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ON ILYEFF'S CONJECTURE

A. MEIR AND A. SHARMA

An apparently easy problem due to Ilyeff states: If all
zeros zL, zz, , zn of a complex polynomial P(z) lie in | z | ^ 1
then there is always a zero of Pr(z) in each of the disks
I z — z3? I ̂  1, j — 1, , n. If true, the conjecture is best
possible as one can see from the example P(z) = zn — 1. In
full generality the conjectured result was proved only for
polynomials of degree ^ 4. In this paper the conjecture is
proved for quintics and extensions of earlier results are
obtained for zeros of higher derivatives of polynomials having
multiple roots.

The above conjecture of Ilyeff was published in Hayman's Research
Problems in Function Theory. Its validity for polynomials of degree
<; 4 was proved in [1] and [5]. Rubinstein has shown in [5] that the
statement holds in general if \zά\ — 1. A conjecture stronger than that
of Ilyeff was announced in [2] and was proved for those zeros z3- of
P(z) for which \z3 \ — 1.

2* Zeros of multiplicity k on the boundary*

THEOREM 1. Let P(z) = (z - zo)
kQ(z), Q(z) = Π3£ί (s - *;) with

\zo\ — 1, and \z3-\ ^ 1, z3,Φ zQ (j — 1, , n — k). Then at least one
zero of P{ι/)(z) (1 ^ v ^ n — 1) lies in the disk

(2.1) z
k <i - k

For v > k, strict inequality will hold in (2.1) except when v — n — 1

and P(z) = (z — zQ)k(z — z^n~k with \zQ\ = | ^ | = 1.

REMARK. The conjectured result of Goodman, Rahman and Ratti

[2] for zeros on the boundary is included in Theorem 1 as a special

case when k = 1, v — 1.

Proof. Without loss of generality, we may assume zQ = 1, y ^ &.

Then we easily have

Denoting the zeros of P (v)(z) by ζ u •• ,ζ ί ί _, and those of Q(v-*>(z) by

Wit •••> ^ - w w e have from (2.2)
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i=i 1 — ζi V — k + 1 i=i 1 — Wy

Since by Gauss-Lucas theorem we have \wά\ ^ 1, it follows that

Re (1 - wj)-1 ^ —

for all j . Thus

(2.3) -J_ΣRe_λ_
n — v f=ί 1 — C ~~ 2 v —

so that
-I

(2.4)
~~ 2 v — k + 1

which is equivalent to (2.1).
In (2.3), strict inequality will hold unless all the zeros of Q^~k\z)

lie on the unit circle. This can happen only if zι = z2 = = zn_k

and I jsj = 1. For suppose Q(ι/"fc)(^) has p distinct zeros wlf , wp with
multiplicities m19 , mp. Then by the Gauss-Lucas theorem Q(z) must
have the same zeros with multiplicities m^ + v — k, < - , mp + v — k
so that the degree of Q(z) will be n — v + p(v — k) — n — k. Hence
p = 1, i.e., Q(v-fc)(2) = (« — /w1)

%~v and so wt = ^ and Q(z) = (2 — ^)%~ f c.
Thus P(z) = (z — l)fc(2 — ^i)*1"* a n d so all zeros of P{v)(z) must lie on
the line segment connecting z1 and 1. Strict inequality will hold in
(2.4) unless

(2.5) -fc+i . 1

so that Ci = Ci = = C-v = W(v + 1) + (v - k + l)/(v + 1)K. Since
the centroid of the zeros of polynomial is invariant under differentia-
tion, we must also have

r — ^ + (^ ~ k)zt _ k v + k + 1
s i — — ~ ~r • - Z1 ,

n v + 1 v + 1
so that v — n — 1, which proves the assertion.

Taking Pa(z) = (z - l)(z2 - 2az + 1) with -1/2 ^ α ^ 1, we see
that the zeros of P'a(z) fill the entire circumference of the circle
I z — 1/21 = 1/2, so that for v — k — 1, the result (2.1) cannot be im-
proved.

