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ON SPECTRAL THEORY AND SCATTERING

FOR ELLIPTIC OPERATORS WITH

SINGULAR POTENTIALS

RICHARD BEALS

General conditions have been found which imply that the
perturbation A + q of an elliptic differential operator A by
a singular potential term q(x) has a closed extension B in
L\Rn) having the same essential spectrum as A. The purpose
of this paper is to sharpen the known results slightly and
to estimate the characteristic numbers of the operator
(A + X)P — (B + λ)p. Under an appropriate assumption on
q(x), this operator is shown to be of trace class for large
p. In the self-adjoint case it follows then from results of
Kato that wave operators for the pair (A, B) exist and that
the absolutely continuous parts of these operators are unitarily
equivalent.

Let r be a positive integer and let

A(x, D)= Σ D*(aaβ(x)Dη
\a\gr,\β\gr

be a differential operator of order m — 2r. Here

x e Rn, a = (au , an), \ a \ = IX- ,

and Da = (—i) lal Π (d/dxj)"'. We assume throughout that aaβ has
continuous derivatives of order ^ max{|α|, \β\}y and the derivatives
are uniformly bounded. For \a\ = \β\ — r we assume aaβ uniformly-
continuous. Finally, A(x, D) is uniformly strongly elliptic: there is a
constant α0 > 0 such that

for all xeRn,ζe Rn.
Let Ao be the restriction of A(x, D) to ^ , the smooth functions

with compact support. Let A be the closure of Ao in L2 = L2(Rn).
Various conditions have been given on a potential term q(x) such that
A + q have a closed extension B with the same essential spectrum as
A, either generally or in the particular case A = — Δ\ [1], [2], [4], [6].
The most general result of this sort seems to be that of Schechter
[8], [9]. We shall sharpen Schechter's result and then investigate
the characteristic numbers of (A + λ)~p — (B + λ)~p.

For μ > — n and x Φ 0, set ωμ(x) = \x\μ if μ < 0,
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ωo(x) = ( - l o g \x\)+, ωμ(x) = 1

if μ > 0. Suppose q is a measurable function defined on Rn and
suppose μ > — n, p > 0, δ > 0, xe Rn. Let

}\y\<δ

Mμ,PtX(q) = ikf^p.L.fe) ,

M"/ί>p,a(g) = sup M ^ , , , ^ ) ,
X

MμJq) = Mμ,Pfl(q) .

We shall assume throughout that

M2m_n>1(q) < °°, Mw_w>1(Im g) < <*>, and

i l f ^ ί R e ?)-) — 0 as δ -> 0, if m ^ n .

Note that these conditions are implied by

Λf2m_Wfl((Re g)+) < oo, Λfw_nιl(Im g) < oo ,

MμΛ((Re q)"~) < oo for some μ < m — n .

In fact il^pfa) ^ c(^, i;, ̂ M^^^g) if μ ^ v. Thus the conditions (I)'
imply the first two conditions in (I). If m ̂  n, take μ < v < m — n.
The Schwarz inequality gives

^ Mμ9lt9tX{Q)\ \q{v-v)\\v\2v~μ

J \y\<δ

which implies the third condition in (I). Note that if m > n then
(I) and (I)' coincide; in fact MUtP (/) is constant for v > 0.

Take measurable functions p, σ, τ such that

( 1 ) p2 = (Re g)+, σ2 = (Re g)~, r2 = I m g .

For real I let

( 2 ) |N | i = J(l + \ζ\2)ι\u(ζ)\*dζ,iιe&r,

where u denotes the Fourier transform of u. Let Hι be the comple-
tion of & with respect to this norm. Then H° = IΛ When i is a
nonnegative integer, an equivalent norm is

( 2 / ( Σ i l l ^ ^ l l o .

Let Wr be the completion of ^ with respect to the norm
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( 3 ) \u\*= \\u\\l + \\pu\\l.

L e t

b(u, v) = a(u, v) + (qu, v) = Σ (aaβD
βu, Dav) + (qu, v)

for u, v G £^, where (%, v) is the ZΛinner product. As in [9], this form
extends to Wr. Define Bo as an operator in H° by Bou = Aw + gw
for w G ^ such that qu G i ϊ 0 . Define i? by Bu = f in H° if and only
if u G Wr and 6(w, v) = (/, v) for all v e Wr.

