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STRICTLY INCREASING RIESZ NORMS

L. C. MOORE, J R .

Let L be a Riesz space and p a Riesz norm on L. Then
p i s s a i d t o b e strictly increasing i f u, veL a n d 0 ^ u S v

imply that p(u) < p(v). We investigate necessary conditions
and sufficient conditions that for a given Riesz norm there
is an equivalent strictly increasing Riesz norm. A necessary
condition is that the Riesz space possess the countable sup
property. A sufficient condition is that the given norm be
an (A, ii) norm. Finally, we investigate the relationship
between the existence of strictly increasing Riesz norms and
the Souslin hypothesis.

For reference, we list here several definitions. If p is a Riesz
norm on a Riesz space L, then p* is the dual norm on the Riesz space
of ^-bounded linear functional. A Riesz norm p is said to have pro-
perty (A, ii) if whenever {ux} is directed downwards in L and inf;t̂ ;. = 0,
then inf̂  p(uλ) = 0. An order bounded linear functional ψ on L is
said to be an integral if {un} is a sequence in L and un [ 0 implies
mΐn\φ(un)\ = 0. If whenever {uλ} is a set in L which is directed
downwards and inf^;. = 0, then inf^|^(^)| = 0, we say that φ is a
normal integral. If p is a Riesz norm on L, then L*tΰ is the Riesz
space of all /̂ -bounded integrals and L*>n is the Riesz space of all p-
bounded normal integrals. A Riesz space L is said to have the
countable sup property if every nonempty subset D of L possessing a
supremum contains an at most countable subset having the same
supremum as D.

Luxemburg discussed the countable sup property in [3] and, in
the case that the Riesz space is Archimedean, gave a number of
equivalent conditions (Theorem 6 of [3]). In addition he showed that
if L is Dedekind σ-complete and possesses a strictly increasing Riesz
norm, then L has the countable sup property (Theorem 10 of [3]).
In a private communication, Luxemburg asked whether the theorem
is true if the condition that L be Dedekind ^-complete is dropped.
The answer is yes and is the content of Corollary 2 of this paper. That
an (A, ii) norm has an equivalent strictly increasing Riesz norm
(Theorem 5) was suggested by Luxemburg, and, in the case that L
is countably generated, it appears in [4].

I wish to express my gratitude to C. Ward Henson for many
valuable suggestions in the preparation of this paper.

2* Necessary conditions and sufficient conditions* If a Riesz
space L with Riesz norm p possesses a ^-bounded strictly positive
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linear functional φ, then

for all feL

defines a strictly increasing Riesz norm q on L such that q is equi-
valent to p. On the other hand if L is countably generated, then if
L possesses a strictly increasing Riesz norm it must possess a bounded
strictly positive linear functional.

THEOREM 1. If L is a Riesz space which is countably generated
and p is a Riesz norm on L, then there is a srictly increasing Riesz
norm on L equivalent to p if and only if L possesses a strictly
positive p-bounded linear functional.

Proof. As we have noted, if there is a strictly positive p-
bounded linear functional on L, then there is a strictly increasing
Riesz norm on L which is equivalent to p.

Now to show the converse, assume first that L has a strictly
increasing Riesz norm q which is equivalent to p and a weak unit
we L+. Then by the Hahn-Banach Theorem there is a g-bounded
linear functional φ such that q*(φ) = 1 and φ{w) = q(w). Further,
we may assume that φ ^ 0. Let Aw be the principal ideal in L
generated by w. Then if 0 ^ v e Aw, we have that v g Xw for some
real positive X. But since q is strictly increasing,

0 ^ φ(Xw — v) < q(Xw — v) < q(Xw) = φ(Xw) .

Hence φ(Xw) ~ φ(v) ^ φ(Xιv) and φ{v) > 0, Le., φ is strictly positive
on Aw. Now if zeL+ and z Φ 0, then for some veAw, we have
0 < v ^ z. Hence φ(z) ̂  φ(v) > 0. Thus φ is strictly positive on L.

