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SUPER-REFLEXIVE SPACES WITH BASES

ROBERT C. JAMES

Super-reflexivity is defined in such a way that all super-
reflexive Banach spaces are reflexive and a Banach space is
super-reflexive if it is isomorphic to a Banach space that is
either uniformly convex or uniformly non-square. It is
shown that, if 0 < 2§ <e=<1< @ and B is super-reflexive,
then there are numbers » and s for which 1< 7 < oo,
1 < s < o and, if {¢;} is any normalized basic sequence in B
with characteristic not less than ¢, then

2 a1 = || Jaes || = @[ i [TT°,

for all numbers {a;} such that Ja;e; is convergent. This
also is true for unconditional basic subsets in nonseparable
super-reflexive Banach spaces. Gurarii and Gurarii recently
established the existence of ¢ and r for uniformly smooth
spaces, and the existence of @ and s for uniformly convex
spaces [Izv. Akad. Nauk SSSR Ser. Mat., 35 (1971), 210-215].

A basis for a Banach space B is a sequence {e¢;} such that, for
each # in B, there is a unique sequence of numbers {a;} such that
S>ra.e; converges strongly to w, i.e.,
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A normalized basis is a basis {e;} such that [|e;|| =1 for all 4.

A basic sequence is any sequence that is a basis for its closed
linear span.

It apparently was known to Banach (see [1, pg. 111] and [3]) that
a sequence {e;} whose linear span is dense in a Banach space B is a
basis for B if and only if there is a number ¢ > 0 such that
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if ¥ <n and {a;} is any sequence of numbers. The largest such
number ¢ is the characteristic of the basis. It follows directly from
the triangle inequality that, if 1 < p < ¢ < n, then
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An unconditional basis for a Banach space B is a subset {e,} of
B such that for each « in B there is a unique sequence of ordered
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pairs (a;, €.;) such that 37 a;e.; converges strongly and uncondi-
tionally to x. By arguments similar to those used in [1] and [3] for
a basis, it can be shown that a subset {e,} whose linear span is
dense in B is an unconditional basis for B if and only if there is a
characteristic € for which

| 340l Z €l 2ip atal] 5

if Bc A and A is a finite subset of the index set.

A uniformly non-square Banach space is a Banach space B for
which there is a positive number 6 such that there do not exist
members z and y of B for which ||[z|| =1, ||y]| =1,

"—;-(x+y)|l>1—5 and "—;—(x—y)">1—5.

A uniformly convex space is uniformly non-square and a uniformly
non-square space is reflexive [6, Theorem 1.1].

THEOREM 1. The following properties are equivalent for mormed
linear spaces X, each of them is implied by mnonreflexivity of the
completion of X, and each is self-dual. If a normed linear space
X has any one of these properties, then X is not isomorphic to any
space that is uniformly non-square.

(i) There ewists a positive number 6 such that, for every posi-
tive integer m, there are subsets {2, -+, 2,} and {g,, «-+, 9.} of the
unit balls of X and X*, respectively, such that

9:2;) =0 if 1=54,0)=0 if 1>7.

(ii) There exist positive numbers o and B such that, for every
positive integer n, there is a subset {x, +--, x,} of the unit ball of X
for which ||xz|| > a if xeconvi{x, ---, x,} and, for every positive
integer k < n and all numbers {a, -, a,},

s,

n
Zl‘; ;%4
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(iii) There exist positive numbers o’ and B such that, for every
positive integer n, there is a subset {x, -+, x,} of X which has the
property that, for every positive integer k < n and all numbers {a;},

n

> aw;
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Proof. It is known that Theorem 1 is valid for properties (i)
and (ii) [8, Theorem 6]. We shall show that (i) and (iii) are
equivalent.
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If (i) is satisfied, let %, =2 and ;=2 — 2, if 1<i=Zn.
Then ¢,(xz;) = 0{6, so that

(Sas) =

n
211 a;;

IE A | s
and || SF x|l = || 2]l £ 1. Thus (iii) is satisfied.
If (iii) is satisfied, let z, = >.f x;/8’. Define g; on lin{z, «--, 2,}

by letting ¢;(x;) = 6{a’. Then |[2,|| < 1 and

so that g; can be extended to all of the space with || g;|| =< 1. Also,
0:(2;) = /R if ¢ <7 and g,(2;) = 0 if 7 > j, so that (i) is satisfied.

=dla;] =

9; (Z? aixi> Ell a;2;

DEFINITION. A super-reflexive Banach space is a Banach space
that does not have any of the equivalent properties (i), (ii) and
(iii) described in the statement of Theorem 1.

