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MULTIPLIERS AND OPERATOR ALGEBRAS
ON BOUNDED ANALYTIC FUNCTIONS

MARTIN BARTELT

Let B denote the vector space of bounded analytic func-
tions on the open unit disc. The first part of this paper
involves the use of three topologies on B which give rise to
various continuity classes of operators from B to B, and the
study of the relationships among these classes. The second
is the examination of a special class of operators called
multipliers. An operator T is a multiplier if for some sequ-
ence c,, we have T(3 a.2") = > a.c.z" for any function > a,2"
in B. We characterize all the multipliers from B into B and
study their continuity properties,

2. Definitions. Let D = {z:|z| < 1} be the open unit disc in
the complex plane and let I = {z: [z| = 1} be its boundary.

We shall look at the vector space B in each of three different
topologies, using (B, 7) to indicate the space B with topology <.
The topology « is the compact-open topology, uniform convergence on
compact subsets of D, and (B, k) is a metrizable linear topological
space. The topology ¢ is the usual topology of uniform convergence
on D, and (B, o) is a normed space with norm || f|| = sup|f(z)]| for
fz] < 1.

The strict topology B on the vector space B is the locally convex
topology defined by the collection of seminorms || /||, = || f¢|| for ¢ a
continuous function on D which vanishes at infinity. The topology
B was introduced in [1] where it was shown that a sequence of
functions is S convergent if and only if it is ¢ bounded and «
convergent. The three topologies [4] are related by £ € 8 < 6. One
advantage of the strict topology is that (B, B), in contrast to (B, o),
has a nice dual [4]. Also [3] the polynomials are strictly dense in
B whereas the uniform closure of the polynomials is just C, those
functions in B which are uniformly continuous on D.

Let both 7, and 7, be one of the three topologies k£, 8 or o.
Then [7,:7,] will denote the class of all continuous linear operators
from (B, t,) into (B, 7,). Thus [o:0] is the algebra of all norm
bounded linear operators from (B, ¢) into (B, g). The algebra [g: 5]
was essentially introduced in [2] where it was shown that [B: 8] is
a closed subalgebra of [o: ¢] in the induced norm topology.

3. Operator algebras. We have defined nine continuity classes
[z.: 7], but it will be seen that only five of them are distinct. We
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determine the inclusion relationships between the distinct classes. In
particular, we show that each continuity class is an algebra and is
contained in [o: g].

Since (B, B) is not metrizable [3], it is an important fact that a
subset of (B, B) is closed if and only if it is sequentially closed. A
proof of this result for subsets which are also subspaces appears in
[6]. A private communication (1966) from P. Hessler to R. C. Buck
contained a proof of this result for subspaces which R. C. Buck
observed also holds for arbitrary subsets. We include this unpublished
proof here. Another proof is in [9]. We will use the result to
conclude that a linear operator T is in [B: 7] where 7 is &, B or o,
if for any sequence {f,} converging strictly to zero, the sequence
{Tf,} converges 7 to zero.

THEOREM 1 (Hessler). A subset of (B, B) is closed if and only if
it 1s sequentially closed.

Proof. Let V be a sequentially closed subset of (B, 8). Let F
be a function which is not in V. We show that F is not in the
strict closure of V.

Since V is sequentially closed in (B, 8) and 8 < o, V is uniformly
closed. Hence there exists a ¢ > 0 such that |[f — F'|| > 26 for all
fin V. Let {K;} be a sequence of expanding compact sets whose
union is all of D. Let P, be the statement that if f is in V and
|f — F|| = (n + 1)¢, then there exists some integer 7 < n such that
for z in K;, the maximum of |f(x) — F(x)| > jo. We show by
contradiction that we can find a subsequence of {K,} such that P,
holds for all n.