If L does not have a weak unit, then there is a countable set
{wn : n = 1, 2, •} in L+ such that if 0 $ z e L? there are an integer
n and an element v e L+ such that 0 S v ^ inf (z, wn). As above, we
select positive bounded linear functionals φn such that q*(φn) = 1 and
<Pn(u>») = ff(w») for ra = 1, 2, . Then ψ = ΣΓ=i(l/2%)^ is the desired
strictly positive bounded linear functional.

In Example 6 we see an example of a Riesz space which is not
countably generated, which possesses a strictly increasing Riesz norm,
but which does not possess a strictly positive bounded linear functional.

We have the following corollary to Theorem 1, which generalizes
Theorem 10 of [3].

COROLLARY 2. If a Riesz space L possesses a strictly increasing
Riesz norm, then L has the countable sup property.
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Proof. If L possesses a strictly increasing Riesz norm, then L
is Archimedean. Thus in order to show that L has the countable sup
property, it is sufficient to show that every disjoint order bounded
set of positive elements is at most countable. (See Theorem 6 of [3].)
But this is evident since by Theorem 1 every principal ideal in L
possesses a strictly positive linear functional.

In Example 4, we see that the countable sup property is not
sufficient for the existence of a strictly increasing Riesz norm, even
for an Archimedean Riesz space with a strong unit.

We now give a sufficient condition for the existence of a strictly
increasing Riesz norm equivalent to a given Riesz norm. This result
generalizes Corollary 35.3 of [4].

THEOREM 3. // L has the countable sup property, L is countably
generated, and L possesses a Riesz norm p such that L*>c separates
points in L, then L possesses a p-bounded strictly positive normal
integral. Hence, there is a strictly increasing Riesz norm q on L
vjhich is equivalent to p.

Proof. Note that since L has the countable sup property, we
have L£c = _L*n.

We show first that if w e L+, then there is a positive normal
integral φύ e L*tn which is strictly positive on the principal ideal Aw

generated by VJ. For each φ e L$,n let Bφ = {fe Aw: φ(\f\) = 0}. Let
&' = {Bψ: φeL^n and p*(φ) = 1}. Then if Bφe&, we have that
Bφ is a band in Aw, since φ is a normal integral. Now consider &
to be partially ordered by containment. We want to show that &
has a minimal element Bφo. Then since L*% separates points in L,
we must have BφQ = {0} and φQ must be strictly positive on Aw.

To show this let g 7 be a nonempty subset of & which is well-
ordered by 3 . We want to show that ^ has a lower bound in .̂ i5.
If ^ has an upper bound Bψ in ^ , let cέ?' = cg'~{Bφ}. Then for
every B e ^ ' , there is a predecessor B^ e ^ such that B^ 5 B and
if Boe^ and Bo 2 B, then Bθ ^ B?. Since L is Archimedean, Aw

is Archimedean also and for each Bφ e
 c^r there exists 0 *$. uφ in

B^ΠB^ such that uφ < iv, where Bϊ = {feAw : inf(|/|), \g\) = 0 all
geBφ). Then {uψ\ BψeW] is a disjoint order-bounded set in L.
Since L has the countable sup property, it is at most countable. It
follows that <£" and ̂  are at most countable. If ^ is finite, ^
has a lower bound. If £f = {Bφ% : n = 1, 2, •}, let π = Σ~=i (V^n) Φ*
and φ = (l/p*(π)) π. Then Be ^ and Bφ is a lower bound for £T.
Now by Zorn's Lemma, & has a minimal element.

Finally, if {wk: k ~ 1,2, •} is a countable set of positive genera-
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tors for L, for each k we select a positive bounded normal integral
φk which is strictly positive on AWJe and such that p*(φk) = I/2fe.

Then φ = Σ~= 1 φk is a strictly positive bounded normal integral
on L.

