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NOTE ON THE OPEN MAPPING THEOREM

LAWRENCE G. BROWN

The open mapping and closed graph theorems are usually
stated in terms of metrizable topological groups which are
complete in a one-sided uniformity. It would be desirable
to use only the weaker hypothesis of completeness in the
two-sided uniformity. Important results of this sort are
already known, and it is our purpose to strengthen those
results by removing the separability hypotheses.

There are three uniformities normally used in connection with a
topological group: the left, right, and two-sided uniformities. Com-
pleteness in the left uniformity is equivalent to completeness in the
right uniformity, and stronger than completeness in the two-sided
uniformity. If the group is metrizable, then it always has at least
one left invariant metric; completeness in the left uniformity is
equivalent to completeness in this metric (it does not matter
which left-invariant metric is chosen). Still in the case of a metri-
zable group, completeness in the two-sided uniformity is equivalent to
topological completeness, i.e., the existence of at least one metric in
which the group is complete as a metric space (see [3], Exercise Q(d),
p. 212 for proof). Every topological group has a completion in the
two-sided sense, but not necessarily in the one-sided sense (more pre-
cisely, the completion in the left-uniformity, though it is a complete
uniform space, is not in general a group). When the one-sided com-
pletion does exist, it coincides with the two-sided completion. Two
important examples of metrizable topological groups which are com-
plete in the two-sided but not the one-sided sense are the full per-
mutation group of a countably infinite set and the unitary group of
an infinite-dimensional, separable Hubert space (with the strong oper-
ator topology). Both of these examples are separable. Nonseparable
examples of less naturality can be obtained by taking the direct pro-
duct of one of the above with a nonseparable Banach space.

Lemma 1 below, which is the separable case of our theorem, was
essentially proved by Banach [1], though his statement of it (Satz 8)
was weaker. Its present statement and brief proof are the same as
in Corollary 3.2 of Pettis [5]. Corollary 1 of the theorem and the
corollary to Lemma 1 have some independent interest. They state
that if N is a closed normal subgroup of the group G, which is
metrizable and complete in its two-sided uniformity, then G/N is also
complete. The corresponding result for one-sided completeness is
trivial and is true even if N is not normal. (This case where N is
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not normal is, so far as we know, the only case where the results
for one-sided completeness remain significantly superior to those for
two-sided completeness.) Lemma 2, which is corollary 2 to the theorem,
may also have some independent interest. Our theorem itself, when
strengthened by the addition of the accompanying remark, differs
from the " s tandard" 1 version of the open mapping theorem ([2],
Theorem 3, p. 90) only in the type of completeness used. Our version
of the closed graph theorem, Corollary 3, is slightly weaker than the
analog of the " s tandard" version in that both groups are assumed
metrizable.

LEMMA 1. Let G and H be separable metrizable topological
groups which are complete in their two-sided uniformities and π:
G—>H a continuous homomorphism such that τc{U) is a neighborhood
of the identity for each neighborhood U of the identity in G. Then π
is open.

REMARK. It is easy to see that the hypothesis on π(U) will be
satisfied if π is surjective. This special case is Satz 8 of [1].

Proof. Let U be an open nighborhood of the identity in G. Then
π(U) is analytic and hence ([4], p. 94-95) almost open. But π(U) is
second category in H. (If π(U) g \JnFn, Fn closed, then some τz~ι(Fn) Π U
has interior. Hence π (π~ι(Fn) £ Fn has interior.) Hence (see [5] or
[3], Exercise P(b), p 211) π(U) π{U)~ι is a neighborhood of the
identity in H.

COROLLARY. If G is a polonais group (i.e., a separable, metri-
zable, and topologically complete topological group) and N is a closed
normal subgroup, then G/N is again complete and hence polonais.

Proof. Let H be the completion of G/N.

LEMMA 2. Let G and H be metrizable topological groups which
are complete in their two-sided uniformities and π: G —> H a con-
tinuous homomorphism such that π(U) is a neighborhood of the identity
in H for each neighborhood U of the identity in G and such that τc(G) =
H. Then for each closed separable subgroup Ho of H, there is a closed
separable subgroup Go of G such that π is a relatively open map of GQ

onto Ho.

1 A perhaps better choice for the "standard" version appears in [3; p. 213]. It has a
weaker hypothesis.
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Proof. Let U1 a U2 3 ί73 be a fundamental system of neigh-

borhoods of the identity in G. Let T^O" = 1, 2, •••) be open neigh-

borhoods of the identity in H such that π(U3 ) a Fi Let GL be a

closed separable subgroup of G such that T Γ ^ ) a -Ho

j) a JHronF,

Let if, = yT(G0. Similarly, define GΛ (w = 2, 3 •) and JΪΛ(w = 2, 3 •)
so that for 7̂  ̂ > 1 :

( i ) G^ Gn+1, Hn s lϊn + 1,

(ii) τr(Gj = Hn,

(iii) π(GnΌUs) a £ΓW-1 Π F, ,

(iv) 6?w, jffΛ are closed and separable.

Let Goo = (Jn=i <?» and ΐ L = U~=i ̂  T i i e n b ^ Lemma 1, TΓ is a
relatively open map of GL onto i?*,. Let Go = π~\HQ) f] Gco.

THEOREM. Le£ G α^ώ £Γ 6β metrizable topological groups which

are complete in their two-sided uniformities and π: G—>H a con-

tinuous homomorphίsm such that π(U) is a neighborhood of the identity

in H for each neighborhood U of the identity in G. Then π is open.

REMARK. It is easy to remove all hypotheses on H (except that
if be a Hausdorff topological group) from the statement of the
theorem. (It is easy to construct a countable base at e and hence
prove H metrizable. H can then be completed.)

Proof. Since ττ(G) is an open subgroup of H, we may assume
rc{G) dence. Let yn be a sequence in H so that lim yn = e. Then {yn}
is imbedded in a closed separable subgroup Ho of H. Choose Go as in
Lemma 2. Then there are xn in Go such that π(xn) — yn and
lim xn = e.

COROLLARY 1. If G is a metrizable topological group which is
complete in its two-sided uniformity and N a closed normal subgroup,
then G/N is complete in its two-sided uniformity.

COROLLARY 2. With G, N as in Corollary 1, any closed separable
subgroup of G/N is the image of a closed separable subgroup of G.

COROLLARY 3. If G and H are as in the thorem, and f: G-+H
is a homomorphίsm such that f has a closed graph, and /^(ZJ) is a
neighborhood of the identity in G for each neighborhood of the identity
U in H, then f is continuous.
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Proof. Apply the theorem to the projection of K onto G, where
K is the graph of / .

REFERENCES

1. S. Banach, Metrische Gruppen, Studia Math., 3 (1931), 101-113.
2. T. Husain, Introduction to Topological Groups, W. B. Saunders, Philadelphia, 1966.
3. J. Kelley, General Topology, Van Nostrand, Princeton, 1955.
4. K. Kuratowski, Topology Vol. I (translated from the French by J. Jawarowki),
Academic Press, New York, 1966.
5. B. Pettis, On continuity and openness of homomorphisms in topological groups,
Ann. of Math., 54 (1950), 293-308.

Received February 4, 1970.

STANFORD UNIVERSITY