Statement P, holds vacuously for K,. Assume that we have
chosen sets K, = K(j,1), K(,2), ---, Ky, » — 1) and P, P,, ---, P,_,
all hold. Suppose that there is no compact set K(j, n) for which P,
holds. Then for any compact set K after K(j, n — 1) in the sequence
{K;}, there exists a function f, in V such that ||fr — F|| < (n + 1)0
and for # in K; the maximum of |fx(x) — F(x)| <70 forallj<n —1
and || fx — Fllx <nd. Doing this for each such compact set K, we
obtain a sequence of functions {f;} which are uniformly bounded,
since for any K, ||fx — F|| =< (n 4 1)6. Then this sequence has a
subsequence which converges £ to some function g. Since the subse-
quence is uniformly bounded it also converges strictly to g. Since V
is sequentially closed, ¢ is in V. Denote this subsequence by {f.}
and denote the corresponding compact sets by {K,}. Since {f.}
converges £ to g we have ||[g — F|| < (n + 1) 0. Since for each z in
K, we have |f,(x) — F(zx)| <k 0 for each k <n — 1 it follows that
for each x in K, |g(x) — F(x)| < k6 for each £k <n — 1.
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Now fix a compact set K occurring after K(j, n — 1). For any
compact set S containing K with S in {K,} we have ||fs — F|lx <
|fs — Flls < nd. Then as k increases, the sets K, expand to D and
the functions {f,} converge to g. Therefore we obtain ||g — F||x < nd.
We also know that for each x in K, |g(x) — F(x)| < ko for each
k<mn—1 and that ||g — F'|| < (»n + 1)6. This contradicts P,_,.

To complete the proof let ¢ be a continuous function on D which
vanishes at infinity such that ¢ = 1/k on 0K,, the boundary of K,.
Then the maximum of |f(x) — F(x)| for = in 0K, is equal to the
maximum of | f(x) — F(x)| for x in K, which is larger than k5. Hence
the maximum of |[f(x) — F(x)] ¢ (x)| for z in 6K, is larger than 4.
Hence ||[(f — F)¢ |l =||f — Fl|l, > 6 and F is not in the strict closure
of V.

THEOREM 2. The continuity classes |[t.:7.], for =, =k, or o,
are subsets of [o: o).

Proof. Let T be in [7.:7,] and let the sequence {f,} converge
uniformly to f. We apply the closed graph theorem in (B, ¢) and
assume that lim,_.. T'f, = g, i.e. the sequence {T'f,} converges uniformly
to the function ¢ in B. Then since 7, & o, {f,} converges 7, to f.
Therefore {Tf,} converges 7, to Tf and hence pointwise to Tf. It
follows that 7f = g and hence that 7T is in [o: 0].

From £ c 8 c ¢ follow some obvious inclusions among the
continuity classes. We indicate which of these inclusions are proper
and which continuity classes are identical.

THEOREM 3. The following identities hold for the continuity
classes.

(1) [o:k] =lo: B8] = [o: 0]

(ii) [B: k] =[B: 8]

(iii) [k: 0] = [£: B].

Proof. For the first equality we know from the last theorem
that [o: k] & [0: 0]. Since £ C 0 we have [o: 0] S [0: k]. Therefore
[o: €] = [o:0]. Also, since £ © 8 we have [o: k] E [0: 8] E [o: d].
Since [o: k] = [0: 0] we are done.

For the second part let T be in [B: k] and let {f,} converge
strictly to zero. Then {f,} is £ convergent and uniformly bounded.
Since T is in [G: k], {T'f.} is £ convergent. Also, since [B: k] & [o: d],
{Tf.} is uniformly bounded. Therefore {Tf,} converges strictly to
Zero.

Now let T be in [£: 8] and let {f,} be a sequence converging &
to zero. Then it is known [6, pp 383] that there exists a sequence
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{c,} converging monotonically to infinity such that the sequence {c,f,}
converges k£ to zero. Thus {T(c,f,)} converges strictly to zero. Since
strictly convergent sequences are uniformly bounded, there exists a
constant M such that || T(c.f.)!l = . ||T(f.) || = M. Hence {Tf,} con-
verges uniformly to zero and T is in [£:0]. Since g C o, we have
[£: 0] S [£: 8] and the result follows.

COROLLARY. The continuity classes [7,: T,] are algebras.

Proof. The last theorem shows that the only possible distinct
continuity classes [z,:7,] satisfy 7, 27, The corollary follows
immediately.

THEOREM 4. Among the operator algebras [t,: T,], the only distinct
ones are [k:0], [k: k], [B: 0], [B: B8] and [o: 0], and all the proper
inclusions between them are given by [k:0] C [B: 0] C [B: B] C [o: 0]
and [k: 0] C [&: €] C [B: B].