This is a natural definition, since a Banach space is non-reflexive
if and only if (i) of Theorem 1 is satisfied by infinite sequences {z;}
and {g;}. Moreover, there are several other finitely stated properties
that are equivalent to (i), but which become equivalent to non-
reflexivity when stated for infinite sequences [8, Theorem 3].

THEOREM 2. Let B be a super-reflexive Banach space. If @ >1
and 0 < e <1, then there is a number s for which 1 < s < = and,
iof {e;} is any mormalized basic sequence wn B with characteristic not
less than ¢, then

(1) X aell=0[ 3 alT"

for all numbers {a;} such that >, a;e; vs convergent.

Proof. It will be shown that, if there are numbers @ and ¢ for
which @ > 1, 0 < ¢ <1, and there does not exist such a number s,
then B has property (ii) of Theorem 1 with @ = 1/2 and g = ¢&. Let
n be an arbitrary positive integer greater than 1. Let 6 be a
number for which

1
1—-—<o0<1.
2n< <

Then choose A such that 6** <\ <1, M@ > 1, and

@+ A=2) _ 1 g
(2) EDA) < L.

Choose s > 1 and close enough to 1 that M < »'*. Then
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(3) (a+p)"* =z n(@*+p7) if a=0 and B=0,
(4) M(inf ) < (z gi)l’s if 8,=0 for each i.

Since there is a basic sequence {e;} with characteristic not less than
¢ and a sequence {a;} for which (1) is false, there also is a least
positive integer m for which

m

> ae;
L —M>¢’

where the sup is over all m-tuples of numbers (a,, ---, a,). Since

(5) sup

m—1 m—1
>, ae; + aye, I A2 ’ I ae |
1 S 1 + mYm § @ + 1 ,

m—1 1/s — m—1 1/s s]1/s
[Sar+iar]" [Ehar]” Ul
we have @ < M < @ 4+ 1 and it follows from (2) that

MW _ MA-N) _ 1. .,
(6) [)&M—l] <vM—1<n(1 o) -

Let (a,, ++-, @,) be an m-tuple such that || \" ase; || = 1 and

> aze;
(7) L 1

Blat]" [Erar]”

We shall show first that, for each k,

>AM .

(8) <L (=0 S el
It follows from (3), (7) and (5) that, for each k£,

[ZT] | a; l”:m = k{] a,| + [% | a; ls]m} ,

and

ifs

e giar]
al sl lal s [Slal]”

[l + || 3 aze;
ik

(9) NM <

Since MM — 1> 2@ — 1> 0, direct computation shows that (9)
implies
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which with (6) implies (8). Now that (8) has been established, we
know there is a sequence of % integers {m(l), ---, m(n) = m} such
that, for each j,

Sl — L3 a
m(j L3

t=1

<X a-em3al.
2n I

Let us write
m (1) m(2) m

ae; + >, e+ + 3 ae;

m(1)+1 m(n—1)+1

where w; = > il ae; with m(0) = 0. Then we have, for each j,

[IRETESS PR

m(j—1) +1

<La-omSiar.
n 1
This implies that

_1_01/4i| a; [s < mﬁ: I a; Ia < l(z_gllé)i, o; lﬂ < _1.0—1/4i]ai(s
n T m(G=1+1 n 1 !

n
and
m(7) m(k
(10) S lap<oring{ S jan 1=k sa)
m(j—1)+1 m(k—1)+1

for each j. It follows from (7), (5), (10), (4) and \* > 6'” that
AL |l S Oyl
m(g) 1/s . m (k) 1/s
| 5 Jar]" [t S jak]
m(j—1)+1 k. mk—1)+1
n(@F) N [ us |l _ml [l

[Slar]” " [Siar]”

so that || ;|| < 1/(nf). We are now prepared to show that {x,, «--, z,}
satisfies (ii) of Theorem 1 if x; = nfu; for each i, « = 1/2 and B =e.
Note first that if Y3, =1 and @; = 0 for each j, then

1 1/s >7\:M_Z

B

| 2B || = || Za; || — [| 2(1—p;) ;||
=l || Zu; || — 2(1-4)) .

Since || Ju; || = || Zase; || =1 and 6 > 1 — 1/(2n), we have
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1 1
0. > —_—— —_— —_— = e— = o
1281l 2 (n—3) - -1 = > =a

Since the characteristic of the basic sequence {e;} is not less than
€ = 3, we also have

if k<mn.

o] 5| s

The duality argument used by Gurarii and Gurarii [4] in a
similar situation does not seem easily adaptible to give a proof of
Theorem 3 that makes explicit use of Theorem 2. Therefore a direct
proof of Theorem 3 will be given.