EXAMPLE 4. Let X be an uncountable set and L the Riesz space
of bounded real-valued functions / such that {x e X: f(x) Φ 0} is at
most countable. Then L has the countable sup property but L is
not countably generated. If p is the uniform norm, L*,w separates
points in L.

We show that L cannot possess a strictly increasing Riesz norm.
Let q be a Riesz norm on L. Let a — sup{#(χ^): A is an at most
countable subset of X}. Pick countable subsets {An: n = 1, 2, •••}
such that q(χAJ ] a. Let Ao = (JΓ=i An and xQ e X ~ Ao. If A = Ao U {a?0},
then <x g g(χ4o) ^ g(χ4) ^ a and g(χ^0) - q(χA). Thus g is not strictly
increasing.

In the case that p is an (A, ii) norm on L, the condition in
Theorem 3 that L be countably generated can be dropped.

THEOREM 5. // L possesses an (A, ii) norm p9 then L possesses
a strictly increasing Riesz norm q which is equivalent to p.

Proof. Since L possesses an (A, ii) norm p, L has the countable
sup property (Theorem 33.2 in [4]). Let {uλ: XeΛ} be a maximal
orthogonal subset of positive elements in L. If A is finite or countable,
the result follows from Theorem 3. Thus we may assume A is un-
countable.

For each λ e A let Aλ be the principal ideal in L generated by uλ.
By Theorem 3 for each λ there exists φλ e A*tP such that φλ is strictly
positive on Aλ and \φλ(f) ^ ρ(f) for all feAλ.

Now for each λ we define a Riesz seminorm qλ on L by setting

qλ(f) = sup {φλ{u) : 0 ^ u ^ | / \, u e Aλ}

for all feL. It is easy to see that for each λ we have qλ(f) <£ p(f)
and that if 0 Φ feL, then for some λe/1 we have qλ(f) > 0. On
the other hand, since L has the countable sup property, for any feL
the set {λ G A: qλ{f) > 0} is at most countable.

Now if 0<LveL, then 0 = inΐ{v — ^XeFux: F is a nonempty
finite subset of A and for each λ e F we have 0 ^ uλe Aλ and ^ fg v}.
Since ^ is an (A, ii) norm, for every real ε > 0 there is a finite subset
F of A and an element uλeAj for each XeF such that ΣXCFUX ^ ^
and <O(Έ; — ̂ λeFuλ) < ε. SoitXreA~F and ue Aλ such that 0 ^ u ^ v,
then 6̂ ^ v — X ^ F ^ ^nd ρ(u) < ε. It follows that for any feL and
ε > 0 there are only finitely many λ's such that qλ{f) ^ ε.
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We now define a sequence of Riesz norms on L. Let qn{f) =
sup{(l/w) ΣIZF Qλ(f)- F^Λ and F has exactly n elements} for feL
and n = 1, 2, . For each n it is clear that qn is a Riesz norm and
qn{f)<p{f) for all feL. Let

for all feL. Then again g*, is a Riesz norm and ?«(/) ^ |0(/) for
a l l / e L .

Now suppose u, ve L+ and v — u = w $ 0. Then for some λ0

we have ^0(w) > 0. It follows that there is 0 ^ zeA^0 such that
z ^ w and 9^(2) > 0. Now if 0 ^ y ^ u and 7/ e Aλo, then # + 2 ^ v.
Thus cp;>0(τ/) + φλQ(z) < g^ty) and ^ 0(^) < qφ) - %0(«), i.e., qλo(v) -
Qχo(

u) > 0 Now pick a real positive δ such that g;0(%) ^ δ ^ ^0(v).
Then { λ e i : qλ(v) > δ} is finite say {λ0, λlf . . . , λΛ}. Clearly qn+1(v) =
(l/(n + 1)) Σ*=o qλk(v). On the other hand, {λ: qλ{u) > 3} c {λlf , λ j .
So

w + 1

Thus gco(̂ ) < q~(v) and g^ is strictly increasing. Now q = p + q<*>
is the desired Riesz norm.