THEOREM 1. B is a closed extension of Bo. There is a constant
λ0 such that A + λ and B + λ are 1 — 1 ami <m£o /or Re λ ^ λ0. //
®aβ = ΰaβ and q is real-valued, then A and B are self-adjoint.

The essential spectrum of a closed operator T in the sense of
Schechter [7], oem(T), is the complement of the set of complex λ such
that T — λ has finite-dimensional null space N and closed range of
codimension equal to the dimension of N.

THEOREM 2. Suppose

(Π) M2m_nΛ,M — 0 as I x

/or Re λ ^ λ0, (A + λ)"1 — (5 + λ)"1 is compact. Consequently
A and B have the same essential spectrum.

The characteristic numbers of a bounded operator S in a Hubert
space are defined by

( 4 ) μ,<S)= inf sup \\Su\\, j = 1, 2, . . . .
codim (Hn )<j u e H A, I I M 11 = 1

J j

For compact S, these are the eigenvalues of (S*S)1/2 arranged in non-
increasing order.

THEOREM 3. Suppose a > 0

0 ( | | - 2 β ) asM 2 m _ W f

Mm_n,ux(q ~ (Re q)+) = 0(\x\-a) as \x

or

(HI): Mm_n,UQ) = 0(| a?|-β) as |» | -> oo .

7%e% /or a^?/ ε > 0 ίfeβrβ is an integer p(ε) such that

μά((A + X)~p -(B + X)~p) = 0(jε~aln) as i ->

for p ^ p(e), Re λ ^ λ0.
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THEOREM 4. Suppose (ΠI)a or (III)I holds for some a > n, and
suppose A and B are self-adjoint. Let Po and Pι be the projections
on the absolutely continuous subspaces of A and B respectively. Then
the wave operators

W±(B, A) = s - lim eitB e~itAP0 ,
t->±oo

W±(A, b) = s - lim eitA tr^P,

exist. The operators AP0 and BPγ are unitarily equivalent.

REMARKS 1. Theorem 1 is proved in [9] under the stronger
assumption (I)'.

2. Theorem 2 is proved in [9] under the assumptions (I)' and
(II)', where

M,tl((Re q)+) < oo for some v < 2m - n ,
(II)' r

I q(x - y) I dy —> 0 as | x | —• oo .
J l v l ^ i

Again these assumptions imply ours. If 2m > n, (II)' is the same as
(II). Otherwise take v < η < 2m - n. Then M2m-n,Ux(q) ^ cMη,l}X(q)
and Holder's inequality gives

MV,UX(Q) ^ [Mηp,Ux(Q)Ylp\\
LJ

for 1 < p < oo, l/p + l/pf = 1. Taking p = vjη and using (II)', we

get (II).

3. Theorems 3 and 4 are not difficult when r is large relative
to n or when q is smooth. However in the Schrodinger case r = 1,
and in general one wants to allow singular q. Our methods for
handing the general case are cumbersome, but effective.

4. There is a large body of literature on the existence of wave
operators, but none of the previous work seems to cover explicitly
general potentials as locally singular as those considered here.

2. Proof of Theorem 1* The proof is a modification of the
proofs of similar theorems in [8] and [9], to which we refer for
details.

For s > 0, let gs be the tempered distribution with Fourier
transform (2τr)~w/2(l + | ί | 2 )~ s / 2 . Then gs is in L1 and

\g,(x)\ ^ csωs_n(x) f o r \x\ ^ 1 ,

<^ csexp( — ds \x\) fo r \x\ > 1, w h e r e ds > 0 .
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From (2) we get

( 6 ) \\u\\t+s = \\G.u\\t, all real t ,

where Gsu is the convolution gs*u. In fact

[Gsu]A = a + \ξ\2)sl2u.

We can use this equation to define Gs for s ^ 0; then (6) holds and
GsGt = Gs+t for all s, t.

LEMMA 1. Ifs>0 and M2s_n>2(f) < oo, then multiplication by f
maps Hs into H° and H° into H~s. Moreover

( 7 )

( 8 )

c independent of u and f.

This is proved in [8]. We also need a sharper form.

LEMMA 2. If s > 0 and M2s_n>2{f) < oo, then for all δ > 0,

( 9 ) | | / u | | 2 ^ cM2s_n,Uf) \\u\\l + c(δ)M2s^)2(f) \\u\\l ,

with c independent of f, u, and δ.

