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A topological space is called locally finite-dimensional if
every point has a neighborhood of finite (covering) dimension-
dim. In the class of metric spaces, it is shown that every
locally finite-dimensional space has small inductive dimension
ind ^ ω, and is strongly countable-dimensional (hence is also
countable-dimensional). Examples are given to shown that
the converses of these statements are false, and that the
property of being locally finite-dimensional neither implies
nor is implied by that of having large inductive dimension
Ind. Sum theorems are included, of which the following is
representative: a metric space is strongly countable-dimen-
sional iff it is the union of a locally countable collection of
closed finite-dimensional, locally finite-dimensional, or strongly
countable-dimensional subsets.

1* Introduction* Our purpose will be to examine relationships
among certain classes of infinite-dimensional spaces in terms of finite-
dimensional subsets. All spaces will be metric, so the two dimension
functions dim and Ind [cf. 6] may be used interchangeably in the
finite case [4]. We shall also have occasion to mention the small
inductive dimension ind [cf. 6], which in general does not coincide
with the others [7].

Several classes of spaces which include infinite-dimensional spaces
have recently been investigated. Each of the following properties
determines such a class of spaces; the definitions have been stated
in such a way as to emphasize the fact that each property is defined
in terms of finite-dimensional subsets.

DEFINITION 1. X is countable-dimensional iff X is the countable
union of finite-dimensional subsets [5].

DEFINITION 2. X is strongly countable-dimensional iff X is the
countable union of finite-dimensional closed subsets [5].

DEFINITION 3. ind X ^ ω iff for every p e X and every neigh-
borhood U of p, there exists a neighborhood V such that peVaU
and inάB(V) is finite [2].

DEFINITION 4. Ind X ^ ω iff for every closed set F and open
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set U with Fez U, there exists an open set V such that Fez Vcz U
and IndB(V) is finite [9].

To these four properties we add a fifth which enjoys some inter-
esting interrelationships with the above.

DEFINITION 5. X is locally finite-dimensional iff each point of
X has a finite-dimensional neighborhood.

Since every metric space is paracompact it follows from work of
C. H. Dowker [1] that for any fixed integer n, dim X <̂  n if and
only if each point of X has a neighborhood U with dim U ̂  n. On
the other hand, any locally finite union of finite-dimensional spaces
{Xλ:\eA} such that sup {dimX :̂ λe Λ] = °o (e.g., the space Q in
§ 2) is an example of an infinite-dimensional, locally finite-dimensional
space (see Lemma 1 below). It is immediate from the definition that
every subspace of a locally finite-dimensional space is itself locally
finite-dimensional, and that any finite product of locally finite-dimen-
sional spaces is again locally finite-dimensional. Unions of locally
finite-dimensional spaces will be discussed in § 3.

The following Lemma will be a basic tool for the investigation
of locally finite-dimensional spaces.

LEMMA 1. X is locally finite-dimensional iff X has a locally
finite (closed, open) cover of finite-dimensional subsets.

Proof. The necessity is an immediate consequence of the para-
compactness of X. For the sufficiency we assume that X has a
locally finite cover s%f of finite-dimensional subsets let p e X, and
U be a neighborhood of p which meets at most finitely many mem-
bers, say Au •••, Ak9 of Stf. Then

dim U ̂  dim | J At ^ Σ dim A, + (k - 1)

[6, Corollary to Theorem II. 4], so U is a finite-dimensional neigh-
borhood of p.

THEOREM 1. Every locally finite-dimensional space is strongly
countable-dimensional (hence is countable-dimensional).

Proof. By Lemma 1 any locally finite-dimensional space X has
a locally finite closed cover j^~ of finite-dimensional subsets. Then
for each n = 1, 2, . , the closed set Fn = U {F: Fe ^~ and dim F ^
n) has dimension ^n by the Sum Theoreom [6, Theorem II. 1], so
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X=\JFn

is strongly countable-dimensional by definition.

THEOREM 2. If X is locally finite-dimensional, then ind X ^ ω.

