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NEAT HOMOMORPHISMS

JAMES J. BOWE

The study of neat homomorphisms found in this paper
originated with a generalization of neat subgroups and a
property of torsion free coverings studied by Enochs. Several
useful characterizations and properties of neat homo-
morphisms are shown leading to the characterization of
various rings. A ring is hereditary if and only if each com-
ponent of the natural decomposition of a neat homomorphism
is neat. Furthermore, a ring is Noetherian if and only if
the direct sum (and direct limit) of a family of neat homo-
morphisms is neat. For the singular torsion theory, every
non-zero torsion module contains a simple submodule if and
only if the product of a family of neat homomorphisms is
neat. If R has zero singular ideal and zero left socle, then
the singular theory coincides with the simple theory if and
only if the above condition is true.

!• Properties of neat homomorphisms. In this section the
definition, originally due to Enochs [4], of a neat homomorphism is
given and various characterizations are shown. R shall always
denote a ring with an identity and all modules are unital left R-
modules.

DEFINITION 1.1. For left ίί-modules, a homomorphism f: E—>F
is neat if and only if given any proper submodule H of a module G
and any homomorphism σ:H-^E, the homomorphism foσ has a
proper extension in G if and only if σ has a proper extension in G.
A submodule T of F is a neat submodule if the canonical monomor-
phism i: T—> F is neat.

EXAMPLES*

(1) For Abelian groups, H is a neat subgroup of G if and only
if pH = H Π pG for all primes p. This is the usual definition of neat.

(2) If R is an integral domain, then for a torsion free module
G, T is a neat submodule of G if and only if T is a pure submodule.

(3) For R an integral domain, Enochs [4], has shown that for
every module E, the torsion free covering rj: T(E) —» E is a neat
homomorphism.

(4) For any ring R, a submodule N of a module F is neat if
and only if N has no proper essential extensions in F.

Diagramatically, for / : E —> F to be a neat homomorphism means
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(using the obvious notation) that a commutative diagram (with

G'
H >G

( 1 )

E > F

always guarantees the existence of a commutative diagram (with
K G " )

G"
H

( 2 )

E > F .

Reference to these diagrams will be made throughout § 1.

THEOREM 1.2. For left R-modules the following are equivalent:
(a) f:E—+Fis a neat homomorphism.
(b) Diagram (2) can be completed whenever G is an essential

extension of H.
(c) Diagram (2) can be completed if a is a monomorphism.
(d) Diagram (2) can be completed if G = R and H is a left ideal

of R.
(e) Diagram (2) can be completed if σ is a monomorphism and

G is an essential extension of H.
(f) There are no proper extensions of f in the injective envelope

I(E) of E.

Proof. The equivalence of (a), (b), (c), and (e) are easily shown.
(a) => (d) Obvious
(d) => (a) Given diagram (1), with H^Gr, there is an xeG' — H,

x Φ 0 and a homomorphism β\ R—+G' defined by /S(l) = x. Let I =
{ae R\axe H). It is seen that I is a left ideal of R and Iξ^R.
Define a: I—+H by a(a) — ax. a is a well-defined homomorphism.
Then one has the following commutative diagram

I > R

( 3 ) H >G'

•1 , Ί
E *F
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By (d), there exists a left ideal J ^ / and a homomorphism φ':J-+E
such that φ'\j = σ o a. Now β(J) ςt H since I 5 J. Let G" =
H+β(J). Then H^GnaG. Define φ:G"->E by 0(1* +£(&)) =
#(M) + ^'(6), where w e i ϊ and δe J. To see that φ is well-defined, let
0 = u' + /S(δ') G G", with w' G H and 6' e J. Then β{u') = b'x = -u'e H,
so δ'G /. Hence <7 o α(&') = '̂(&'). But σ o a(b') = <7(6'B) = <r(-V) =
-σ(uf). Therefore σ(w') + φ'{V) = 0 and φ(0) = 0. Hence ^ is well-
defined. It is clear that φ is a homomorphism such that φ \H — σ,
implying that / is a neat homomorphism,

(a)=>(f) Let g:E'—>E be a proper extension of / in I(E).
i.e., E S= £ " c I(E) and ^ \E = /. Then / o l £ has a proper extension
and / neat implies 1E has a proper extension in /(£?). Let E" ^Z E
and 0: E"-+E be such that ^U = I*- Then E is a direct summand
of £"', contradicting the fact that I(E) is an essential extension of
E. Hence / has no proper extensions in I(E).