Proof. Choose φz& such that φ{x) = 1, \x\ < 1/4, φ(x) = 0,
I a? I > 1/2. Let ?>,(&) = ^(δ" 1 a?). Let gs = φδgs + (1 - 9>β)flr. = kδ + ίa.
Let iΓδ?^ = fca*w, Z/^ = Ifu. Then

(10) | | / u | | 0 = | |/G s G_ s u|( 0 ^ ||/ίΓ,G.w||o + | | /L,G.u | | 0 .

We want to compute \\fKδ\\, the norm as operator in H°. But
| |/iΓ δ | | 2 - \\fKδ(Kδf)*\\ = | |/iΓδiΓ*/*| |, where / * is the complex con-
jugate function. Now KδKf is convolution with k — kfkf and this
is easily shown to have \k{x)\ ^ c0ω2s_n(x) for \x\ < δ, k(x) = 0, |a?| > δ,
with c0 independent of δ. Then the Schwarz inequality gives

\(fkδKϊf*u, v)\2 ̂  \\f{x)2k{x - τ/)u(i/)2| %ώJ|/(τ/)2A:(α; - y)v{xf\dxdy

This shows that | | / ^ | | 2 ^ ^ M2s_%>2,δ(/). Finally, i5 is a smooth func-
tion of rapid decrease, so Lδ is continuous from FΓ to Hs. Combining
these facts with (6), (7), and (10) we get (9).

Our assumptions on A(x, D) imply [8]

(11) Re a(u, u) = Re(Aou, u) >̂ cx \ \ u \ \\ — c211 u \ |2, u e & ,
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where ct > 0. Conversely it is clear that

(12) \a(u, v)\ S o3 \\u\\r \\v\\r, n, ve & .

From (12), (7), (3) and assumption (I) we get

(13) I b(n, v)\ rg Cι\u\ \v\, n, ve £^ .

Therefore b(u, v) extends uniquely to a continuous form on Wr.
When m < n, assumption (I) and (9), (11) give

R e b(u, u) = R e a(u, u) + \\pn\\l — \\σn\\l

with cδ > 0. This also holds when m ^ n; here multiplication by σ
is continuous from Hs to H° for any s > 0. Taking 0 < s < r and
using the well-known fact that for ε > 0,

we again can get (14).

It is now easy to show that B as defined in § 1 is a closed
extension of Bo, cf. [9]. The fact that B + X is 1 — 1 and onto for
Re λ ;> λ0 > G6 follows from (14) and the Lax-Milgram lemma as in
[9]. Finally, if aaβ = aaβ and q is real-valued, then for u, v in the
domain of B,

(Bu, v) = b(u, v) = b(v, u)* = (Bv, u)* = (u, Bv) .

Thus B is symmetric. For λ :> λ0, (B + λ)"1 is symmetric, hence
self-ad joint. Then B + λ and B are self-ad joint. It can be shown
that A as defined above is the same as A defined by An — f e H° if
and only if neHr and a(u, v) = (f,v), all veHr. Then the same
results hold for A.

3* Proof of Theorem 2* Suppose Re λ ^ λ0. For convenience
we may replace A9 B by A -\- X, B + X, and assume that A and B
are invertible. We want to show that A~ι — B~ι is compact.

The space H~r is dual to Hr via the inner product in H°.
Specifically, we can consider Hs as contained in Ht for s ^ t in the
obvious way. Then H~r is the completion of H° with respect to the
norm (identical to the previously defined norm)

I N U = sup \(u,v)\ .
veHr,\\v\ | r = i

Similarly, define W~r as the completion of H° with respect to the
norm
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\u\_ = sup \(u,v)\ .
veWr,\\v\\ = i

Because of the definitions of the norms we have natural inclusions

(15) Wr c Hr c H° c H~r c W~r .

LEMMA 3. A and B have unique bounded extensions mapping Hr

onto H~r and Wr onto W~r respectively.

Proof. For u in the domain of B, (13) gives

I Bu |_ = sup I (Bu, v) I = sup | b(u, v) | ^ c4 \ u \ .
\v\=l I VI = 1

Thus B has a unique continuous extension Bx mapping Wr into W~\
With our replacement of B by B + λ we have c6 < 0 in (14), so Bx

has closed range in W~r. The range includes H°, hence is all of
W~r. Similarly A has an extension Aλ.

