di + ^)^4u + (do + d2)An]

= (d0 + d^A^d, + 4 + (do + d2)AΛ]

= (d0 + d,)An ,
since

d2 + An ^ d2 + α̂  + αj = d2 + c + a'Q ̂  d0 .
Thus

{ 8) αl + sr2(g0 + <7i) ^ (α£ + d0 + d^A. = (a[ + d0 + cJA. ^ a[ .

On the other hand, since s is disjoint from every Aif we have that
for j , k = 0,1, 2

s(α, + % + δy + δA) = s(c + aά + αfc) = 0 ,

s(p0 + Pi + ί>2> ̂  s(α0 + αx + α2) = 0 ,

so that {s, a,j + αΛ, b3- + δfc}J9, and {s, p2, pQ + pJ-D- Consequently

gQ = (c, + αί + α2)(c2 + δj + 6J)An = (a[ + αί)(δj + δ2)

= (s + ^ + α2)(s + bx + δ2)Aw - (s + ί>0)AΛ

and cyclically, whence

+ 9i) = (s + p2)An[(s
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and

( 9 ) a[ + gz(gQ + gλ) = [a[ + s + p2(p0 + pd]An .

Combining (8) and (9), we have

a'0^a[ + s + pz(p0 + p,) ,

and

s + a0 ^ s + a, + p2(p0 + p,) .

Multiplying both sides of this formula by a0 + ax and observing that
s(α0 + α^ <ί sAz = 0, we conclude that α0 ^ at + p2(p0 + pj.

Case 2. {α0, alf a2}Jc and A<[1] ^ A0[l] for i = 1 or 2. Let u =
(α0 + α^ίαo + α2)(αi + a2), and α = αά + w for i = 0,1,2, 3. Then a\ + α̂  =
di + aά for i, j = 0,1, 2, (αj + α{)(αί + αi)(α{ + a2) = %, and {αί, αj, α^Jl
in [̂ , 1]. Thus, letting tϊ = tt + u for i = 0,1, 2, 3, and AJ = αί + a2 + a[
and cyclically, since

d[w] - d[Uu] =

we can apply Case 1 to {α' , b'^io to conclude that

(10) a'0^a[ + pί(pί + p[) ,

where

p\ = (αj + αί)(6} + δί) = (αy + ak)φ5 + bk + v) = w + p4

We infer from (10) that

α0 ^ w + αx + (u + pa)(% + p0 + PO

= u + αx + p 2 β 3 (^ + Po + Pi)

= w + «! + P2(ί>o + Pi + ^J53) .

Inasmuch as -A^l] ^ A0[l] for i = 1 or 2, and ^ = JŜ  for i = 0,1, 2,
we see that J53[l] must be distinct from Bk[l] for some k = 0,1, 2,
whence, by Lemma 1.3,

^ BJSJSJBi ^ £*J53 - 6, + 6, ,

and uB3 ^ pA for this k. Thus

w + α! + p2(p0 + p, + uB3) == u + a, + p2(p0 + p,) ,

α0 <Ξ αx + αoίαi + α2)

and
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α0 = a ^ + α2) + a ^ + p2(p0 + p,)) .

Since aQ is a cycle, we conclude that a0 ^ aι + a2 or α0 ^ αL + pz(pQ + p j .
However, inasmuch as aQ ^ aλ + a2 implies that Au A2 ^ Ao, contradict-
ing the assumption that A [l] £ A0[l] for i = 1 or 2, we have the
desired conclusion.

DEFINITION. A lattice L is said to be Arguesian if, for any six
elements a0, aly a2, bQ, blf b2 of L,

(11) (α0 + δo)(αx + bx){a2 + b2)

where for i,j, k distinct in {0,1, 2}, p{ = (a,- + αA)(6i + bk).

Notation. We will denote the left and right hand sides of the
inequality (11) by I and r respectively. For ί,j and k distinct in
{0,1, 2}, we will write gt = (dj + bj)(ak + bk). If there is, in the same
situation another ordered sextuplet αj, a[, α2, δj, 6J, δ2 of elements from
the lattice L, we will denote the polynomials formed from them as
above by V, r', p'i9 and g\.

THEOREM 1.6. A primary lattice L of geometric dimension at
least 4 is Arguesian.