(f) => (e) Consider diagram (1) with σ a monomorphism and G
an essential extension of H. Now there is an a: G' —* I(E) such
that α \H — i o a and a is a monomorphism. Using the obvious iden-
tifications, consider HaE(zI{E) and HaG'aI{E). Then HaEΓiG'
and if if ^ E Π G' let ^ = a \Enσ,, then ^ has its image in E and so the
map Ef)G'—>E agreeing with ψ completes diagram (2). If H =
E Π G', then f\H = τ \H, so define β: E + G' -* F by /S(e + x) =
f(e) + τ(x). Then β extends / in I(E). But then E + G' = E and
/ = β, whence G' c E and the canonical monomorphism completes
diagram (2).

Using Theorem 1.2 (/) and Zorn's Lemma, the following corol-
lary is immediate.

COROLLARY 1.3. For every homomorphism g: G —> F, there exists

a neat homomorphism f\ E—*F with G c Ec I(G) and f\G = g.

REMARKS.

(1) If / : E—* F and g: F—+G are neat homomorphisms, then
g o f is a neat homomorphism.

(2) Enochs [4] has shown that if / : E—* F is a neat homomor-
phism and JP is an injective module, then E is an injective module.
Consequently, a module E is injective if and only if the constant
map e: E—*0 is neat.

2* Ring characterizations using neat homomorphisms* Note
that when a ring is hereditary, many trivial statements concerning
neat homomorphisms can be shown. However, some of these state-
ments characterize hereditary rings.
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THEOREM 2.1. For a ring R, the following are equivalent:
(a) R is left hereditary.
(b) Quotients of injective modules are injective.
(c) If f is a neat homomorphism and f = i © p is the natural

decomposition of f with p an epimorphism and i a monomorphism,
then p and i are neat.

(d) If f is a neat homomorphism and f — hog, where h and g
are epimorphisms, then h and g are neat.

Proof. The equivalence of (a) and (b) is well known (see [1]).
(a) => (c) Clearly if / is neat, p is neat. To show i neat, con-

sider the following commutative diagram, with / and J left ideals
of R, I^J.

Λ > J

Now p an epimorphism and R h e r e d i t a r y implies t h e exis tence of a
ψ: I—+ E w i t h p © ψ — σ. Now i © p = f is n e a t and foψ h a s a n
extens ion τ so t h e r e is a left ideal V Ξ2 I and a φr: V —> E so t h a t
φ'\t = ψ. L e t φ — p o φf. T h e n φ\Σ — σ imply ing i is n e a t .

(c) => (b) L e t Q be a n injective module and let Q —^-> F > 0
be e x a c t . L e t i: F—>I(F) be t h e canonical monomorphism and con-
sider i o p. Since Q is a n injective, i © p is n e a t . By (c) i is n e a t ,
so u s i n g R e m a r k ( 2 ) , F is a n injective.

(a) ==> (d) Proof same as (a) ==* (c).

(d) => (b) As above, let Q —^-» F > 0 be an e x a c t sequence w i t h
Q a n injective. Consider t h e epimorphism h: F—+F/F — 0. Since Q is
a n injective, h o p is n e a t . T h e n by (d) h is n e a t and u s i n g R e m a r k
( 2 ) , F is an injective.

N e x t we consider s u m s and p r o d u c t s of a family of n e a t homo-
m o r p h i s m s .

T H E O R E M 2.2. For left R-modules, if {f: E{ ~~> Fi}?=1 is a finite
family of neat homomorphisms, then

n n

%=ι i-ί i—i

is a neat homomorphism.

Proof. Consider the following commutative diagram, where
are left ideals of R.
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f
i — 1 i = l

pri pr\

W A V

Now f is neat, so there is a left ideal IXΊ^ I and a φγ\ lγ-+Έι with
Φi\i = Wi° σ- This process can be continued in the obvious manner
choosing a sequence of ideals {JJ?^, / 5 i »c ^ c J and homomor-
phisms {̂ : /̂  —* E^γ, with ^ |z = pr{ o σ. Let $ = ^ |/w for ΐ = 1, 2,
•• ,w and define $£: Jw —> φ?=i i£f by (̂a?) = Σ?=i $(#)• Then clearly
5̂17 = σ and / is neat.