THEOREM 3. Let B be a super-reflexive Banach space. If ¢ and
€ are numbers for which 0 < 24 < e <1, then there is a number r
for which 1 < r < « and, if {e} s any normalized basic sequence in
B with characteristic not less than €, then

11) g2 a: T =[] 2 awell ,

for all numbers {a;} such that Xa.e; is convergent.

Proof. Suppose that 0 < 2p <e<1. It will be shown that if
no such number » exists, then B has property (iii) of Theorem 1 with
a' = 2¢*/e and B’ > 1/e.

Let n be an arbitrary positive integer greater than 1. Let \ be a
positive number for which

26 <ANe and A<1.
Then choose » > 1 and large enough that
(12) nr < N =)
If B, = 0 for each 7, then it follows from (12) that

(13) (Z Bf)m < A7 (sup BT .

Since there is a basic sequence {¢;} with characteristic not less than
¢ and a sequence {a;} for which (11) is false, there also is an m for
which

S =M<y,

Sl

where the inf is over all m-tuples of numbers (a, -+, a,). Let

(14) inf
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(ety, +++, @,) be an m-tuple such that || 3" a.e; || = 1 and

1 > age;
(15) = ! — < M\,

[ZT: | e; |r]w [ZT:; | a; lr]l/

As is true for all basic sequences with characteristic not less than e,
3" ae; || = (1/2)e | a;| for each k. Thus it follows from (15) that

?_M[m 'r]xlr
< M 21&] :

Since M < ¢ and 2¢ < A%, it follows from (16) and (12) that

(16) | < 2
&

m
2 a;e;

el <vElal<0-nSlar.

Therefore, there is a sequence of % integers {m(l), «--, m(n) = m}
such that, for each 7,

[E1ar = L3 ar]

< —21—<1—x>i|air.
n 1

Let us write

m(2)

m(1) m
Dlae + D, e+ cee 3 age;
1

m(l)+1 m(n—1)+1

m
le a;e;

Il

n
;ui,

where u; = > » ., with m(0) = 0. Then we have, for each j,

<La-nSiar.
n 1

2 el -L3ar]

m(j—1)+1

This implies that

m m(5) m m
Lidiar< ¥ jar<ie-wSlar<ivSiar
n 1 m(j—1)+1 n 1 n 1

and
m(7) m (k)

17 S Jelr>nsup{ 3 |a,-|f:1§kgn}.
m(y—1)+1 m(k—1)+1

It follows from (15), (14), (17), and (13) that, for each 7,
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by < I s |l I %; ||
> | e MEJ el wrfsup 3 e[
< I[ ;1] ,

m ir
w3 ]
1
so that || u;|| > \'. Since {¢;} is a basis with constant not less than
¢ and \* > 4¢%/¢%, this implies

1
2

2
8k‘]ak|g%¢—lak[=a’[akl

n
| asu

2 ~ell a2
for all numbers {e;} and each k¥ < n. Now we can use
=]

to obtain || SFu; || = 1/e < g

k

=€l u;
1

n

THEOREM 4. Let B be a Banach space that is super-reflexive.
If 0<20<eZ1< @, then there are numbers r and s for which
1< r< o, 1<s< o and, if {e;} is any normalized basic sequence
wn B with characteristic not less than e, then

X la: T =l Zael = @[3 a: ]
for all numbers {a;} such that >, ae; is convergent.
An examination of the proofs of Theorems 2 and 3 will show that

essentially the same arguments can be used for nonseparable Banach
spaces and unconditional basic subsets. Therefore:

THEOREM 5. Let B be Banach space that is super-reflexive. If
0<26< € <1< D, then there numbers r and s for which 1 <r < oo,
1< s< o and, if {e.} is any normalized unconditional basic subset of
B with characteristic not less than €, then

TS| Xaell = 0[X a7,
for all numbers {a} such that >, a.e. is convergent.
It is stated in [4] that it is not known whether B is isomorphic to
a space that is uniformly convex and uniformly smooth if, for each

normalized basic sequence {¢;} in B, there are positive numbers ¢, @,
r and s such that 1 <7 < «,1 < s< <, and

ISl Sl Zael = Q[ a1 .
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This conjecture would be strongly suggested by the next theorem, if
it should be true that every super-reflexive space is isomorphic to a
uniformly convex space. It would then also follow that uniform
convexity, uniform smoothness, and super-reflexivity are equivalent
within isomorphism and that the existence of numbers ¢, @, » and s
that satisfy the inequalities of Theorem 4 could be deduced from the
results of Gurarii and Gurarii [4].

THEOREM 6. Fach of the following is a mecessary and sufficient
condition for a Banach space B to be super-reflexive.