Proof. Inasmuch as the formula (11) holds trivially for a sextuplet
α0, a19 α2, b0, bly b2 when one of the elements is an atom and the rest
are zero, we can proceed by induction on Xo (d[ai\ + cϋ[δ{]). Letting
αί = «o(δo + 0o), and 6o = δo(̂ o + 9o), if ό̂ < α0 or 6J < δ0, we can apply
the inductive hypothesis to conclude that I = V ^ r ' ^ r . Thus, we
might as well assume that a[ — α0 and δj = δ0, or, equivalently, that
ô + ô = δ0 + flr0. Similarly, we can assume that α< + ^ = δ< + giy

for i = 1,2. Next suppose that α0 is not a cycle. Then aQ — a[ + a"
where αj < α0 and αό' < α0, and, by the inductive hypothesis applied
to (a[, a19 a2, δ0, b19 δ2) and (αj', αx, α2, δ0, δx, δ2), we infer that V ^ r ' ^ r,
and ϊ" ^ r " ^ r. Inasmuch as I' + I" = I, we conclude that ϊ ^ r.
Thus we can assume that the elements α0, a19 α2, δ0, δx, δ2 are cycles.
Finally, let c be any cycle contained in I and let a\ — a^bi + c) and
δ = δ^α^ + c) for i = 0,1, 2. It is easily shown that a\ + b\ — a\ + c —
δ + c, so that, since L is of geometric dimension at least 4, we
can apply Theorem 1.5 to conclude that a'Q ̂ L a[ + p'2(p'Q + p[), and
b'0^b[ + p'2{p'o + p[). Thus r ^ r ' = a[ + δj ^ c, and we have that r
contains every cycle that is contained in I. Inasmuch as I is the sum
of the cycles it contains, it follows that r ^ I, as was to be shown.

2* In this section we exhibit an Arguesian primary lattice of
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geometric dimension 2 which cannot be represented as the lattice of
submodules of a finitely generated module over a completely primary
uniserial ring, thus showing that the assumption that L be Arguesian
or of geometric dimension at least 4 is necessary for the representation
theorem.

Notation. The submodule lattice of a module M will be denoted
by L(M). If M consists of w-tuples from the ring R, we will denote
by [Λ, r2, •••, rΛ], the member of L(M) spanned by the element
(n, r2, -- , r n ) .

We will consider throughout this section a fixed field K and a
one-to-one map φ of K onto itself such that φ is not an automorphism
but has the property: φ(0) = 0, φ(l) = 1. We also fix the vector space
V of 5-tuples from K and denote by u^ the element of V with 1 in
the ίth place and 0 elsewhere. Then, letting Q — [ux] + [u2], and
p = Q -\- [u3] in L(V), we define a one-to-one map of the elements of
L(V) covered by Q onto the elements of L(V) covering P by

F([r, 1, 0, 0, 0]) = P + [0, 0, 0, φ(r), 1] ,

J) = P + [«J .

Finally, we define the following subset of L(V):

LΨ = [0, P] u [Q, F] U U

We will refer to the intervals [0, P], [Q, V] and [X, F(X)] for X < Q
as the intervals used to define Lψ.

Observe that [0, P] and [Q, F] are subspace lattices of 3-dimensional
vector spaces over K and hence can be viewed as subspace lattices
of protective geometries Si and S2 respectively. In this way F is a
one-to-one map of the points on the line Q in Sj. to the lines containing
the point P of S2. After showing that Lφ is an Arguesian primary
lattice of geometric dimension 2, we will prove that if Lψ were re-
presentable as the submodule lattice of a finite dimensional module
over a completely primary uniserial ring, then the function F would
have properties that imply that the map φ used to define it is an
automorphism, thus contradicting our assumption on φ.

THEOREM 2.1. The set Lφ is a sublattice of L(V) which is
Arguesian and primary and is such that its identity element V can
be written as the sum of cycles:

V - (Kl + (u4]) + ([u2] + [u5]) + fa] .

Proof. If the elements x and y of Lφ are in a common interval
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used to define it, then clearly their sum and product are in Lφ. On
t h e o t h e r h a n d , if xe[A, B], a n d ye[C,D], t h e n x + ye[A + C,B + D],
and xye [AC, BD]. Inasmuch as the set of intervals used to define
LΨ is closed under the operations

[A, B] 0 [C, D] = [A + C,B + D],

[A,B] ® [C, D] = [AC, BD] ,

Lo is a sublattice of L(V). Showing tnat hφ is semi-primary clearly
reduces, by symmetry, to showing that every element A of Lφ is the
sum of cycles of Lφ. Inasmuch as an element in a complemented
lattice is the sum of atoms, a proof by induction on d[A] clearly
reduces to showing that if A is an atom of one of the intervals used
to define Lφ and in no other such interval, then A is a cycle. This
is clearly true of atoms of [0, P] and [X, F(X)] for X < Q, so we
can assume that A is an atom of [Q, V], But then either A = P e [0, P]
or A + P > P, whence A + P = F(X) for some X < Q, and A e [X,F(X)].
In either event we have a contradiction, and we conclude that Lφ is
semi-primary.