THEOREM 2.3. .For Ze/£ R-modules, the following are equivalent:
(a) J? is left Noetherian.
(b) // {fii Ei—+ Fi}ieA is a family of neat homomorphisms, then

f = Σie^/i @ieA Ei—+®ieA Fi is a neat homomorphism.
(c) // {Qi}ieA is a family of injective modules, then φ ί€A Qi is

an injective module.
(d) If (A, <) is a directed set, {{E,),fi5}A and {(F^, gid}A are

direct systems of modules, and {u{: Ei~> Fi}ίeA is a direct system
of neat homomorphisms, then u{ — lim u: lim E{ —•> lim F{ is a neat

homomorphism.

Proof, (a) ==> (b) To show / neat consider the following com-
mutative diagram where / £= J are left ideals of R and pif ^ are the
obvious projections.

I > J

Pi\

fi

Now / is finitely generated so there is a finite subset B of A so that
p. o σ — 0 for ie A — B. Using the obvious notation, let

For ie B choose a sequence of left ideals {/JJU where

/ g /, c • c I, c J,
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and a family of homomorphisms {φ^ Ik-+Ei}ί=1 such that φ{ \i — Vι° <?-
Let ψl = φi\Ik for all ίeB and then define φ: Ik—>©ieA^i by 0(a;) =
Σ i = 1 $(#)• Then φ is a well-defined homomorphism with φ\Σ = σ.
Hence / is neat.

(b) => (c) Using Remark (2), for a family of injective modules
each Cii ft -* 0 is neat, so φ ft —> 0 is neat implying 0 ft is in-
jective.

(c) => (a) See Faith [5].
(d) ==> (b) Immediate from the properties of direct limits.
(a) ==> (d) Consider the following commutative diagram with left

ideals 7, J, / £Ξ J.

I-J—+J

lim Ei > lim Fι .

First it will be shown that there is a ye A and a φr: I—*Er such
that pr o φf = α, where {Pi}ieA are the homomorphisms associated with
the direct limit of {Ei\ieA. Now 7 is finitely generated and lim Ei —

\JieA Im Pi so there is a « G 4 such that σ(I) czlmp^. Also there is

an exact sequence 0 > K > 7— -̂> 7 >0 where P is projective
and K — Ker rj is finitely generated. For clarity consider:

P is projective so there is a ψa: P • Ea such that pa o ̂  = σ o ^.
Now i ί is finitely generated and by a usual argument there is a
7 6 A, 7 > α and a i/rr: P—>Ea such that i f c K e r ^ r . Then there is
an induced homomorphism φ7: I—+Er such that φro-η — ^r% Then
p r o φr = σ.

To show u neat it suffices to assume J/I cyclic. In this case

there is an exact sequence 0 > L > I © R -̂ —> J > 0 where
η\a + r) — v(a) + rb, b + I the generator of J/I and L = Ker rf is
finitely generated, ^i? is projective so as above we can choose a
βe A, β > 7 and a homomorphism <V R—+Fβ. Then let

^̂  — /ri5 o φγm Using the above procedure, there is a 7 ' e 4 , 7' > β and
a homomorphism φ'γ,:J-+Fγ, such that # r o φr, = J. Now let
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o e A, d > 7, Y. Then clearly the following diagram commutes, where
όδ, φ\ are defined in the obvious fashion.

Φδ φ'ό

lim Ei —-—> lim Ft .

Using the fact that uδ is neat the proof can be completed in the
obvious fashion.

For the next theorem we need the following discussion.
For a left i?-module E, let Z(E) be the singular submodule of

E. Let J/7" be the class of all modules E such that Z(E) = E
and let J?~ be the class of all modules E such that Z(E) = 0. If
Z(RR) = 0, then (j/7 J?~) is a hereditary torsion theory in the sense
of Dickson [2] with J7~ and S?~ the torsion and torsion free classes,
respectively. This torsion theory will be referred to as the Singular
Theory.