Here is a simple diagram of the situation:

FIGURE 1

Proof. It has been shown that these are the only possible distinct
classes. We also know that [B8: 0] & [8: 8] and [£: 0] < [£: k]. Con-
sideration of the identity operator shows that these inclusions are
proper.

To show that [k:x] is a subset of [B8: 8], let T be a linear
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operator in [£: k] and let {f,} be a sequence converging strictly to
zero. Then {f,} converges £ to zero and {Tf,} converges k£ to zero.
Also {f,} is uniformly bounded and since [k:«k] < [o:0], {Tf.} is
uniformly bounded. Hence {Tf,} converges strictly to zero.

We show that [£: k] is a proper subalgebra of [5: 8] by giving
an example of an operator which is in [8: 0] S [B: 8] but not in [£: £].
This also shows that [8: 0] is not contained in [f:k]. Let T be the
linear operator from B to the constant functions defined by Tf(z) =

Sl f(x)dx. Then the sequence {f,}, where f,(z) = nz*, converges £ to
0

zero but {Tf,} converges to 1. Hence T is not in [k:x]. Now
assume that {f,} converges strictly to zero. Then {f,} converges &
to zero and || f,|| £ M for some constant M. Let » be a real number
satisfying 0 < » < 1. Let || f]|l, = sup {|f(®)]: 2] < »r}. Then

77,01 = || f@ds) + || s

Hence |Tf.(2)| < 7 || f.ll. + M@ — 7). Therefore || Tf,|| can be made
arbitrarily small by choosing » near 1 and n large.

The bounded linear operator 7' defined on (C, ¢) by Tf(z) = f(Q1)
maps C into the constant functions. By using the Hahn Banach
theorem on the associated linear functional given by Lf = f(1), we
can extend T to a bounded linear operator on (B, ¢). But this operator
T is not in [B: B]. Although the sequence {2z} converges strictly to
zero, T(z") = 1 for all n.

Finally we show that [«:0] C[B:0]. Since £ < 8, we have
[£: 0] S [B:0]. Let T be the operator defined on B, by T(3 a.z") =
S (a,/n)z" for any function >} a,2* in B. It follows immediately from
Theorem 8 that 7T is not in [£:¢]. The corollary to Theorem 7
implies that if 7" maps B into C, then 7 will be in [B:0]. Since
S la,l/n)? < > e, P> (1/n)?, it follows that ) a,(z"/n) is in C.

4, Multipliers and diagonal operators. Assume that T is a
linear operator defined on B for which there exists a sequence {c,}
such that T(z") = ¢,2", for w = 0,1.... If T is also in [k: k], then
for any function f(z) = 3 a,2"in B, we have T3 a,2") = > a,c2"
This holds because the partial sums of >} a,2* converge &£ to f.
Operators satisfying 7 a.2") = >, a,c,2" for some sequence {c,} are
called multipliers. The multipliers from H? to H? were first studied
by Hardy and Littlewood, (for references and some recent results see
[5]). Further results on multipliers can be found in [3] and [7].
Explicitly we have:

DEFINITION. A multiplier on B is a linear operator 7' such that
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there exists a sequence {c,} with the property that 7'} a¢.z2") = > a,c.2"
for any function 3 a,2" in B.

We distinguish another class of closely related operators which
leave invariant the one dimensional subspaces generated by z*. These
operators shed light on the relationship between topology and the
multipliers.

DEFINITION. A linear operator T defined on B is called diagonal
if there exists a sequence {c,} such that T'(z") = ¢,2", for n = 0,1, «--.

Clearly any multiplier is a diagonal operator. At the beginning
of this section we showed that any diagonal operator which is also
in [£: k] is a multiplier. It is not known whether there exists a
diagonal operator mapping B into B which is not a multiplier. The
action of any diagonal operator is determined by its action on the
polynomials, which are £ dense in B, strictly dense in B, but not
uniformly dense in B. Hence it is reasonable to conjecture, although
we can not prove it, that the diagonal operators lie in [B: g]. We
can show that any diagonal operator in [G: 8] is a multiplier.

THEOREM 5. Let T be a diagonal operator mapping B into B
and asswme also that T is in [B: Bl. Then T is a multiplier from
B into B.

