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SUM THEOREMS FOR TOPOLOGICAL SPACES

R. E. HODEL

This paper is a study of Sum Theorems for various classes
of topological spaces. Specifically, suppose that X is a
topological space and {Fa} is a cover of X such that each Fa

belongs to some class Q of topological spaces. When can we
assert that X is in Q? We shall concentrate our attention on
those cases where the elements of {Fa} are either all open or
all closed and the collection {Fa} is a tf-locally finite cover
of X.

Throughout this paper Q will denote a class of topological spaces;
e.g., normal spaces, paracompact spaces, etc. Perhaps the best known
Sum Theorem is the so called Locally Finite Sum Theorem, hereinafter
denoted (Σ).

(Σ): Let X be a topological space and let {Fa} be a locally finite
closed cover of X such that each Fa is in Q. Then X is in Q.

It is known that (Σ) holds when Q is the class of regular spaces
[14], normal spaces [13], collectionwise normal spaces [13], paracompact
spaces [11], stratiίiable spaces [3], or metrizable spaces [14]. In §5
we show that (Σ) also holds for point wise paracompact spaces.

The main results of the paper are in §3. In that section we prove
three Sum Theorems, each of which holds for any class of topological
spaces which satisfies (Σ) and is hereditary with respect to closed
subsets. These results illustrate the importance of (Σ) in our study
of Sum Theorems.

In §4 we give an application of one of the Sum Theorems, namely
a Subset Theorem for totally normal spaces. This theorem closely
parallels the result in [9].

The reader is referred to the following papers for definitions:
collectionwise normal [1]; paracompact [11]; point finite collection [12];
stratifiable [2]. A topological space X is pointwise paracompact if
every open cover of X. has a point finite open refinement. According
to Dowker [5] a normal space Xis totally normal if every open subset
U of X can be written as a locally finite (in U) collection of open
Fσ subsets of X.

2* Examples* In this section we discuss two examples which
nullify several conjectures and in addition will serve as a guide in
selecting appropriate hypotheses for the Sum Theorems appearing in §3.
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EXAMPLE 1. This example is of particular interest for those
classes of topological spaces between normal and metrizable. Let S
denote the screenable, nonnormal Moore space given by Heath in [8].
The space S can be exhibited as (1) the union of two open metrizable
spaces or (2) the union of a countable closure preserving collection of
closed sets, each of which is discrete (and hence metrizable.) From
(1) we see that to obtain interesting Sum Theorems involving open
covers we must make additional assumptions about the sets; from (2)
we see that in general locally finite cannot be replaced by closure
preserving in (Σ).

EXAMPLE 2. One might expect that the trouble caused by Example
1 is due to the nonnormality of X. And in fact, every normal space
which is a locally finite union of open metrizable spaces is metrizable
[15]. On the other hand, Example H given by Bing in [1] is a perfectly
normal space which is not collection wise normal, not point wise para-
compact [12], but can be exhibited as the union of a countable closure
preserving collection of closed sets, each of which is discrete.

3* The Sum Theorems* In this section we state and prove
three Sum Theorems. In the statement of each theorem Q denotes
a class of topological spaces which satisfies (Σ) and is hereditary with
respect to closed subsets (i.e., if X is in Q and F is a closed subset
of X then F is in Q). Consider the following six classes of topological
spaces: normal, collection wise normal, paracompact, stratifiable,
metrizable, pointwise paracompact. Each of these classes is hereditary
with respect to closed sets, and it is known that (Σ) holds for the
first five classes listed. In §5 we show that (Σ) also holds for point-
wise paracompact spaces. Thus the three Sum Theorems hold for
each of the six classes of spaces.

SUM THEOREM I. Let X be a topological space and let y be a σ-
locally finite open cover of X such that the closure of each element
of y is in Q. Then X is in Q.

Proof. Let 3̂ ~ = \JT=ι 5^:, where 2^ is a locally finite collection.
For each positive integer ί let V* = U {V: Ve Tϊ}. Then {V: Ve 2^}
is a locally finite closed cover of Vi9 each element of which is in Q
and so by (Σ) Vt is in Q. Now let F1 = V, and for i = 2, 3, let
Fi= Vi- Uj<i Vj. Then {Ft: i = 1, 2, . •} is a locally finite closed
cover of X, each element of which belongs to Q and so again by
(Σ) X is in Q.