3* Some lemmas* If the polynomial P(z) = (z — zo)
kQ(z), Q(z) —

Π?lί (3 - Si), ô ^ 3y, i = 1, , w - ^, then as in (2.2), we have for
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V ^ k (if P <«(«,) Φ 0),

(ό.L) — — = —-• ^_k .

Denoting the zeros of P{ι>){z) by ζ l f , ζn_u and of Qiι"~k)(z) by w19 ,
'M?w_v and sett ing

(r,^ r2^ <: rn^; ρ,<^ ρ2<= ^ ^_,) we have

(3.2) Σ—ί^= V t i / Σ — - —

(n\

(3.3) Π r, = A££ Π Pi ,

where the last relation follows from the fact that

n — k

v — k

In the sequel we shall need the following lemmas.

LEMMA 1. Let f(z) = Σ?-.( J W ' , g(z) = Σ?=.(J W
2 ( i&jbjZ0, and suppose that the zeros of f(z) lie in the annulus

P ^ \z\ ̂  q, and those of g(z) lie in r ^ |z\ ̂  β, then the zeros of
h(z) lie in pr ^ \z\ <= qs.

This lemma is a special case of a theorem due to Szego [4; p. 65,
Th. 16.1]. In particular if R(t) is a polynomial of degree n — k, and
f(t) = d"/dt"{tkR(t)} and h(t) = R{v~k){t){v ^ A), then an easy computa-
tion shows that the polynomial #(£) of the above lemma may be chosen,
except for a constant factor, as follows:

n- v\(n\
3 λk)+j(3.3a) flr(ί) =

LEMMA 2. Lei r l f , rm and α, b, c (am ^ c ̂  &m) δe positive num-
bers satisfying
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(3.4) a ̂  rά ^ b
m

(3.5) ΐlr^c .

Then

(3.6) ±±£™-P + j ^ + / α-'ft-'V

3=i r) a2 b2 V c J

where

(3.7) μ = min {v \ bvam~v ^ c, v integer) .
Proof. We first observed that the maximum of Σ 7 rj2 is not at-

tained unless equality holds in (3.5) for if ΠJU ro > c> then at least
one of the r/s say rx is strictly greater than a and so replacing it by
(1 — e)-rι with a suitable ε, we can increase the sum Σ r 7 2

Also at most one of the r/s can lie in the open interval (a, b).
For if we had for some i and j , a < r{ <, rό < δ, then replacing r* by
r̂ /1 + ε, and r, by r5(l + ε) with suitable ε, such that (3.4) and (3.5)
remain valid, the sum Σ rj2 would be increased by

(1 + ε)2 - 1 (1 + ε)~2 - 1
r\ r)

which is strictly positive.

So to maximize Σ rj2, we must have

n = n = = rm_v = a ̂  rm_u+ί ^ rm_,+2 = = rm = b

so that from am~vrm^+1b
v~~ι — c we obtain

which gives (3.7).

LEMMA 3. Let 0 < a ^ 1 αwcί suppose w is a point in the closed
unit disk. Then

(3.8) Re i ^ 1 _ A Z L ^ . . J L _ , r = | α - w | .
α: — w 2α 2α r

The proof follows from elementary geometric considerations.

4* Zeros inside the disk* We shall prove the theorems:

THEOREM 2. / / P{z) = (z - zQ)kQ{z), (k ^ 1, n ^ 2 + k), \zo\ £ 1,

Q(^) — ΠΓ"^ (« — 2j)> «j =5̂  «o> l ^ l ^ 1 ( i = 1, -> n — k)9 then at least

one zero of P{n~2)(z) lies in the closed disk
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(4.1) \z-zo\^
n — 1 γ n

REMARKS. ( i ) When n = 3, k = 1, the theorem asserts the exist-
ence of a zero of P'(z) in | z — z0 | ^ τ/2 + 1201/3 which implies the Ilyeff's
conjecture in this case. A comparison of (4.1) with (2.1) in the special
case n = 4, k = 1, v = 2 and z0 = 1 shows that Theorem 1 asserts the
existence of a zero of P"(z) in \z — 1/31 ^ 2/3, while (4.1) does so in the
disk |z — 1| ίg 4/3. However, Theorem 2 holds even when |20 | < 1.