Proof. Since T is diagonal there is a sequence {c¢,} such that
T(z") = ¢,z". We have to show that T a,2") = >, a,c,z" for any
function f(2) = 3, a,2" in B. For any real number » with 0 < » < 1,
let f.() = f(rz). We first prove the theorem for the function f,.
Since T is in [o: o] and the partial sums of the power series for f,
converge uniformly to f,, it follows that as N approaches infinity,

¥ ,a,r"T(z") converges uniformly to 7f,. Fix x in D and put
T(z") = u,(z). Then

S arw@| = 3 ol lu@| < ST S, -,

since |a,| = ||f||. Hence as N approaches infinity, Ny, T(z")
converges pointwise to >, a,7" T(z"). Thus Tf.() = >, a,r T(z").

Now if f(z) = 3. a,2" is in B, the Cauchy integral formula shows
that f, converges £ to f as » approaches 1 through a sequence of
values. Hence for any x in D, we have

Tf(x) = li}rn Tf,.(x) = lim 3 a,r"¢c,x" = >, a,c,x"
r1T1 r1l

since the function Y a,c,x"w” is analytic in |w| < 1/|x].
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5. Multipliers and continuity. In this section we first charac-
terize the multipliers from B into B and then determine those
multipliers which lie in the various continuity classes.

The following characterization of the multipliers from B into C,
which occurs in [7], suggests how to characterize the multipliers
from B into B.

THEOREM PSW [7]. Let T be a multiplier from B into C, where
TG, a,g™) = > ac2" for any function >, a,z" in B. Then the sequence
{e,}) is ome side of the sequence of Fourier coefficients of a function
in LMI). Conversely, givem any such sequence {c,}, the operator T
defined on B by TS, az") = 3, a,c,2" is a multiplier from B into C.

Both Theorem PSW and the next theorem on the multipliers
from B into B can be considered as converse forms of Hadamard
multiplication theorems. Let {¢,} be the sequence associated with a
multiplier T. Let i(z) = > ¢,z". Then for any function f(z) = > a,2"
in B, we have Tf(z) = >, a,c,z" = (h*f)(z), the Hadamard product of
h and f. We thus solve the problem of determining those functions
h such that k= f is in B for every f in B.

A first step in the direction of characterizing the multipliers in
various continuity algebras was taken in [3]. Let (C, o) be C in the
topology o. Given a strictly continuous linear functional L on B,
define a linear operator 7 on B by T a.z") = >, a, L(z")z". Then
it was shown that T is a continuous linear operator from (B, 8) into
(C, o). Letting h(z) = >, L(z"z", the result states that (&= f)(2) is in
C for any function f in B. Theorem PSW provides a converse.

COROLLARY. Let h(z) = D>, ¢,z". Assume that (hxf)(z) is in C
for every function f inm B. Then ¢, = L(z") for some strictly
continuous linear functional L.

Proof. Since hxf is in C for any function f in B, it follows
that [7] the sequence {c,} is one side of the sequence of Fourier
coefficients of a function in L'(I") and thus that the linear functional
L defined on z" by L(2") = ¢, can be extended to a strictly continuous
functional on all of B.

We know that any diagonal operator in [£:x] is a multiplier
from B into B. In fact these are all such multipliers.

THEOREM 6. Let T be a multiplier from B into B given by
TG ar") = >, a.c.2”. Then there exists an L in the dual of (C, o)
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such that ¢, = L(z"), for n =0,1, --.. Conversely, given any such
L, let T be defined by TS, a.z") = >, a, L(EMz". Then T is in [k: £].
Furthermore ||L|| = || T]|.

Proof. Let L be in the dual of (C, o) with L(z") = ¢, and define
T as above. Then for fixed z in D, T'f(x) = 3 a,Liz")2" = L3, a,x"z")
because the partial sums of 3 a,x"2" converge uniformly for |z] < 1.
Let U, be the operator given by U,f(2) = f(xz). Then given any »
with 0 <7 <1 and an 2 in D with |z] < », we have |Tf(x)| < || L]
WU @ = I LIfIl.. Hence [[Tf. = [LI[I[fll, and [T = [IL]
and T is in [£: &].

