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SUFFICIENT CONDITIONS FOR A RIEMANNIAN
MANIFOLD TO BE LOCALLY SYMMETRIC

KOUEI SEKIGAWA AND SHOUKICHI TANNO

In a locally symmetric Riemannian manifold the scalar
curvature is constant and each k-th covariant derivative of
the Riemannian curvature tensor vanishes. In this note, we
show that if the covariant derivatives of the Riemannian
curvature tensor satisfy some algebraic conditions at each
point, then the Riemannian manifold is locally symmetric,

Let R be the Riemannian curvature tensor of a Riemannian mani-
fold M™ with a positive-definite metric tensor g. Manifolds and ten-
sors are assumed to be of class C= unless otherwise stated. We
denote by V the Riemannian connection defined by g. For tangent
vectors X and Y, we consider R(X, Y) as a derivation of the tensor
algebra at each point. A conjecture by K. Nomizu [4] is that
R(X,Y)-R=0 on a complete and irreducible manifold M™(m = 3)
implies VR = 0, that is, M™ is locally symmetric. Here we consider
some additional conditions.

For an integer k and tangent vectors Vi, ---, V, at a point p of
M™, we adopt a notation:

(V,;R) = (Vk’ Vi ==, Vi Vk-R)
=(ViVi - Viv,V,eos Vngcd) s

where V¢, etc., are components of V,, ete., and V.V, ... VR, are
components of the k-th covariant derivative V*R of R in local co-
ordinates.

ProroSITION 1. Let M™(m = 3) be a real analytic Riemannian
manifold. Assume that
(1.0) the restricted holonomy group is irreducible,
1.1 RX,Y)-R=0,
1.2) RX,Y)(VER)=0 for k=1,2, «--,
Then M™ s locally symmetric.

Here we note that condition (1.0) means that it holds at some,
hence every, point and condition (1.1), and (1.2), mean that for any
point p and for any tangent vectors X, Y, V,, ---, V, at p, they hold.

PROPOSITION 2. Let M™(m = 3) be a Riemannian manifold. As-
sume (1.1) and (1.2) and that
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(1.0) the infinitesimal holomomy group is irreducible at every point.
Then M™ is locally symmetric. ‘

Propositions 1 and 2 are essentially related to the following results.

PROPOSITION 3. Let M™(m = 3) be a Riemannian manifold. As-
sume that the restricted holonmomy group H° (the infinitesimal holo-
nomy group H', resp.) is irreducible, and R 1s invariant by H°
(H’, resp.). Then M™ is locally symmetric.

ProposITION 3'. (J. Simons [5], p. 233) Let M™ (m = 3) be an
irreductble Riemannian manifold. Assume that R is invariant by
the holonomy group H. Then M™ is locally symmetric.

Proposition 3 is a generalization of a result by A. Lichnerowicz ([2],
p- 11), which contains an assumption of compactness. We remark
here that condition (1.2) is equivalent to

1.2y R(X, Y)(VyVy, - VyR)=0for k=1,2 -+,

where X, Y, V,, ---, V, are vector fields on M™.
With respect to Nomizu’s conjecture and the above propositions
we have '

THEOREM 4. Let M™ (m = 3) be a Riemannian manifold. As-
sume that

(i) the scalar curvature S is constant,

(ii) RX,Y)-R=0,

(iii) RX, Y)-V,R =0,

(ivy RX, Y)-(X, V;V*R) =0,

(or (iv)) R(X, Y)-V4V,R =0 for vector fields).
Then M™ s locally symmetric.

THEOREM 5. Let M™ (m = 3) be a Riemannian manifold. As-
sume that

(i) the Ricci curvature temnsor R, is parallel; VR, = 0,

(ii) RX, Y)-R =0,

(iii) R(X, Y)-V,R = 0.
Then M™ s locally symmetric.

In Theorems 4 and 5, if m = 2, then VR, = 0 implies VR = 0.
In Theorem 5, if M™ is compact, (iii) can be dropped (A. Lich-

nerowicz [2], or K. Yano [6], p. 222).
In §2 we reduce proofs of Propositions 1 and 2 to that of Proposi-
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tion 3, and next we reduce proofs of Propositions 8 and 3’ to that of
Theorem 4. In §3 we prove Theorems 4 and 5.

2. Holonomy algebras. Conditions (1.1) and (1.2) imply that

[R(X, Y), (ViR)(4, B)] = (ViR)(R(X, Y)A, B)

2.1) + (VER)(A, R(X, Y)B)

for k=0,1, ..., where V°R means R, and [T, T'] for linear trans-
formations T, T’ means TT' — T'T.
Now we show

LEMMA 2.1. The condition (2.1) implies

[(ViR)(X, Y), (ViR)(A, B)] = (ViR)(VR)(X, Y)A, B)

(2.2) + (VER)(A, (ViR)(X, Y)B)

Sfor j, k=0, 1,' 2, «+-. And (2.1) is equivalent to

[(ViR)(X, ), R(A, B)] = R(Vi,R)(X, Y)A, B)

@-3) + R(4, (Vi B)(X, Y)B)

Sfor 7=0,1,2, ---.

Proof. We prove (2.2) by induction in j and by tensor calculus
in local coordinates. By (2.1), (2.2) holds for (4, k) = (0, k), £ =0,
1,2, ---. Assume that (2.2) holds for (s — 1, k), (7 — 2, k), ---, (0, k),
k=0,1,2, ---. Then, denoting by V,V, --. V.R2,, the j-th covariant
derivative of R and by V; ... V,RY, the k-th covariant derivative of
R, we show

Vtvs e V'ngzny e VeRgab - Vf M VeRzathVa e VTR:zy

2.4
( ) = Vf e VeRgvatVs b V':'Rzzy + Vf e VeRgathvs A VrRZzy .