A subset V of a topological space is called elementary in case V
is open and V = UΓ=i Vif where each Vt is open and V^V for all
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i. As for examples every cozero set [6, p. 15] is an elementary set
and every open Fσ subset of a normal space is an elementary set.
The following result follows without difficulty from Sum Theorem I.

SUM THEOREM II. Let X be a topological space and let y be a
σ-locally finite cover of X, each element of which is elementary and
belongs to Q. Then X is in Q.

REMARK. The statement of Sum Theorem II for metrizable spaces
generalizes a result by Stone [16, p. 365].

SUM THEOREM III. Let X be a regular space and let ^ be a
σ-locally finite open cover of X, each element of which is in Q and has
compact boundary. Then X is in Q.

Proof. By Sum Theorem I it suffices to show that the closure
of each element of > ̂  belongs to Q. So let V be an arbitrary but
fixed element of ^ r and let B = V — V. Let {W%\ 1 ^ i ^ n) be a
finite open collection in X covering B such that the closure of each
Wi is contained in some element of ^Γ For i = 1, , n let Fi =
Wi Π V and let Fo = V - \JU Wt. Then {Fτ\ i = 0, . , n] is a finite
closed cover of V, each element of which is in Q, and so by (21) V
is in Q.

REMARK. The statement of Sum Theorem III for metrizable spaces
(paracompact spaces) generalizes a result by Stone [16] (Hanai—Oku-
yama [7]).

4* A Subset Theorem* Consider the following statement about
a class Q of topological spaces.

(β): Let X be a topological space such that every open subset of
X belongs to Q. Then every subset of X belongs to Q.

It is known that (β) holds when Q is the class of normal spaces
[5], collectionwise normal spaces [9], or paracompact spaces [4], and
it is easy to verify that (β) also holds for pointwise paracompact
spaces.

Now let Q denote a class of topological spaces satisfying (I7), (β),
and which is hereditary with respect to closed subsets. We then have
the following

SUBSET THEOREM, Let X be a totally normal space such that X
is in Q. Then every subset of X is in Q.
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Proof. Let V be a subset of X; since Q satifies (β) we may-
assume that V is open. Since X is totally normal, V = U {Va: a in A},
where {F«} is a locally finite collection in V and each Va is an open
Fa subset of X For each a in A let Fα = UΓ=i -P7*,*, where each J^,*
is a closed subset of X. By normality of X there is an open set
Wa.i such that Fa>iQ WU}iQ Wa>iS Va. Let 5^7 = {TFα)ί:αinA} and
let W = UΓ=i ^ 7 . Then 5 ^ is a σ-locally finite open cover of V
such that the closure of each element of W is in Q. Hence by Sum
Theorem I V is in Q.

REMARK. From the Subset Theorem we obtain the result by
Dowker [5] that every totally normal space is completely normal.
(Let Q — normal spaces.) We also obtain two results by the author
[9], namely that every totally normal collection wise normal space
(paracompact space) is hereditarily collectionwise normal (hereditarily
paracompact). Finally we obtain the new result that every totally
normal pointwise paracompact space is hereditarily pointwise para-
compact.

5* Pointwise paracompact spaces* Two remarks are in order
before beginning the proof that (Σ) holds for pointwise paracompact
spaces. First, suppose that y = {Va: 0 ̂  a < η) is a cover of a topological
space X and 5^* is a point finite open refinement of 5̂Γ Then one can
obtain a point finite open cover {Wa: 0 ̂  a < rj) of X such that Wa £ Va

for all a. Indeed, if we let Wa = U {We W: W^ Va, W£ Vβ, β < a},
then {Wa: 0 ̂  a < ΎJ) does the trick. Second, suppose that 5̂ ~ is a
cover of a set X and p is a point of X. Then ord ( 5̂ " p) < °o means
that p is contained in at most a finite number of elements of 3^

THEOREM 5.1. Let Xbe a topological space and let J^ = {Fa: 0^a
be a locally finite closed cover of X, each element of which is point-
wise paracompact. Then X is pointwise paracompact.