However, as we see in Example 6, if p is an (A, ii) norm on a
Riesz space L which is not countably generated, L need not have a
strictly positive linear functional. (This example is given on page
512 of [4].)

EXAMPLE 6. Let X be an uncountable set and L the Riesz space
of all real-valued functions / on X such that for every ε > 0 the set
{xe X: I f(x) | ^ ε} is finite. Then the sup norm is an (A, ii) norm on
L, but L does not possess a strictly positive linear functional.

3* The ramification property* As we have seen in Theorem 1,
the existence of strictly increasing Riesz norms is related to the
existence of strictly positive linear functionals. The existence of these
functionals is related, in turn, to the existence of strictly positive
finitely additive measures on Boolean algebras and to the Souslin hypo-
thesis. We investigate these relations below.

Horn and Tarski [2] define a subset S of a Boolean algebra to
be a ramification set if:

( i ) for every x and y in S either inf (x, y) = 0 or x <̂  y or y ^ x,
and,

(ii) for every x in S the set {y:yeS and y ^ x] is well-ordered
by the relation ^ .
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Recall that a Boolean algebra B satisfies the countable chain con-
dition if every set of orthogonal elements in B is at most countable.

In the paper cited above [2], Horn and Tarski prove the follow-
ing results.

I. If a Boolean algebra B possesses a strictly positive finitely
additive measure, then every ramification set in B is at most countable.

II. If every ramification set in a Boolean algebra B is at most
countable, then B satisfies the countable chain condition.

In addition, Horn and Tarski show that the following statements
are equivalent.

A. Every Boolean algebra satisfying the countable chain condition
also has the property that every ramification set is at most countable.

B. The Souslin hypothesis holds.
We extend the concept of a ramification set to Riesz spaces. Let

L be a Riesz space. A subset S of L+ is said to be a ramification
set if:

( i ) for every x and y in S either inf (x, y) — 0 or x fg y or y ^ x,
and,

(ii) for every x in S the set {y :y e S and y Ξ> x) is well-ordered
by the relation ;>.

The Riesz space L is said to satisfy the ramification property if
every order-bounded ramification set is at most countable.

Note that if L is an Archimedean Riesz space satisfying the
ramification property then every order-bounded orthogonal subset of
positive elements is a ramification set and hence countable. Thus
for Archimedean Riesz spaces the ramification property implies the
countable sup property. (See Theorem 6 in [3].)

THEOREM 7. // a Riesz space L possesses a strictly increasing
Riesz norm, then L satisfies the ramification property.

Proof. Suppose p is a strictly increasing Riesz norm on L. Let
S be a ramification set in L+ and assume S is bounded above by
eeL+.

Now for each ue S we have {v: v e S and v ^ u} is well-ordered.
Thus {p(v): v e S and v ^ u} is a well-ordered set of real numbers.
Since p is strictly increasing, it follows that {viveS and v ^ u} is
at most countable for each u e S.

For each u e S, let

a{u) = inί{p(v): v e S and v ^ u)

and So = {u e S: a(u) = ρ{u)}. If u and τυ are distinct elements of So,
we cannot have w ^ u, since then p(u) > p{w) ^ a{u). Similarly we
cannot have u ^ w. Thus Sd is an order-bounded orthogonal set. By
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Corollary 2 L has the countable sup property, so, SQ is at most counta-
ble. Now let To = {v e S: v ^ u for some u e Sc}. Then

To = U {v:veS and v^u}
ueS0

and TO is at most countable. Let T = S ~ To.
Now for n = 1, 2, . . . , let Sw be a maximal orthogonal subset of

t h e s e t {u e T: ρ(u) — a(u) < 1/n}. L e t Tn = {veS:v ^ u for s o m e
ue Sn} for n = 1, 2, . Then, as above, both SΛ and Γw are at most
countable for each n.