Proof. Let p be a point of a locally finite-dimensional space X
and U be a neighborhood of p. Then there exist neighborhoods V
and W of p such that dim V < °o and ίF c F ί l Z7; TΓ is the desired
neighborhood since

ind B(W) ^ dim £( W) ^ dim V < oo .

2* Counterexamples* As a consequence of Theorems 1 and 2,
we see that the class of locally finite-dimensional spaces is a subclass
of the classes of spaces which satisfy respectively Definitions 1, 2,
and 3. In this section we shall establish that these are the only
possible inclusions which involve the class of locally finite-dimensional
spaces. To this end we introduce the following examples.

EXAMPLE 1. For all n = 1, 2, we define the subset Qn of En

by the formula

for all i = 1, , n)

and

Q = U Qn •

For x,yeQ,x = (xly , xm), y = (^, , i/w), we define

/ % \ 1/2

d(%, V) = ( Σ (#* - ?/ί)2) if m = w ,

ώ(α;, ?/) = 1 if m ^ n .

It is easily verified that d is a metric for Q.

EXAMPLE 2. For all n = 1, 2, we define the subset Jw of the
Hubert cube by

J% = {(»i): 0 ^ a?i ̂  1/w for i = 1, , w, and ^ = 0 for i > ^},

and
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Note that / is not homeomorphic to the well-known set Kω which
consists of all points of the Hubert cube for which at most finitely
many coordinates are nonzero.

THEOREM 3. Q is locally finite-dimensional, but Q has no large
transfinite dimension {i.e. Ind Q does not exist).

Proof. If p e Q then peQn for some n; Qn is then an n-
dimensional neighborhood of p, which proves that Q is locally finite-
dimensional. The remainder of the Theorem follows from a result
of Ju. M. Smirnov [9, Remark, p. 193].

THEOREM 4.

( i ) J is strongly countable-dimensional {hence is also countable-
dimensional),

(ii) indJ = a),
(iii) Ind J = ω, and
(iv) J is not locally finite-dimensional.

Proof. That J is strongly countable-dimensional is obvious to
prove the remaining assertions we shall need the following Lemmas.

LEMMA 2. For any neighborhood N of the origin q of J, there
exists an integer k such that Jna N for all n ^ k.

Proof. Any neighborhood N of q contains a sphere about q of
radius {k — 1)~1/2 for some suitably large k. If n ^ k and x = (#<) e Jn,
then

d(x, q) = ( g ̂ ) 1 / 2 ^ ( g Vnψ = n~^ < {k - I)"1'2 ,

so x e N.

LEMMA 3. The space J — {q} is locally finite-dimensional.

Proof. For any xeJ — {q} we let V be a neighborhood of x
such that qί V (the closure of V in J). Then J — V is a neigh-
borhood of q, so by Lemma 2

for some integer k, which implies

7c 7c/- U Λc ijΛ.
n—k n—i
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Thus V is a subset of a finite-dimensional space and is itself finite-
dimensional.

LEMMA 4. If X is compact, then Ind X^ω iff ind X ^ ω.

Proof. Only the sufficiency requires proof, so we suppose ind X ^
ω and let F and G be disjoint closed subsets of X. For each point
p e F let U(p) be a neighborhood of p which misses G and such
that inάB(U(p)) = n(p) < °o (hence InάB(U(p)) = w(p) as X is sepa-
rable). As F is compact there exist finitely many members of F,
say pl9 , pt, such that I*7 c U{^(2>*): i = 1, , &} = J7. Clearly
U Π G = 0 , and

implies Ind I?(?7) ^ max {n(p<): i = 1, , k] < oo.
We are now prepared to prove (ii) of Theorem 4. If N is any

neighborhood of q, then by Lemma 2 there exists an integer k such
that

B(N)cJ- NaJ- U ΛcUΛ,
ίi=/f %=1

so J5(ΛΓ) is finite-dimensional. On the other hand for any xeJ— {q}
and any neighborhood U of x there exists, by Lemma 3, a neighbor-
hood V whose closure has finite dimension. Then U Π V is a
neighborhood of a? whose boundary is a subset of F and is therefore
finite-dimensional. This implies ind J ^ ω, hence ind J = ω since J
contains subsets Jn of arbitrarily high finite dimension n.

