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PRODUCTS OF FINITELY ADDITIVE SET
FUNCTIONS FROM ORLICZ SPACES

VERNON ZANDER

This note establishes two results on products of finitely
additive vector-valued set functions from Orlicz spaces. A
triple (Ω, Σ, μ) is called a charge space if Σ is a ring of sub-
sets of a set Ω and the charge μ is a finitely additive, non-
negative, finite-valued function with domain Σ.

THEOREM. For (Ωif Σi} μι) (i — 1, ,n) a family of charge
spaces and (Ω, Σ, μ) the corresponding product charge space,
for u an ̂ -linear continuous operator from the product of the
Banach spaces Zi, , Zn into a Banach space W, the function
v defined by v(A) = u(vi(A), , vn(A)) for AeΣ and Vi from
the Orlicz space Aφ(Ωif Σi, μι, Zi) belongs to the Orlicz space
A\Ω,Σ,μ,W).

For the infinite product case the following result holds:

THEOREM. For φt,Σt,μt) (teT) a family of probability
charge spaces and {Ω, Σ, μ) the product probability charge
space, for u an infinitely linear bounded operator on the multi-
plicative product space Pτ(AΦ(Ωt, Σt, μttZt), vi) the function v°
defined by vQ(A) — u(v(A)) for A e Σ belongs to the Orlicz space
A (Ω,Σ,μ,W).

These results allow one to develop an integral determined
by a product of charges from Orlicz spaces.

In a recent paper by Uhl [5] the Orlicz space Aφ of vector-valued
finitely additive set functions is investigated. The present paper
presents results concerning finite and infinite products of finitely ad-
ditive vector-valued set functions from the Orlicz spaces

Aφ(Ωr, Σr, μr, Xr)

for r ranging through an index set. The results for a finite product
of set functions resemble a generalization of a result by Bogdanowicz
[2, Th. 1] for the L^-spaces of Lebesgue-Bochner summable functions;
and the results for an infinite product of set functions resemble a
generalization of a result for the Lebesgue space Lγ by Bogdanowicz
and Zander [3, Proposition 5], but the techniques used for the results
in the present paper are different.

We shall assume throughout that Φ is a convex, nondecreasing
function defined on the positive real line such that Φ(0) = 0 and Φ is
continuous except for at most one point, after which the function
must be identically infinite. We shall also assume throughout that
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the function Φ satisfies the following growth condition:

Φ(xy) ̂  MΦ(x)Φ(y)

for all x,y*£θ, where M is a positive constant. (This growth condi-
tion is called the zf'-condition (see [4> p. 29]).)

REMARK 1. Each of the functions f(x) = xq with q ;> 1 and

g(x) = α;α(log+ x + 1)

with a > 1 satisfies the Δ'-condition with constant 1, and each is a
candidate for the function Φ.

Let Ω be any set, Σ a ring of subsets of Ω, and μ a nonnega-
tive, real-valued, finitely additive function with domain Σ. The as-
sociated triple (Ω, Σ, μ) shall be called a charge space. If, further,
Ω € Σ and u(Ω) = 1 then the triple (Ω, Σ, μ) shall be called a pro-
bability charge space.

For (Ω, Σ, μ) a charge space and Z a Banach space denote by
Aφ(μ, Z) the space of all finitely additive functions v from the ring
Σ into the space Z which satisfy the following conditions: (i) v
vanishes on the μ-null sets, (ii) IΦ(v/k) ̂  1 for some positive k, where
the function Iφ is defined by the following expression:

Iφ{v) = sup Σ{Φ{\ v(A) \/μ(A))μ(A): AejT}

where the supremum is taken over all finite families ^ of disjoint
sets from the ring Σ. This definition is recently given by Uhl [5,
p. 24], and is due originally to Bochner [1, p. 778]. By Theorem 11
of [5] the functional Nφ defined by

NΦ(v) - inf {k > 0: IΦ(v/k) ^ 1}

is a norm under which the space Aφ(μ, Z) is Banach space.
We shall use the following notation: Let Tt be a family of sub-

sets from an abstract set Xi9 for i = 1, •• , n. By Tι x ••• x Tn

we shall mean the family of all sets of the form At x x An where
Ai e Ti for i = 1, , n.