Now if z e T we have ρ{z) - a(z) > 0. Pick n such that p(z) -
α(^) > 1/n and w e S such that w ^ z and |θ(w) — a(z) < 1/w. Then
since a(w) ^ α(^), we have

p(w) — a(w) ^ |θ(w) — a(z) < 1/π. Now by the maximality of Sn

for some ueSn we have inf (u, w) > 0. It follows that inf (t&, z) > 0.
Hence, either w ^ « or 2 ^ w. However, if z ^ u, then p(w) — α(t6) ^
p(«) — a{z) > 1/w, which is impossible. Thus u ^ z and ze Tn. So
S = \Jn=Q Tn and S is at most countable. This shows that L has the
ramification property.

LEMMA 8. // W is an order-bounded subset of an Archimedean
Eiesz space L satisfying the countable sup property and W is well-
orderd by ^ (or by ^ ) , then W is at most countable.

Proof. We may assume that W c= L+, W is well-ordered by ^ r

and W is bounded above by ee L+. If W has a maximal element udr

let W =W~ K } . If not, let W = W. We may assume that Wr

is infinite.

Now for every ue W there exists u e W such that u S u a n d if
v e W and u ^ v then u ^ v. For each % e W' let wu — u — u. Then
for every nonempty finite subset F of TΓ' we have YΛmFwu^e.
Since L is Archimedean and satisfies the countable sup property, the
set S^ — {ΣUQF wu F is a nonempty finite subset of W} has a counta-
ble subset & with the same upper bounds. (Again see Theorem 6
in [3].) It follows that there exists a countable collection {ulf u2, •••}
of distinct elements of Wf such that v is an upper bound for S^ if
and only if Σϊ=i w*k ^ t; for w = 1, 2, .

If for some zeWr we have z Φ uk for any &, then we have

0 < Σ v>uk + wβ ^ β or

for all w. But then for all w

0 < X ^M, + wz ^ e - w, or 0 ^ β -
A l
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Continuing in this manner, we see that nwz ^ e for all n, which
implies that wz = 0. But this is impossible. So {ulf u2, •} = W and
both W and W are countable.

If B is a Boolean algebra, we apply the Stone Representation
Theorem and consider B as the Boolean algebra of closed-open sets of
a totally disconnected compact Hausdorίf space X{B). We associate
with B the Riesz space L(B) of all real-valued functions / defined on
X(B) such that the range of / is a finite set and for any real a the
set {xeX(B):f(x) = a} is closed-open set. It is clear that for any
Boolean algebra B, the space L(B) is an Archimedean Riesz space with
a strong unit.

THEOREM 9. Let B be a Boolean algebra. Then:
( i ) L(B) has the countable sup property if and only if L satis-

fies the countable chain condition.
(ii) L(B) has the ramification property if and only if every

ramification set in B is at most countable.
(iii) L(B) possesses a strictly increasing Riesz norm if and only

if B possesses a strictly positive finitely additive measure.

Proof. ( i ) The proof of (i) is evident once we recall that, for
an Archimedean Riesz space, the countable sup property is equivalent
to the condition that every order-bounded orthogonal subset of L+

is at most countable.
(ii) It is clear that if L(B) has the ramification property then

every ramification set in B is at most countable.
We now assume that every ramification set in B is at most

countable. Then B satisfies the countable chain condition and by (i)
L(B) has the countable sup property. Let S be an order-bounded
ramification set in L+. For every u e S let Xu = {x e X(B): u(x) > 0}.
Then for each ueS the set Xu is a closed-open set in X(B). Now if
u,veS and I α ί l I ^ 0 , then inf (u, v) Φ 0 . Thus we have either
u ^ v or v ^ u, i.e., Xu cz Xv or Xυ c: Xu. In addition, for any u e S,
we see that since {v e S: v ^ u} is well-ordered by ^ then {Xυ: v e S
and Xv Ώ. Xu} is well-ordered by Ώ.. It follows that {Xu :ue S} is a
ramification set in B and so is at most countable. In addition, for
any u e S the set {v : Xv = Xu} is well-ordered by ^ . Thus by Lemma
8, each of the sets {v: Xυ = Xu} is at most countable. Hence, S is
at most countable and L(B) has the ramification proparty.