To prove (iii) it suffices, by Lemma 4, to show J is compact, so
we let A be an infinite subset of J. If A is contained in U£=i ̂  ^ o r

some & then A has an accumulation point in that compact subset of
J. If, on the other hand, there is no such k, then q is an accumu-
lation point of A, since for every neighborhood N of q there exists,
by Lemma 2, an integer k such that

Nf] AZD( U J ) Π A =) f J - U J.) Π A =̂ 0 .

Thus in all cases A has an accumulation point and J is compact.
Part (iv) follows from the fact that q has no finite-dimensional

neighborhood, since by Lemma 2 any neighborhood of q contains sets
of arbitrarily high dimension. This completes the proof of Theorem 4.

In view of Theorem 3 and Theorem 4 we have now demonstrated
the validity of the opening statement of this section. There is one
other class of spaces which enjoys an interesting relationship with
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the class of locally finite-dimensional spaces:

DEFINITION 6. X is weakly infinite-dimensional iff for every
sequence of pairs Fif G, of disjoint closed sets of X there exist open
sets Ui9 i = 1, 2, , such that

Ftd U.CLX- Gi

and

Π B(Ui) = 0 for some integer k.

This definition is due to Juβ M. Smirnov [11], and a space which
satisfies this definition is sometimes called "weakly infinite-dimensional
in the sense of Ju. M. Smirnov." As an immediate consequence of
a remark of E. Go Sklyarenko [8, p. 201] we can state the following.

REMARK. NO infinite-dimensional space is both locally finite-
dimensional and weakly infinite-dimensional.

3* The sum theorems* In this section we shall characterize
several kinds of unions of finite-dimensional, locally finite-dimensional,
and strongly countable-dimensional spaces these may be compared
with sum theorems for finite-dimensional and countable-dimensional
spaces given in an earlier work [12]. We first give a sum theorem
for locally finite-dimensional spaces.

THEOREM 5. X is locally finite-dimensional iff X is the union
of a locally finite collection of closed locally finite-dimensional subsets.

Proof. Suppose X =\J{Fx:XeΛ} where Fλ is a closed locally
finite-dimensional subset for each XeΛ. Then for each XeΛ there
exists, by Lemma 1, a locally finite closed cover ^\ of Fλ consisting
of finite-dimensional subsets. We now show that the collection ^~' —
\J{^:XeA} is locally finite in X. For any p e l we let Ma A
be the collection of μ e A for which p e Fμ (M is necessarily finite
by hypothesis), and for each μ e M we define the neighborhood N(μ)
of p by

N(μ) = X - \J{F: Fe &~μ and p $ F} .

It is clear that

N = (X - U Fλ) Π ( Π N(μ))
\ λeA—M / \μeM /

is a neighborhood of p which meets only finitely many members of
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J^7 since for each μ e M the set N(μ) meets only finitely many
members of j/'7<.

Hence X has a locally finite cover J^~ consisting of finite-
dimensional subsets, which implies that X is locally finite-dimensional
by Lemma 1.

The hypothesis of Theorem 5 cannot be significantly weakened.
All subsets must be closed, as can be seen from the example J =
(J — {q}) U {g} of a union of two locally finite-dimensional spaces (see
Lemma 3) which is not itself locally finite-dimensional (by Theorem
4). On the other hand, the union must be taken over a locally finite
collection since J is the countable union of locally finite-dimensional
spaces which is not locally finite-dimensional. More can be said about
unions of locally finite-dimensional spaces, but we shall postpone
further discussion until we have proven some infinite-dimensional
analogues of the Sum Theorem [6, Section II. 2].

LEMMA 5. X is strongly countable-dimensional iff X is the union
of a locally finite collection of closed (open) strongly countable-
dimensional subsets.