For charge spaces (Ωif Σίy μt) (i = 1, •••, n) define the triple (Ω,
Σo, μ) by Ω = Ωι x x Ωn, Σ = Σι x x Σn, Σo is the ring gener-
ated from the prering Σy and μ(A) = μ^AJ μn(An) for AeΣ. It
is easy to see that (Ω, Σo, μ) is a charge space.

DEFINITION. For ^ a finite family of disjoint sets from the
prering Σ and for i between 1 and n let ^ 7 denote the family of all
ί-th coordinate sets Ai9 where A1 x x Ai x x An e ^~, and let
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r denote the refinement of JFl consisting of the finite family of
disjoint sets from Σt whose union is the same as that of all sets from
J^7. That is, if J^ = {B19 , Bm}, and if B] = Ω\BS then &? is the
set of all intersections d Π Γ) Cm where each Cd is B3 or Bj and
at least one C5 is Bό. By the ^product we shall mean the corre-
sponding finite family of disjoint sets ^[r x x JQ from the
prering Σ. We shall denote this family by

LEMMA 1. For v e Aφ(μ, Z) we have the relation

IΦ(v) = sup Σ{Φ(\v(A) \lμ{A))μ(A): A e

where the supremum is taken over all finite families J^ of disjoint
sets from Σ.

Proof. Let a denote the right side of the above relation. Then
IΦ(V) ̂  a since an ^product is a particular finite disjoint family from
Σ. Let By C be disjoint sets from Σ, and put A = B U C. Then the
relation Iφ(v) ^ a follows from the positivity of values of the function
Φ and from the relation

Φ(\v{A)\lμ{A))μ{A) < Φ(\v(f3)\/μ(B))μ(B) + Φ(\v(C)\/μ(C))μ(C)

which in turn follows from the convexity of the function Φ.
Let Zif W (i = 1, , n) be Banach spaces and let u be an bi-

linear continuous operator from the product of the spaces Z19 * ,Zn

into the space W. Denote the norms in the above spaces by [ [.

THEOREM 2. // v{ e Aφ(μif Z{) for ί = 1, , n then v e Aφ(μ, W),
where

v{Ax x x An) = uiv^Aj), , vn{An)) for A e Σ .

Proof. We shall establish that IΦ(v/k) ̂  1 for some positive k.
Assume throughout that the zf-constant M^l. Put

and b = Mn\u\NΦ(v1) ••• NΦ{vn), and let J ^ be a finite family of dis-
joint sets from Σ. Then we have the following estimates:

Σ{Φ(\v(A) \/bμ(A))μ(A): A e

(Uι wk(Ak)/Mμk(Akήμ(A): A

n MΦ{wk{Ak)IMμk{Ak))\μ{Ay. A e
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Noting that Φ(a/M) ^ Φ(a)/M for a ^ 0 since Φ is convex and M ^ 1,
we conclude that

Σ{Φ(\v(A) \/bμ(A))μ(A): A e

^ Π {ΣΦ(wk(A)/μk(A))μk(A):Aejrkr}

^ 7#(Wl) IΦ{wn) ^ 1 .

By taking the appropriate supremum, we see that IΦ(v/b) rg 1. From
this it can easily be seen that veAφ(μ, W).

We shall now consider infinite products of vector-valued finitely
additive set functions.

Let T be an arbitrary index set, let (Ωt, Σt, μt) (ί e T) be a family
of probability charge spaces and let (Ω, Σ, μ) be the product space
(i.e., Ω = XτΩt, Σ is the family of all finite disjoint unions of sets of
the form A — XτAt wτhere At e Σt and At Φ Ωt for at most a finite
number of indices teT, and μ(A) = Πτμt{At) for all A e Σ.) It is
clear that the triple (Ω, Σ, μ) is a probability charge space.