@) If 0< 26 < e=1< O, then there are numbers r and s for
which 1< r< o, 1<s< o, and, if {e;} s any normalized basic
sequence in B with characteristic not less than &, then

Il =l Zae |l = Q[ e 1],

for all number {a;} such that 3, a.e; is convergent.

(b)y If 0<e=1<0, then there is a number s for which
1< s< oo, and, if {e;} ts any normalized basic sequence in B with
characteristic not less than €, then

| Xael =03 a ],

for all numbers {a;} such that > a;e; is convergent.

(c) There exist mumbers &, @ and s such that 0 < e < 1/2,
1<s< oo, and, of {e} is any normalized basic sequence in B with
characteristic not less than €, then

(13) [ Zaell =X ]alT",

for all numbers {a;} such that >, a;e; is convergent.

Proof. It follows from Theorem 4 that super-reflexivity implies
(a). The implications (a) = (b) = (¢) are purely formal. To prove
that (c) implies that B is super-reflexive, let us suppose that B is
not super-reflexive and that there exist numbers ¢, & and s as
described in (¢). Choose a positive integer » such that

19) e > ;’8’_ i

It is known that in (ii) of Theorem 1 we can require that e < @ = g
(see the definition of P, and Theorem 6, both in [8]). Therefore there
is a subset {z, -+, 2,} of the unit ball for which ||z]| >¢ if
zeconv{x, ---, x,} and || Srax; || = Bl Faw; || for all k< n and
all numbers {a, +--, a,}. Then {z;} can be the initial segment of a
basic sequence with characteristic not less than ¢ and it follows from
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(18) that
"ix,, < onle.

Since || 3r ;|| > ne, we have a contradiction of (19).

Recall that, relative to a basis {e;}, a block basic sequence is a
sequence {e¢;} for which there is an increasing sequence of positive
integers {n(7)} such that n(l) = 1 and

n(k+1)—1

e;¢= %) aiei, k=1,2,"‘.
n

THEOREM 7. A Banach space B is reflexive if B has a basis {e;}
and, for each mormalized block basic sequence {e} of {e}, there are
positive numbers ¢, @, r and s such that 1 < r < o, 1 <s< =, and

(20) X0 T" S| Zawill = 0 [X o [T

Sfor all numbers {a;} such that >, a;e; is convergent.

Proof. If {¢;} is not boundedly complete, there is a sequence {u;}
and a positive number 4 such that || 3.Fu;|| is bounded, || «;| > 4,
and

n(k4+1)—1
W = D, Qe k=12 ---,
n (k)

where {n(i)} is an increasing sequence of positive integers. Let ¢} =
w;f||w;]l. Then || (¥ |lu; || e) || is bounded, but there do not exist ¢ >0
and 1< 7 < oo such that ¢ 37| u;||” > ¢nd” is bounded. If {e;} is
not shrinking, there is a normalized block basic sequence {e;'} such
that || Sirel’ || > (1/2)n for all n. But there do not exist @ and s>1
such that ®&n'* > (1/2)n for all n. Thus {e;} is boundedly complete
and shrinking, which implies B is reflexive [2, Theorem 3, p. T1].

The next example shows that Theorem 7 can not be strengthened
by assuming that (20) is satisfied only for a basis for B, even if ¢ =
@ =1, s=2, and r is close to 2.

ExampLE. Choose 7~ >2 and positive integers {n;} so that
(n;)®* > 2¢ for each 4. For each k, let v* be the sequence that has
zeros except for k initial blocks, the ith block having %; components
each equal to (n,)"Y%. Let B be the completion of the space of all
sequences of real numbers with only a finite number of nonzero
components and, if x = {x;},

(1) Izl =nf{(Zud)” +Xlal e =u+ 3 aw.
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If [[{y:}|l, denotes [3]y;[T", then (S ud)" = |lw]l, and
104l = [t e () T < 1
Therefore
lellzllwll, + X lla* [l 2 [ 2]l .

It follows directly from (21) that ||z || < G 2)"’. It follows from
the facts that [[+*|| <1 for all £ and that a sequence has norm 1
if it contains all zeros except for one block of m; terms each equal
to n7Y?, that the natural basis for B is not boundedly complete and
B is not reflexive.

It was shown by N. I. Gurarii [5, Theorem 7] that, for any r»
and s with 1 <7 < and 1 < s < o, there is a basis {e;} for Hilbert
space such that for any positive numbers ¢ and @ there are finite
sequences {a;} and {b;} for which

¢ [ a: [T > [ Xae: || and [[ X bie; || > @[ a; [TV .

Thus for Hilbert space there can be neither an upper bound p < <
for » nor a lower bound ¢ < 1 for s in Theorems 2-5, even if ¢ and @
are allowed to depend on the basic sequence.
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