Proof. Let ψ~ be an open cover of X. By replacing ^ by an
open refinement if necessary, we may assume that each element of
2̂ ~ intersects at most a finite number of elements of J^Γ (The reason
for doing this will become apparent.) Thus, let 5^— {Vσ\σΎcιB\\ we
shall construct a point finite open cover "W" = {W0:omB} of Xsuch
that WoSVo, for all σ in B. The collection 7/^' is obtained by
transfinite induction; for each ordinal a, 0 ̂  α < η9 we construct an
open cover ψ"a = {Va

σ: σ in B) of X and then take ^ - {Γ\a<v Va

σ: σ in £}
as the desired point finite open refinement of 5̂Γ

To obtain 3 ^ consider the collection {Vσ f] FQ: σinB}. This is
an open cover of Fo and so there is a point finite open (in Fo) collection
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{Uo: tfin B} covering Fo such that ί [ f f g7 β Π Fo, for all σ in B. For
σ in B let

Fσ° - va n [ x - (Fo - uσ)]

and let %" = {VI: σinB}. It is easy to see that the collection 5^
satisfies these properties.

(1) ' %" is an open cover of X.
(2) ' For all σ in B, V°oSVσ.
(3) ' If P G F 0 then o r d ( ^ , ί > ) < + co.
(4) ' If p e F, and p £ F o then p e Fσ°.

Now let α be a fixed ordinal, 1 ^ α: < η, and assume that for all
β < a we have constructed a collection 5^ = {F/: σinB) such that

(1) 5^ is an open cover of X.
(2) For all σ in B, if 7 < β then F/ S Fσ

r.
( 3) If p e \Jr^β Fr then ord ( 3^, p ) < + 00.
( 4) If p e Γlr^ Kr and p$Fβ then p e F/.
We now construct a collection 5^ = {Fσ

α: αin^B} such that (l)-(4)
are satisfied. For eachσ in J5 let TF; = Γl̂ <α ̂  and let W~a = {Wa

o\ σ in
B}. Suppose, for a moment, that <Wa is an open cover of X. We
then obtain 5^ from ^ in exactly the same way in which Ψl was
obtained from ^ (Thus, W« Π Fα: 01 in JB} is a open cover of Fa;
proceed as above.) It is not difficult to show that the collection
<=%ra = {F^σini?} so constructed satisfies (l)-(4).

Now let us show that ^ ^ is an open cover of X. To prove that
*Wa covers X, let p be an arbitrary point of X. Let β be the largest

ordinal less than a such that Fβ contains p. (Recall that ^ is point
finite; if p$Fr for all 7 < a let β = 0.) Now 5^ is a cover of X
so there is a (7 in ΰ such that V£ contains p. It follows from (2) and
(4) that Wa contains p and so W"a covers X. To prove that ^ ^ is
an open cover let σ in B be fixed. Let β be the largest ordinal less
than a such that Vσ(λFβ Φ 0 . (Recall that 5^ exhibits the local
finiteness of ^ again, if Vσ Π Fr = 0 for all 7 < α let β = 0.) It
follows from (2) and (4) that W" = F/ and so W% is an open set.

To obtain the final collection W, let Wo = ΓUo? V? and let ^ =
{Wσ: σinB}. To prove that 'W is an open cover of X, proceed as in
the above paragraph. Clearly 'W* refines 5^ and it follows from (3)
that W" is point finite. This completes the proof that X is pointwise
paracompact.

6* Collectionwise normal spaces* The proof that (Σ) holds for
collectionwise normal spaces is a special case of a result by Morita
[13]. In this section we give an alternate (and must simpler) proof
of this special case.
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THEOREM (Morίtά). Let X be a topological space and let {Fa: a in A}
be a locally finite closed cover of X such that each Fa is collection-
wise normal. Then X is collectionwise normal.

Proof. Let {Hσ:σinB} be a discrete collection of closed sets in
X. We shall construct a mutually disjoint open collection {Vσ:σinB}
such that Hσ is contained in Vσ, for all σ in B. For fixed a {Fa Π Hσ: σ in B)
is a discrete collection of closed sets in Fa so there exists a mutually
disjoint collection {Va,σ: σin B}, where each Va>σ is an open subset of
Fa containing Faf]Hσ. For each σ in B let Kσ be the closed set
U {(Fa — Va,a): a in A} and let Vσ — X — Kσ. Then, as is easily checked,
Hσ is contained in Vσ for all σ in B and {Va:σmB} is a mutually
disjoint open collection.

REMARK. AS observed in Example 2, a normal space which is a
countable union of closed metrizable spaces need not be collectionwise
normal. However, every collectionwise normal space which is a count-
able union of closed paracompact spaces is paracompact. For, such a
space is clearly jFVscreenable and thus paracompact [10]. See [16, p. 363]
for related remarks about metrizable spaces.
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