(ii) Under the hypothesis of Theorem 2, it is possible to replace
the right side of (4.1) by

n —

where 0(3O) = I «o I + ^ 2 — | zQ |2, which for large values of n yields a
disk smaller than the one given by (4.1).

Proof. Without loss of generality, we may take z0 — a, 0 <* a ^ 1.
Setting in Lemma 1, f(t) = P{n'2){a + ί) = (dn~2/dtn~2)(tkQ(a + ί)) and
h(ί) = Q(?ι-2-fc)(α: + t), we have by (3.3a)

n — k (n — k — l)(n — k)

For the zeros /Si and /92 of g(t), we have

IS 2 - \β I2 - (^ 1)
P i — I P 2 I (n — k)(n - k - 1)

Assuming that ft ^ ft and rx ^ r2 (see notation proceeding (3.2)) we
have by Lemma 1,

(4.2)

whence

1

τ\

7

n — i
ι(» — !

<- (»

1)

—

- 1)

tι(^

- ^

- fc -
- 1 )

- i ) 2

Suppose now the theorem is false. Then

(4.3) ft ^ ft > 2(n-k~l)Γn-l + a
n — 1 r n

and thus
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(4 4) 1 ,
<

r\ τ\ 2 (n-k- l)(n - 1 + a) '
Also from (4.3) and (4.2) and from n — k ^ 2, we have n > 1, which
for a — 0 yields the desired contradiction.

If α: Φ 0 then from (3.2), (4.4) and Lemma 3 we get

fA a - ζj

- a2 (n- l)(n - k)^ - 1 /I _ 1
- k - 1) I a>

2(n - k - 1) I a 4a (n - k - l)(n - l + a)

(4 5) > n " X - J - f 2 - (1 - ^ 2 )(^ - 1) I
~ 2(w - & - 1) 2α I n - 1 + a J

>
— A; — 1)

2 I
l + αJ

>
1 /

2(n - fc - 1) y n -

observing that w — k ^ 2(^ - Λ - 1). Since l/ρd ^ Re I/a — ζy, i =
1, 2, (4.5) yields a contradiction to (4.3) which completes the proof of
the theorem.

THEOREM 3. Suppose P(z) = (z-zo)
kQ(z), (fc^l, 2fc^^-2), |^0| ^ 1,

= Π?=f (z — ZJ)> zsΦ zOf\zo\<*l(j = 1, , n — k). Then at least

one zero of Pin~3)(z) lies in the disk

(4.6) I z - z01 ̂  (n-k-2) ^ }

^ — 2

- | z o | 2 .

REMARK. ( i ) In the special case n = 4, & = 1, the above theorem
gives an improvement on Theorem 2 of [5], since it guarantees the
existence of a zero of P'(z) in \z - zo| ^ l/2(|so| + τ/2 - |z01

2) < 1 if
l«ol ^ 1.

(ii) In case 2k > n - 2, n ^ k + 3 we can prove that under the
conditions of Theorem 3, the disk \z — zo\ ^ (n — k — 1/n — l)θ(zQ) will
contain at least one zero of P{n~Z)(z). In particular the disk

| z - z o | ^ i - 0 ( s o ) ^ l

will include at least one zero of P{n~3)(z) when
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Proof. As in Theorem 2, we set zQ = a, 0 ^ a <̂  1 and identify
the polynomials /(£), #(£) and h(t) of Lemma 1, as follows:

f{t) == P<-3)(α + ί), Λ(ί) - Q<-»-*>(α + t) ,

and except for a constant factor

Since g'(t) > 0 for real t, it follows that #(£) has exactly one real zero.
A straightforward substitution yields

g\ n-k- 1/ ~ ° " flrVn-ifc-2/

on using the assumption 2fc fg w — 2. So denoting the zeros of g(t)
by ίlf ί2, ί3 then for the real zero, say t99 we have

n ~ 2 ^ \ t \ £ n

n — k — 2 n — k ~ 1

Since ί2 - ίlf and lί^ίβl = I *i I* I *s I = ( 3 )/(n ^ k), we obtain

(n - l)(n - 2)