To see that Lψ is primary, note first that this reduces to showing
that an interval of length 2 cannot have exactly two atoms, and
note further that an interval in the lattice of subspaces of a vector
space is itself the subspace lattice of a vector space and can therefore
be shown to have at least three atoms. Thus, proving that Lφ is
primary reduces to proving that every interval [A, B] of length 2 with
distinct atoms Xx and X2 is contained in one of the intervals used to
define Lφ. We might as well assume then that the elements X1 and
X2 are in distinct intervals [Cu DJ and [C2, D2] used to define Lφ for
otherwise we would be through. By symmetry this reduces to three
cases: (i) d = 0, C2 = Q, (ii) C2 < C19 D2 < A, (iϋ) d , d < Q. However,
we can immediately dismiss the first case because, since X1 and X2 are
of the same dimension, we have that X1 = Pe [Q, V] or X2 = Q e [0, P],
Since X2 < X, + X2 we infer that X2 = (X, + X2)A or Xx + X2 ^ X2,
whence X2 ^ (d + d ) A - C2 + d A or X, ^ J92. In case (ii) d ^ A,
so that X2 ^ d o r -3Γi ̂  ^2 and we are through while, in case (iii)
d + d = Q and A A = P so that X2 e [Q, F] or X, e [0, P] which is
case (ii). Thus L9 is primary.

That L9 is Arguesian follows from the fact that it is a sublattice
of L(V) which, by [2; Th. 2.14], is Arguesian and the observation
that the condition defining Arguesian lattices can be written as an
identity.

Finally, note that, since [uλ\ + [u4] is not contained in P, it cannot
be the sum of atoms of LΨ. But since [uY] + [u4] is of dimension 2,
this means that it must be a 2-cycle in Lφ. Similarly [u2] + [u5] is
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a 2-eycle in Lψ. Inasmuch as the atoms of Lψ contained in the cycles
[ux] + [u4], [u2] + [̂ 65] and [u3] are [ur], [u2] and [u3] respectively we
conclude from 4.14 of PAL that these cycles are independent, whence,
by a dimension argument.

V = (M + Kl) + (M + M) + M .

LEMMA 2.2. Given an element X of Lψ that is covered by Q,
there is a 2-cycle X' of Lψ covering X. Further, for any 2-cycle
X" covering X, F(X) - X" + P.

Proof. Inasmuch an [X, F(X)] is complemented, F(X) is the
sum of elements covering X. If none of these elements is a 2-cycle
of Lψ, then each must be the sum of atoms, and F(X) is the sum of
atoms. This contradicts the fact that F(X) covers P, and every
atom of Lφ is contained in P. Thus there is a 2-cycle Xr covering X.
Now, if X" is any 2-cycle covering X, since [0, P] is complemented
we infer that X" S P. Thus, either X" ^ F(X), and X" + P = F(X),
or X" S F(X), and X" + F(X) = V. However, in the latter case
V is the sum of elements covering X, whence [X, V] is complemented,
and X is the product of elements covered by V. Inasmuch as the
only dual atoms of Lψ are in [Q, V], this implies that X ^ Q, a
contradiction.

LEMMA 2.3. // Lψ is representable as the submodule lattice of
a finitely generated module over a completely primary uniserial
ring, then there is an isomorphism ψ of [0, P] onto [Q, V] such that

(a) ψM = [u4] + Q, ψ[u2] - [uδ] + Q, ψ[u3] = [u3] + Q,
(b) F(X) = ψ(X) + P for every X<Q.