Proof. By hypothesis X has a closed cover {Fλ:XeΛ} where Fλ

is strongly countable-dimensional for each Xe Λ (in the case of an
open cover we shrink to a closed cover [3, p. 26] and proceed in
exactly the same fashion), so for each Xe Λ

Fλ^\J F1Λ

where each Fλyi is closed in Fλ (hence in X) and is finite-dimensional.
For each i = 1, 2, we define

Gi — U Fχ,% >
λeΛ

by Lemma 1, each Gi is a closed, locally finite-dimensional subspace,
hence is a closed, strongly countable-dimensional subspace by Theorem
1. This implies

where each Git3 is a finite-dimensional closed subspace of G{, hence
of X, and the Lemma follows.

THEOREM 6. X is strongly countable-dimensional iff X is the
union of a σ-locally finite collection of closed strongly countable-
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dimensional subsets.

Proof. Let X = UΓ=i Fi where each Ft is the union of a locally-
finite collection of closed, strongly countable-dimensional subsets.
Each Fi is closed, and by Lemma 5 each Ft is strongly countable-
dimensional, so

where for all i, j = 1, 2, , Fi 3- is a closed, finite-dimensional subset
of F{ and hence of X, which completes the proof.

THEOREM 7. X is strongly countable-dimensional iff each point
of X has a strongly countable-dimensional neighborhood.

Proof. If the condition is satisfied then X has an open cover ^
all of the whose members are strongly countable-dimensional; then
^ has a locally finite open refinement, which proves the Theorem
by Lemma 5.

THEOREM 8. X is strongly countable-dimensional iff X is the
union of a locally countable collection of closed strongly countable-
dimensional subsets.

Proof. By Theorem 7 it suffices to show that each p e X has a
strongly countable-dimensional neighborhood. Let U be a neighbor-
hood of p which meets at most countably many members {Fi. i =
1,2, •••} of the given collection; then

where for all i, j = 1, 2, , Fiti is a finite-dimensional closed subset
of F^ hence of X, and the proof is complete.

THEOREM 9. X is strongly countable-dimensional iff S = U^r ^
where for all λ < τ, Fλ is strongly countable-dimensional and \Jμ<χFμ

is closed.

Proof. For all i = 1, 2, , all λ < τ, we define

Fhi = Fλ- Sj\j Fμ) - U Fμ - Sj\j Fμ) .
\μ<λ J μ^λ \μ<λ /

By Theorem 6 it suffices to show that
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= U J?i = U {FXΛ λ <
i = i

is a σ-locally finite closed cover of X. The second form of the de-
finition of F2 i shows that ^ is a closed collection we now show
that J?~ covers X. If p e X then by hypothesis there exists a first
λ < τ such that peFx. Also by hypothesis the set \Jμ<χF is closed,
so there exists an integer i such that

dip, U F,) 2> 1/i ,

hence p e Fλti.
Finally we show that each ^ { is locally finite. If p e X there

exists a first λ < τ such that p e Fλ, and we shall prove that

- \JFμ
μ<λ

is the desired neighborhood. For all μ < λ,

Nd X - U ^ c l - \J Fva X- Fμ>i;

for all μ > λ, on the other hand,

i ^ c X - sJ\J Fu)dX- SUi(p) aX-N.

Thus N Π FμΛ — 0 unless μ = X, so F { is locally finite.

In view of Theorem 1 it is now possible to conclude our discussion
of unions of locally finite-dimensional spaces with the following
Corollaries of Theorems 6, 8, and 9, respectively.

COROLLARY 10. X is strongly countable-dimensional iff X is the
union of a σ-locally finite collection of closed finite-dimensional (locally
finite-dimensional) subsets.

COROLLARY 11. X is strongly countable-dimensional iff X is the
union of a locally countable collection of closed finite-dimensional
(locally finite-dimensional) subsets.

COROLLARY 12. X is strongly countable-dimensional iff X —
U;ι<r Fχ where for all λ < τ, Fλ is finite-dimensional (locally finite-
dimensional) and \Jμ<χ Fμ is closed.
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