(iii) Suppose L(B) possesses a strictly increasing Riesz norm.
Then by Theorem 1, L possesses a strictly positive linear functional
φ. If 0 is a closed-open set in X(B), let m(O) = φ(χo)° Then m is a
strictly positive finitely additive measure on B.

On the other hand, let m be a strictly positive finitely additive
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measure on B. Then if feL(B) and / = Σϊ=i rkXo where each Ok is
a closed-open set and the rk'& are distinct nonzero real numbers, let
φ{f) = Σϊ=i rk^(Ok). The linear functional 9, defined in this way,
is strictly positive and

P(f) = ψ(\f\) for all feL(B)

defines a strictly increasing Riesz norm p on L(l?).
Recall that the Souslin hypothesis states that if
( i ) X is a totally ordered set without first and last elements,
(ii) with the interval topology X is connected, and,
(iii) each collection of disjoint intervals is at most countable,

then X is separable and, hence, homeomorphic to the real line.
A set T with a partial ordering ^ is called a tree if for each

teTwe have that the set {se T: s tί t} is well-ordered by ^ . A
Souslin tree is a tree T of cardinality ^ such that each totally ordered
subset of T is at most countable and each pairwise unordered subset of
T is at most countable. The Souslin hypothesis is equivalent to the
statement that there are no Souslin trees. (See [5] for a summary
of recent results concerning the Souslin hypothesis.)

THEOREM 10. The folloivίng statements are equivalent.
( i ) Every Archimedean Riesz space possessing the countable sup

property possesses the ramification property.
(ii) The Souslin hypothesis holds.

Proof, (ii) implies (i). We assume that L is an Archimedean
Riesz space possessing the countable sup property and that the Souslin
hypothesis holds. Let S be a ramification set in L+ which is bounded
above by ee L+. We shall show that if S is uncountable then S
contains a Souslin tree, contradicting the Souslin hypothesis.

Now S is clearly a tree under ^ o If A is a pairwise unordered
subset of S, then A is an order-bounded orthogonal subset of L+.
Hence A is at most countable by the countable sup property. Now
suppose that B is a totally ordered subset of S. Then B is a well-ordered,
order-bounded subset of an Archimedean Riesz space. So B is at most
countable by Lemma 8.

If S is uncountable, then any subset of cardinality ^ is a Souslin
tree under ^ . Thus S is at most countable and L possesses the
ramification property.

(i) implies (ii). Now suppose that every Archimedean Riesz space
possessing the countable sup property also possesses the ramification
property. Then by Theorem 9 we see that every Boolean algebra
satisfying the countable chain condition also has the property that
every ramification set is at most countableβ Thus by the result of



180 L. C. MOORE, JR.

Horn and Tarski stated above, the Souslin hypothesis must hold.

EXAMPLE 11. It is not true that an Archimedean Riesz space L
with a strong unit and such that L possesses the ramification property
must possess a strictly increasing Riesz norm. Such a Riesz space is
L(B) where B is a Boolean algebra which satisfies the condition that
every ramification set at most countable but B does not possess a.
strictly positive finitely additive measure. An example of a Boolean
algebra with these properties was constructed by Haim Gaifman in
[1]. Indeed, in Gaifman's example, the Boolean algebra B satisfies,
the condition below.

(*) There are sets Bl9 B2, •••, in B such that for each n every
orthogonal subset of Bn contains at most n elements and B = \j7=i Bn.

Horn and Tarski have shown [2] that for a Boolean algebra B the
condition (*) implies that every ramification set is at most countable
and is implied by the existence of a strictly positive finitely additive
measure on B. If B is the example of Gaifman, it is easy to see
that the Riesz space L(B) satisfies the condition that there are set&
Lu L2J in L such that for each n every orthogonal subset of Ln

contains at most n elements and L = \Jζ=1 Ln.
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