From now on we shall drop the subscripts on Al9 Bx and consider
A, B as being defined either on their original domains or on Hr, Wr.
Since A* maps Hm onto H° [8], we can also, by duality, consider A
as mapping H° onto £P~W. With these conventions,

A"1 - B-1 = A-\B - A)B~ι = A-'qB"1

(16)
v ' (A-γp){ρB~ι) - {A-ισ){σB-1) + i{A~ιτ)(τB-1)

on T^~r. In fact {ρB~γ) is bounded from TF"r to H° via Wr, while
A~γ is bounded from i ϊ 0 to itself via H~m, by Lemma 1. Similarly
for the other terms. We want to show that each term on the right
in (16) is compact, but shall consider in detail only the first term.

Take φe& with <p(x) = 1, \x\ < 1/2, and φ(x) = 0, |a | > 1. Let
φt(x) — φ(t~ιx), t > 0. We consider multiplication by φ as an operator,
also denoted by ψ. Write

Lemma 1 and assumption (II) imply that the norm of the second
term on the right as operator in H° goes to 0 as t —> oo. Therefore
in suffices to show that the first term on the right is compact.
Assumption (I)' implies that A~\oφt is compact [9]. We shall show
that in any case, φtpB~ι is compact. In general, if S is bounded from
W~r or H~r to H\ φS will not be compact in H°. We must use
particular properties of B~\

LEMMA 4. Let S be a bounded operator in H° such that one of
the following holds:

(a) S is bounded from L2 to H% some s > 0;
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(b) S is bounded from H~s to L2, some s > 0.

Suppose φe&. Then in case (a), φS is compact in H°, while in
case (b), Sφ is compact in H°.

Proof. This follows immediately from the well-known fact that
φ is compact as operator from Hs to H° or from H° to H~s.

We shall say that a bounded operator S in H° is acceptable if it
is of the form

(17) S = (φ&Ϋj (φAf 2) (<PkSk1rk)

with φh ψj e & and each S3 bounded in H°. We say that S in the
form (17) is of weight:-N if there are integers N3 ^ 0 with ΣN3 :> N
such that for each j , S, is either bounded from H° to HN* or from
H~N3 to H°.

If φ e &, φ clearly maps Wr and W~r into themselves. On W~r

the commutator [B~\ φ] = B~ιφ — φB~ι can be written

[B-\ φ] = B~ι[φ, B]B~ι = B~ι[φ, A]B~ι = B

where C(<p) = [φ, A] is a differential operator of order < m. It is
easily seen that for u, ve £&,

(C(φ)u, v) = Σ(caβD?u, Dav)

with the summation over \a\ ^ r, |/S| ^ r, | α | + |/9| < m. The
coefficients caβ have bounded derivatives of order ίg max(|α|, |/3|),
with the bounds depending only on the bounds of derivatives of the
aaβ and of φ. It follows readily from this, duality, and the equivalent
form (2)' of the norm that

(18) l i α ^ H , ^ ^ c(φ) \\u\\k, & = - 1, 0, 1, . . . , m ,

with

(19) c{φ) = c sup I Daφ{x) I ,
lαj g2m,a; e Rn

c independent of φ. Note also that if ψφ — φ, then

C(φ) = ψC(φ) = C(φ)f .

Let s = r if r is even, s = r — 1 if r is odd. Define Λ± = GT s,
where Gt is as in § 2. Then /ί+ = (1 — A)sl2 is a differential operator
of order s.

LEMMA 5. Suppose φ,ψe& and N is an integer >̂ 0.
φΛ~C{γ)B~ι can be written as a sum of acceptable terms of weight
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— s — 1 plus a remainder term of the form ST with S acceptable of
weight-N and T bounded in H°.

Proof. Induce on N. For N = 0, take S = φ, T = Λ"C{ψ)B"1.
Otherwise take ψ = ψ0, ψl9 ψ2e^r with ψv+1ψv = ψj. Set C = C(ψ),

= φΛ~CRψ1 + φΛ-CRC.R ,

(21)

Now Λ~CRψγΛ
+ is bounded from if"1 to ϋΓ° if s = r — 1 and from

H° to J?1 if s = r, so the first term on the right in (20) can be
expressed in the desired form (with no remainder). As for the second
term,

φΛ-CRC.R = φ

The first term in brackets is again acceptable of weight — 1, and
we may apply the induction assumption to the second term.

LEMMA 6. Suppose φ e 2$ and N is an integer ^ 0. Then φB~ι

can be expressed as a sum of terms of the form <pB~\jrA+S with S
acceptable of weight fg — s and ψ e &, plus a remainder term of the
form φB~~1ψA+ST with S acceptable of weight —N and T bounded in

Proof. Take ψ = ψQi ψu ψ2 e & with ψφ = φ, ̂ i+i^y = Ψi Let
C = C(φ), R = B~\ Then

φR = φψR = φRψ + φRCR .