Proof. Suppose λ' is an isomorphism of Lφ onto the submodule
lattice of a module M' over a completely primary uniserial ring R.
For definiteness we will take Mr to be a left i?-module, although it
will be apparent from the proof that there is no loss of generality
in this assumption. Furthermore, since Lψ if of rank 2, we can view
Mf as a module over R/J2 or, equivalently, assume that J2 — (0).
Then, since

and R is completely primary and uniserial, there is an isomorphism
λ of Lψ onto L(M), where M = RxRxR/J, such that

λ([ttj + [uj) = [mj, X([u2] + [u5]) = [m2], X([u3]) = [m8] ,

where, by m{ we mean the element of M with 1 in the ith place
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and 0 elsewhere. If we fix a generator p of J, it is clear that [pmj
and [pm2] are the unique elements of L(M) covered by [mj and [ra2]
respectively. Thus, since [uλ] and [u2] are the unique elements of Lψ

covered by [wj + [u,] and [u2] + [uδ], it follows that

and if, Qf = λ(Q) and P ' = λ(P), then

Q' = [pmj + [pmj, P' = Q' + [m3] .

Moreover,

MK] + Q) = λ([^] + [w4] + Q) = [mj + Q, λ([u5] + Q) = [m2]

Inasmuch as Qr = [pmj + [pw2], the elements of L(ikf) covered by Q'
are of the form [pru pr2, 0] for r1 and r2 in R such that rx or r2 is
not in J. Clearly, [rly r2, 0] is a 2-cycle covering such an element, so
that, if we define F' = XFX~\ according to 2.2,

(1) F'[prlf pr2i 0] - [r19 r2, 0] + P' ,

for rlt r2e R with r1 or r2 g J.
Since JP' = 0 and JMQQ', P' and Λf/Q' are modules over the

division ring R/J with bases { Λ , pm2, m3} and {mi + Q', m2 + Q' m3 + Q'}
respectively. Thus the correspondence

pmγ • m1 + Q', pm2 • m 2 + Q', m3 > m3 + Q'

defines a lattice isomorphism ψr: [0, P'] = [Q', M] which has the pro-
perties

j = [mj + Q', f'[pm2] = [m2] + Q', ψr[m,} = [m3] +

2, 0] - [n, r2, 0] + Q' ,
so that, by (1), for every X < Q',

(2) F'(JSΓ') =

Therefore, defining ^ = λ"V'^» w e have

f [uj = [u4] + Q, ψ[u2] = [uδ] + Q, ψ[u9] - [u3] + Q .

Taking Xf to be X(X) in (2) for X < Q, we also have F'λ(X) =
'Vr'λ(X) + P ' so that, applying λ"1 to both sides, we conclude that
F(X) = f(X) + P, as was to be shown.

THEOREM 2.4. T&e lattice Lψ cannot be represented as a sub-
module lattice of a finitely generated module over a completely primary
uniserial ring.
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Proof. Denoting by Vz, the vector space of triples from K, and
by wt the element of Vs with 1 in the ith. place and zero elsewhere,
it is clear that the correspondences {w<—>Ui}\=1 and

{w1 > u4 + Q, w2 > uδ + Q, w3 > u3 + Q}

give lattice isomorphisms σ and τ of L(VS) onto [0, P] and [Q, V]
respectively, so that the map θ = τ~γψσ is an automorphism of L(V2)
with d[w{] = [wj for i = 1, 2, 3, and

JVφ , 1, 0] - τ[φ(r), 1, 0] + r[w8] .

However, in view of 2.3,

Fσ[r, 1, 0] = ψσ[r, 1, 0] + ψσ[wd] ,

whence

ψσ[r, 1, 0] + ψσ[wB] = τ[φ(r), 1, 0] + τ[w8] ,

and, applying τ~ι to both sides of this equation, we conclude that

θ[rf 1, 0] + θ[ws] = [φ(r), 1, 0] + [ws] ,

and ^[r, 1, 0] = [φ(r)91, 0]. According to the fundamental theorem of
protective geometry, θ is induced by a semilinear transformation
{T,φr) where T is an automorphism of the additive group of V3 and
φ' is an automorphism of K. Since 0[w<] = [w ]̂ for i = 1, 2, 3, there
are nonzero elements sx, s2, s3 in if such that T(wt) = s^^ for i = 1, 2, 3.
On the other hand,

Mr), 1, 0] - θ[r, 1, 0] - [T(r, 1, 0)] -

s2, 0] ,

so that φ\r)s1 = φ(r)s2. However, since <p'(l) = 1 = ^(1), we see that
s1 i= s2, whence φ\r) = φ(τ). Thus φ must be an automorphism, con-
tradicting the original assumption on φ, and the theorem is established.
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