( n - k){n~k - 2)
- 1) ^ / n - 2 y <- 1) ^ / n
- & - 1) ~ \n -~ (n - k)(n - & - 1) ~ \n - k - 2

Now by Lemma 1 (using the notation of §3)

(4.7) pi {n~,}){n~2)

 o , ^ r ^ r2

2 ^ r̂  .
(w - k)(n - k — 2)

Suppose the theorem were not true, i.e.,

- k ~2t(4.8) ft > ^ ί—-{a + v/2 - ^2) .
^ — α

Then for all α, ft > (n — & — 2/n — 2)\/~2 which would imply that

(4.9) rj > 2 . (n - D(» - fc - 2 ) ^ X .
(^ — 2)(n — k)

For α = 0, this already gives a contradiction. If 0 < a g 1, then from
(3.2) with v = ^ — 3, from (4.7), and (4.8) and Lemma 3 we have

/Ξί α - ζy 3 (Λ - Jk - 2) ί=ί α -
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n - 2 J 1 _ 1 - α2 (n - k)(n - 2) 1 Ί
n-k-2 L 2a 2a (n — l)(n — k — 2) θ\a) J '

Since (n - k)(n - 2) ̂  2(n - \)(n - k - 2) and |Re {a - ζ,)-1! ^ l/^y,

we have

1 Λ 1 ^ n — 2

3 ί̂ ί /o,. 2(n- k-2) la

>_JLZIA_.JL

= ( n - k - 2 ) 6

Therefore

which contradicts (4.8). This completes the proof of Theorem 3.

5* Quintic polynomials* We shall prove the

THEOREM 4. // P(z) = (z- zQ)Q(z), Q(z) = Πί(* - «y)> I «i I ^ 1 0'
1, •••, 4), then at least one zero of P'(z) lies in the disk

(5.1) | z - z o | ^ - ± V 2 - |z o | 2 ) .

REMARK. This in particular proves Ilyeff's conjecture for quintics
since the right side of (5.1) is < 1 if \zQ\ < 1.

Proof. Without loss of generality we may assume z0 Φ zά (j = 1,

• , 4) and 0 ̂  z0 ̂  1.
Prom (3.3) with n = 5, v — 1, we have

(5.2) rxr2r3r4 = δp^psp, .

Now identifying in Lemma 1, f(t) with P'(z0 + t), h(t) with Q(z0 + ί),
becomes, except for a constant factor, the polynomial

w h o s e z e r o s ί l f t2, ί3, ί4 s a t i s f y

|2 = 4 s i n 2 - J , | ί 3 | 2 - i ί | = 4 s i n ^
5 5

and tιt2tit4i = 5. It follows then from Lemma 1 that

(5.3) ft.μj^r^ft μj , (i = l, « ,4)
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From Lemma 2, (5.2) and (5.3) we conclude that Σ ί -=i rT cannot be
larger than the corresponding expression for

Λ,,' ry,' \ f \ Π Ύ*r I A ύ

' l — '2 — I ̂ 11 yii *3 —

Thus on using px^ p2 <^ p3 <^ p± and \tL\~2 + |£4 |~
2 = 1, we have

(5.4) Σ / 7 2 ^ Σ / ' - 2 ^ 2/0Γ2 .

If z0 Φ 0, then on using Lemma 3 and (3.2) with k = 1, v = 1, n = 5,
we have from (5.4)

from which the result follows by elementary calculation. If z0 = 0,
then Tj g 1 (j = 1, 2, 3, 4) and so by (5.2) pL ^ 5"(1/4) < 2~(1/2). This
completes the proof.
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