Now φRψ can be expressed as in (21), while

φRCR = φRγ,CR =

Applying Lemma 5 to the second term in brackets, we get what we
want.

COROLLARY. If φ e 3f, φpB~ι is a compact operator in H\

Proof. Lemma 6 shows that φpB~ι is a sum of terms of the
form [φpB~ιψA+]S, | , ^ e ^ and S bounded. Moreover, if s > 0 then
by Lemma 4 S is compact; if s = 0 then A+ = / and the term in
brackets is compact, mapping H~r into H°.



16 RICHARD BEALS

The conclusion of the Corollary applies with p replaced by σ or
r, so A"1 — B~ι is compact. This proves Theorem 2.

The following will be used in the proof of Theorem 3.

LEMMA 7. Suppose φ e S2ί and N is an integer ^ 0. Then φB~x

can be expressed as a sum of acceptable operators of weight — m, plus
remainder terms of the form ST, S acceptable of weight — N and T
bounded in H°.

Proof. When s = r, B~ιfΛ+ is bounded from H° to Hr and this
conclusion follows immediately from Lemma 6. When s = r — 1,

Breaking up Λ+(l — A) into monomial differential operators, we get a
sum of terms φB^E^ψ^E^l — A)~~ιψ2, with Eu E2 differential operators
of orders ^ r and ^ 1 respectively. These terms are then acceptable
of weight ( — r) + ( — 1). Thus again the conclusion follows from
Lemma 6.

LEMMA 8. Suppose ψ e & and N an integer ^ 0. Then A~ιφ
can be expressed as a sum of terms of the form SA~ιφ with S
acceptable of weight 0, plus a remainder term of the form TSA~ιφ
with S acceptable of weight — N and T bounded in H°.

Proof. Take ψ0, ψl9 ψ2, in £& with f2φ = φ, φ3 +iψ3 = ψ3-. Let
R = A~\ Cj = [φJf A]. Then

Rφ = f0R - RCQRφ

= ψ0Rφ - f.RCoRφ + RC.RCoRφ .

Now RCj maps H~ι to H\ so ψj+2RCjfj+1 is acceptable of weight — 1.
Continuing as above, we get acceptable terms of the form we want,
plus a remainder term

± RCN[RCN^R RC0]Rφ .

Take ± RCN as T and write the term in brackets as a product of
terms ψj+2RCjγj+ί .

4. Proof of Theorems 3 and 4. Once again, given ψ e C?,
let ψt(x) = ir{t~ιx). It follows from the equivalent form (2)' of the
norm that for integer I ̂  0,
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(22) WφuH^Ct SUP \Daφ(x)\\\v<\\ι '
\a\^lyxeRn

Thus ψt is bounded uniformly with respect to ί, ί ^ 1, as a map
from Hι to itself. By duality the same is true for integers I < 0.

LEMMA 9. Suppose φe^ and φt{x) = φ(t~ιx). For each integer
I ^> 0, each t ^ l , and each integer j ^ 1 there is a subspace Hj of
H° having codimension j — 1, such that

(23) \\φtu\\-ι^cΓιln-

The constant c = c(l) can he chosen independent of j and t, t ^ 1.

Proof. Let Ωt be the cube {x\\xk\ < t, k = 1, , ri\. We may

assume that φ{x) == 0 outside £?lβ Choose f G ^ with \ψ(ζ)dζ = (2π)nl\

and let η be the inverse Fourier transform of ψ. Then 77(0) = 1.
Replacing ψ by ε~%ψ(ε~ιx) for small enough ε > 0, we may assume
both that \Ύ](X)\^.% on Ωx and that ψ vanishes outside Ωlu Let
ηt(x) = η(t~ιx). For a given t ^ 1 and α an π-tuple of integers, let
a x = Σakxk, \a\ = Σ\ak\, a n d s e t

eα(a?) = (2t)-nl2 exp(r1ττw Λ?), X G i?, ,

= 0, e flt

Λ(a ) = (2Q- w / 2 ^(x)exp(r 1 7rw.^), all x.

Then

(24) /β(f) = (t/2)*'* ψ(tζ + πίa) .