THEOREM 2.4. Let (J/Ί ^ Π be the Singular Theory for left R-
modules, with Z(RR) = 0. Then the following are equivalent:

(a) For all large left ideals I of R, IΦ 0, R) R/I contains a
simple submodule.

(b) For Ee^~i E Φ 0, E contains a simple submodule.
(c) If {fii Ei—+ Fi}iei is a family of neat homomorphisms, then

f = ΪLeAU ILe !#;-> ΓLe i Fi is neat.

Proof, (a) => (b) Let Eejy~, xeE, x Φ 0. Then considering
Ann (a;), a large left ideal of R, R/Ann(x)e J7~. Then the obvious
monomorphism jβ/Ann(&) —> E yields the desired result.

(b) ==> (c) To show / neat, let I be a proper, large left ideal of
R and let σ: I—-> Π ^ be any homomorphism. Consider the following
commutative diagram with J ' =2 / and τ an extension of / o σ, and
pr{ the obvious projections.

Π Et—^^—>;
prt\

TΓΓ J l 777

JLJ , > P A
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Now R/Ie ^7~, and (j7~ϊ ^~) hereditary implies J'/Ie^~ so by (b)
there is a left ideal J of i? so that / £Ξ J c Jr and J// is simple as a
left jβ-module. Clearly /,- o (pr^ o σ) can be extended to J for each
ΐ and since f4 is neat, there is a left ideal Ĵ  of R and a homo-
morphism φ{\ Ji —> 2^ such that I5 J; c J and & |7 = pr{ o σ. J/I simple
implies J = J, for all ieA, so let φ: J—> Π •#* be defined by 0(a?) =
(Φi(%))%GA Then ^ is homomorphism extending σ and implying that /
is neat.

(c) — (a) Let / be a large left ideal of R, I Φ 0, R and let JT'
be the collection of all left ideals J such that / £ /. By Corollary
1.3, for each Je <£?, there is a left iϋ-module Kj and a neat homo-
morphism /ji Kj —* J// extending the cannonical epimorphism ^ji J—^JjI
in J(J). Then / = ΓLe^r Λ: I L e ^ ^ -* I L e ^ e/// is neat. For each
Je^f consider the inclusions iy. J—^Kj and let σ: J—»ΐ[Je^ Kj be
defined by σ(x) — (ij(x))Je^ Then /o a = 0 so that f ° σ can be ex-
tended in a trivial manner to R. Now / is neat so there is a left
ideal L ot R, Iξ^L and a homomorphism φ: L—>J[Je^ Kj such that
Φ\i = σ. If L// is simple we are through, if not let %/ c jg? so that
J&W if and only if J^L. Note that all submodules of L//are
of the form J/I for J e f . It will be shown that for J e ^ , J// is a
direct summand of L/I so that L/I is semi-simple. Consequently, JB/Γ
would contain a simple submodule

Let a = fj o pvj o φ; L—>J/I. Then J c K e r α and there is an
induced homomorphism β: L/I—* J/I so that βoηL~a. To show
β\ju = 1JH, let x + IeJ/L Then /3(x + /) = cφ) + /. It suffices to
s h o w α \j = Ύ]J o r f u r t h e r t h a t p r d o φ\j — iJ9 L e t u = i j — (prj ° φ\j).
Now I c K e r w so there is an induced δ: J/I—>Kj such that d o τjj = u..
Then the Singular theory yields J/Ie^~ and Kj^J^ so Hom(J//,
IT,,) = 0. Hence u = 0 or prj o ̂  [̂  = i , showing /5 |J/ j r = lJ{I.

Let ^ be the collection of all simple left iί-modules. Dickson
[2] generated a torsion theory (^7, ^ * ) , the simple theory, so that
^ 7 is the smallest torsion class containing £f and so that F e ^ if
and only if Soc(F) = 0.

If the conditions of Theorem 2.4 are satisfied, then for each
Ee^({^,^) the singular theory), Soc(2£) ^ 0 so that Ee^.
Also, if Soc(βi?) — 0, then each maximal left idea] is large in R, so-
that for each simple module E, E 6 ^ 7 Hence we get

THEOREM 2.5. Lei Z( s#) = 0 and Soc(RR) = 0. Then the singu-
lar theory and the simple theory coincide if and only if the equiva-
lent conditions of Theorem 2.4 hold.
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