Let Y, Zt (t e T), W be Banach spaces, let z[ e Zt each be of unit
norm, and let Zf = PT{ZU z't) be the corresponding multiplicative pro-
duct space. That is, Pτ(Zt, z[) is the set of all z = {zt)τ such that
zteZt for teT and Στ\zt — z't\ < oo. Define a functional d by

d(y,z) = Στ\yt - zt\

for all y,zeZ'. In [3] it is shown that the space (Z',d) is a com-
plete metric space. It is easy to see that the space Zf is also an
affine subspace of the linear space XτZt, and if T is uncountable the
metric d cannot be extended to a metric on the space XτZt.

An operator u mapping the space Z' into the space W shall be
called infinitely linear and bounded if u is linear on each coordinate
space Zt separately, for all teT, and if there is a positive constant
c such that \u(z)\ ^ cΠτ\zt\ for all zeZ\ Let \\u\\ denote the sm-
allest of all such constants. Let L(Z'; W) denote the space of all
such bounded infinitely linear operators. In [3] it is shown that the
space L{Z'\ W) under the functional || || is a Banach space.

In order to make the next definition we must further restrict the
function Φ so that Φ(l) = 1 and the zΓ-constant M = 1. These condi-
tions are the results of applying a version of Lemma 13 of [5],
modified to assume the z/'-condition. Since the functions g and / from
Remark 1 are nontrivial examples of functions which satisfy these
conditions, the additional conditions are not as restrictive as they
originally appeared to be.

Select v't e Aφ{μu Zt) such that v't(Ωt) = z\ and Nφ{v[) = 1, and let
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Pτ(Aφ(μt, Zt)9 v't) be the corresponding multiplicative product space.
We remark that from Lemma 13 of [5] it follows that v(Ω)eZr for
all vePτ(Aφ(μt,Zt),v[).

For the infinite product ring Σ we need some notation similar to
the .^product concept for the finite case. With this in mind let j ^ ~
be a finite family of disjoint sets from the infinite product ring Σ,
let the families ^ 7 and J^r be defined as in the finite product case,
and define the .^product as the corresponding finite family of disjoint
sets

= {A = XτAt: At e J^Γr for all t e T)

from the ring Σ. Again we shall denote the ^product by
(It follows from the definition of Σ and properties of a ring that

consists of a finite number of disjoint sets from Σ.)

THEOREM 3. If vePτ(Aφ(μtJ Zt), v\) and ueL(Z' W) then the
function v° defined by v°(A) = u(v(A)) for all AeΣ belongs to the
space Aφ(μy W).

Proof. It is clear that the function v° is finitely additive on Σ,
and from the estimate |v°(A)| ^ \\u\\Πτ\vt(At)\ for all AeΣ it is clear
that v(A) = 0 when μ(A) = 0. To establish that IΦ(v/k) ^ 1 for some
constants, put wt( ) = \vt( )\/NΦ(vt) and 6 = \\u\\ΠτNφ(vt) and let ^
be a finite family of disjoint sets from Σ. Applying Lemma 1, which
is clearly valid here, we get the following estimates:

Σ{Φ(\ v°(A) \/bμ(A))μ(A): A e

^ Σ{Φ(Πs,wt(Ωt)Π8(wt(At)/μt(At)))μ(A): A e

^ Σ{ΠsΦ(wt(At)/μt(At))μ(A): A e

^ Πs{Σ{Φ(wt(A)/μt(A))μt(A): A e

^ ΠsIφ(wt) ^ 1.

Hence v°eAφ(μ, W) and NΦ(v°) g \\u\\ΠτNΦ(vt).

REMARK 2. The results in this note remain valid if all rings
are relaxed to prerings, with no changes needed in the above proofs
to establish this.

REMARK 3. Forthcoming papers will discuss the other formula-
tions of the Fubini theorems for Orlicz spaces in terms of a countably
additive nonnegative finite valued set function (called a volume) de-
fined on a prering. The prering, volume combination appears to be
the most natural context in which to discuss the Fubini theorems;
that it is also a valid context follows from the work of Bogdanowicz,
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which develops an integration theory based upon the prering and
volume. See [2] for a suitable bibliography.
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