It follows that fafβ = 0 for a Φ β, so t h e / α are orthogonal as elements
of ΐZ"~*. Let (x(l), oc(2), , be an enumeration of the ^-tuples <̂  with

\a(j)\ ^ |α(i + 1)|. Let e, - ββ(fc),Λ =/«•:*)- It follows from (24) and
(2) that

(25) i iΛi i-z^coί ' iαwr ^ ^ - ^

for \a\ > 0, with cx independent of yfc and t, t ^> 1.
Let EL,- be the orthogonal complement of {eu e2, •• ,ei_1} in H°.

The βA are an orthonormal basis for L2{Ωt), so for any ueH°,

(26) u = Σakek on β ί ? Σ \ak\
2 ^ | | ^ | | § ,

with ak = (u, ek). If u e H3 ,

(27) φ ^ = 9 * Σ ttifeβ* = (ΨtVT1) Σ α*Λ •

Since the Λ are orthogonal in H~ι, (25), (26), (27) and the remarks
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preceding the lemma give (23), with c independent of j and t, t ^ 1.

LEMMA 10. Suppose S is bounded in H° and either
( a ) \\Su\\0 ̂  MH^IU, all ueH°

or
( b ) WSuW^MWuWo, all ueH°,

where I is a positive integer. Suppose φ e & and φt(x) — φ(t~ιx).
Set Tt = Sφt in case (a), Tt — φtS in ease (b). Then the characteristic
numbers satisfy

(28)

where c is independent of j and t, t ^ 1.

Proof. Suppose (a). Given t ^ 1, let Hj be as in Lemma 9 and
apply (4), (23), and (a). Case (b) follows from (a) and the fact that
μs(T) = μ3{Tη.

Now consider Theorem 3. Again we may assume λ = 0 and look
at A'1 — B~\ p a positive integer. On W~r,

(29)
= Σ A3'-p qB-j~ι .

i=o

Once again take φ e 3ί with φ(x) = 1, | x \ < J, and φ(x) = 0, | x \ > 1,
and set φt(x) = φ(t~ι x). Repeated applications of Lemmas 6,7 and
8 show t h a t

can be written as a sum of terms of the form

(30)

Here φ, η e ^ , T, and T2 are bounded in H\ and S, and S2 are
acceptable of weights sx and s2 vv̂ it

(31) s, = (p - j - l )m, s2 = jm .

Furthermore the numbers of summands and factors are independent
of t, and the operator norms are bounded independent of t ^ 1. Recall
also that (A~ι p) is bounded in H° and pB~ι is bounded from H~r to
H°.

In general, characteristic numbers satisfy

(32) μ^iSA •.•&)=£ μί+ί(Sdμi+1(S2) μj+1(Sk) ,

(33) j"i*+1(Si + + Sk) rg ^ i + 1 (S0 + + ^ + 1 (S f c )
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[3], Corollary Xl.9.3. Also clearly μ^S) ^
Now write each term on the right in (29) as a sum of a term

with qφ\ and a term with q(l — φ2

t). Grouping the former and latter
terms together we get

(34) A'* - B~p = Dt + Et.

Our assumptions (IΠ)a or (IΠ)a together with Lemma 1 and the fact
that (1 - φf) = 0 for | x | < ί/2 give

(35) 11 £7,11 = 0(t~a) ,

where again the norm is the operator norm in H°. In case (IΠ)a
this comes from (8) applied to A~ιq{l - φ])1'2 and (7) applied to
(1 - φψ2qB~\ while in case (III)a we apply (7) to A~ιρ{l - φ\) and
treat the terms with σ and τ as in case (IΠ)a.

Finally, (28) - (35) imply

(36) μά(A-p - B-*) ^ c(t~a + tι Γι'n) ,

with c independent of j and t, t ^ 1, and with

I = (p - 3 - l)m + r + jm = (p — J)m

the extra r coming from φtqB~\ Now let t = jb with b = l/n(a + I).
Then (36) becomes

(37) μ^A-1 - B-p) = 0(j~u), v = al/n(a + I) .

As p~* Co, v = v(p)-+a/n. This proves Theorem 3.
Finally, under the assumptions of Theorem 4,

μά = μj((A + λ)"* - (B + λ)~') = 00'"1"')

for Re λ ^ λ0, large enough p, and small enough ε > 0. Thus Σμά < co,
and (A + X)~p — (B + λ)"^ is a trace class operator. The conclusions
of Theorem 4 now follow from results of Kuroda and Kato; see [5],
Theorem 4.12 and Remark 4.13.
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