In fact, we have

V.V, ot VRNV, s VRl — Voo V,RILV,Y, -+ VR,

= Vt(Vs te Vngzny e VeR:ub
_ Vs cee VTRzzthVf [P Ve R;‘ub
- V,(Vf e VeRﬁasz e VvR:xy)
+ V.V V,RLY, -+ VR,

= VVy et VRV, o VRl + Voo V,REY, -+ V,RL,)
-V, VR, VV;«.. VR, (by (2.2) for (5 — 1, k))
+ V.V, VRLY, - VR,

=V, s VRILVY, oo V,RYy + Voo s VREVY, -+ V,Ri,
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-+ (VtVf oo V,R,p“”,v, .. ’V,'Rg,;y - Ve e VrszthVf e VGR:ab)
-+ (Vtvf e VeRgusz b VrR:xy + VtVf b VeRgast e Vnga:y) .

The second and third terms vanish by (2.2) for ( — 1, & + 1). There-
fore we have (2.4).
Similarly we can show that (2.3) implies (2.2), including (2.1).

By the theory of holonomy groups (cf. A. Nijenhuis [3]), the set
of linear transformations

(2'5) R(X’ Y)y (VWR)(X> Y)’ (V%VR)(Xy Y)’ °c

for X, Y, W, ---eM,, the tangent space to M at p of M, spans a
Lie algebra 4, called the infinitesimal holonomy algebra at p. &,
generates the infinitesimal holonomy group H, which is a subgroup
of the local holonomy group H} = HY(U). Clearly Hj is a subgroup
of the restricted holonomy group HS. If a Riemannian manifold is
real analytic we have H' = H* = H". :

The condition (2.3) implies that

(2.6) [T, R(A, B)] = R(TA, B) + R(A, TB)

for any Teh,. This says that R is invariant by T. Therefore, for
any element a € H, we have

2.7 aR(A, B)C = R(aA, aB)aC for A, B,CelM,.

Thus, we have reduced proofs of Propositions 1 and 2 to proof of
Proposition 3.

Since (2.7) or (2.6) is equivalent to (2.1), condition (2.7) implies
conditions (ii), (iii) and (iv) of Theorem 4. Consequently, if we show
that, under the conditions in Proposition 3 (3’, resp.), the scalar curva-
ture S is constant, then Proposition 3 (3’, resp.) will follow from
Theorem 4.

Let E;, 1 < ¢ < m, be an orthonormal basis at p. Then the Ricci
curvature tensor R, is given by

R(X,Y) = Z 9(R(X, E) Y, E) .

Since R is invariant by H' or H® or H, we have R(X, Y) = R,(aX, aY)
for any ae H', or H® or H. Since H’ or H® or H is irreducible, we
have some real number )\ so that R, =\g at p. Because p is an
arbitrary point of M and m = 3, » is constant on M, and hence S =
m\ is constant.

3. Proofs of Theorems 4 and 5. To prove theorems it suf-
fices to show two propositions below.
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ProposITION 3.1. On M™ (m = 3) assume that

(i) the scalar curvature S is constant,

(if) (R(X, Y)-R)(X, V) =0,

(iii) (R(X, Y):V,R)(X, Y)V =0,

(iv) (B(X, Y)-V,R)(V, X) =0,

(v) (BRX, Y) (X, V;VR)V,Y)=0,

(or (v (R(X, Y).-VxV,R)V,Y) =0 for vector fields).
Then we have VE = 0.

Proof. Let {E;} be an orthonormal basis at p of M. Put X = E,,
Y=FE, V=E, in (iii) and take a sum on x, ¥, v. Then we have

Rimuverv” _— eryV,,Ri,my — erwavRivry . RrymvaRiwr — O .

The third and fourth terms vanish. We apply the second Bianchi
identity to the first two terms;

R(-V,R’,, — V,R,) = —2R"*V,R,, ,
_Rm”(““viRrvzy - VTR’Dim’y) = RMWV«;RMW + RrwaTRvimy
= R"*V;R,,., + RV ,R;,,, .
Therefore, we have

3.1) —4R"™V,R,, + R"*V‘R,,,, =0 .
Likewige, (iv) implies that

(3.2) R™V.R,. + R*, VR =0.
And (v) implies that

(3.3) RV, V,R,, + R""V,V,R. = 0.

For (v)’ we assume that E; are local vector fields such that (VE;), =0
and {E;} forms an orthonormal basis at ». Then we have the same
(3.3).
Since V, R = (1/2)V,.S = 0, by (3.1), (3.2) and (3.3), we have

R™V.V,R,, =0,

R""’”ViR,.,,W == 0 .
On the other hand, in a Riemannian manifold generally we have
thh(RijklRijkl) = Z(VhRijlehRijkl)

+ 8RijktVinle + 4Rijle;’:kl,hi )

where By, X°Y" are components of R(X, Y)-R (A. Lichnerowicz [2],
p. 10). Since (ii) is equivalent to B%, ,; =0, we have V,R;;,, = 0.

(3.4)

ProPOSITION 3.2. On M™ (m = 3) assume that
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( i ) VRI =0 ’

(ii) (RX, Y)-R)(X, V) =0,

(iii) (R(X, Y)-V,R)(X, Y)=0.
Then we have VR = 0.

Proof. We have (3.1) by (iii). Then we have V,(R,;, R"*) = 0.
Therefore, (ii) and (3.4) show VR = 0.
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