Now let T satisfy the conditions of the theorem and define
h(z) = >, c,2". We show that &(z) is analytic in D. Since the function
f(®) =3, n%" isin B, it follows that the function 7 f(z) = > ¢, n %"
is in B. Hence lim sup |e¢,|'" = lim sup |»n %,|'"" = 1.

For any » with 0 < » < 1, define the linear functional L, on C
by L,f = Tf(r). Then for f(z) = > a,2” in B, we have

I L(N) = X taear| S [ X lea| 7" < oo

because > ¢,2" is analytic in D. Hence L, is in the dual of (C, o).
Now for fixed f in C, L.f is bounded in norm for all 0 <»r <1
because Tf is in B. By the uniform boundedness principle, there is
an M such that ||L,||< M for all 0 < r < 1. By the weak star
compactness of the unit ball of the dual of (C, o) there exists an L
in the dual of (C, 0) such that L,f converges to Ljf for every f in
C. Letting f(z) = z* we obtain L.(z*) = r"¢, converging to L(z") and
to ¢,. Hence ¢, = L{z").

Following the procedure used in the first part of the proof this
L now yields an operator T in [£:£]. In fact this is equal to the
operator which gave L because it agrees with the original operator
on the polynomials. From L.(f) = Tf(r) it follows that || L,|| < || T|]
and hence ||L|| < || T]|.

COROLLARY. All the diagonal operators im [B: B] are in [k: k].

Any uniformly continuous linear functional on C can be extended
by the Hahn Banach theorem to a continuous linear functional on the
space of all continuous functions on I". Corresponding to this functional
there is a Radon measure on I'. Hence the sequences associated with
the multipliers from B into B correspond to the Radon measures on
I'. Since [B: 0] is a subalgebra of [£: £], the multipliers in [8: o] will
correspond to some subset of the Radon measures.
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THEOREM 7. Let T be a multiplier in [B: o] given by T (3, a,z") =
> anc,2".  Then {c,} is one side of the sequence of Fourier coefficients
of a function in L'(I"). Conversely given any such sequence {c,}, the
operator T defined by TS, a,z") = >, a,c.2" is a multiplier in [B: o).

Proof. Let T be a multiplier in [8: ¢]. For any function f in
B, {f,} converges k£ to f and |/ f,||<|/f]. Hence {f,} converges
strictly to f. Therefore if f(z) = >, a.2" Tf.(2) = T, a,r"z") =
S e,z is in C because >, a,c,z" is analytic in D. Then {Tf,}
converges uniformly to Tf which implies that 7f is in C. The
result follows from Theorem PSW.

Now let {c,} be one side of the sequence of Fourier coefficients
of an L' function. Letting L(z*) = ¢,, we can ([7] and [10]) extend
this to a strictly continuous linear functional on B. As mentioned
in the second paragraph after Theorem PSW, the operator T defined
by Tf() = >, a, L(z")z" is a continuous linear operator from (B, 3)
into (C, o).

COROLLARY. The operator T is a wmultiplier from B into C if
and only if T is a multiplier in [B: o].

The last class to consider is [«: o].

THEOREM 8. Let T be a multiplier in [£: o] given by T(C, a,z") =
> a2zt Then lim sup |c,|'™ < 1. Conversely any such sequence
{e,} defines a multiplier T in [k: o] given by TS a,z") = 3, a,c,2".

Proof. If T is in [k: 0], then there exists an » with 0 < r <1
and a constant M such that [|Tf|| = M|| f||, for all fin B. Letting
f(z) = z*, we obtain lim sup |¢,|'* < ».

Assume now that lim sup |¢,|' = ¢ < 1. Choose an r such that
¢ <r<1l. Then for f(z) = > a,2" in B, Tf(z) = >, a,c,2" which is
in C. Then |Tf@| =11, le.lr™ < M| f]|l| for some constant M
and 7T is in [k: d].

We have shown that the multipliers in [£: £] are the multipliers
from B into B and that the multipliers in [8: ¢] are the multipliers
from B into C. Let H(D) be the functions analytic in D and let
H(D) be those which are analytic in some open disc containing D.

COROLLARY. The operator T is a multiplier in [k: o] if and
only if it is a multiplier from H(D) into H(D).
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