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BOCHNER'S THEOREM IN INFINITE DIMENSIONS

P. L. FALB AND U. HAUSSMANN

1* Introduction* Let G be a locally compact abelian group. A
well-known theorem of Bochner ([1], [11]) states that a mapping ψ of
G into C is positive definite and continuous if and only if there is a
unique nonnegative finite regular Borel measure m+ on G (the dual
group of G) such that ψ(g) — \ A (7, g)dmψ where (7, g) denotes the ac-

JG

tion of the character 7 on g. An alternate version of the theorem
([9]) states that if A is a semi-simple, self-adjoint, commutative Banach
algebra and ψ is a linear functional on A, then ψ is positive and ex-
tendable if and only if there is a finite positive Baire measure Vψ on
^fί (the maximal ideal space of A) such that ψ{a) — 1 ά(M)dvψ
where ά is the Gelfand transform of ae A. Here we shall extend
these theorems to mappings takings values in a Banach space X.
Our results generalize the extension of Bochner's theorem made in [5].

We shall, in fact, first prove that if A is a self-ad joint, com-
mutative Banach algebra and ψ is a linear map of A into the Banach
space X, then ψ is positive1 and "almost" extendable if and only if
there is a weak-*-regular, finite, positive set function Vψ* mapping

Σ{^t) (the Borel field of ^t) into X** such that ψ(ά) = ί a{M)dv%*
(where ψ{a) is viewed as an element of X**). We next show that
if the mapping ψ of A into X given by ψ((x) = ψ(<%) is weakly com-
pact2, then v$* can be viewed as a weakly regular positive vector
measure Vψ mapping Σ(^£r) into X and, conversely, if

ψ(a) = I a{M)dvψ

where Vψ is a weakly regular positive vector measure on Σ{^£) to
X, then ψ is positive and "almost" extendable and ψ is weakly com-
pact. In the case where A = Lλ{G, C), these results lead to a repre-
sentation of ψ by an element pψ of L^iG, X) i.e. ψ{a) — \ a{g)pψ{g)dμ

JG

where μ is the Haar measure on G. We then develop an extended
Bochner's theorem for maps p in L^iG, X). Finally, we use some
particular Banach spaces to illustrate the theory.

The general results obtained here are combined with the transform
theory on L^G, X) to develop an inversion theorem and a Plancherel
theorem in [7]. These theorems are also applied to the solution of
convolution equations in Hubert spaces in [8]. The convolution

1 Positivity is with respect to a suitable cone in X.
2 This means that ψ maps bounded sets in A into weakly compact sets in X.
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equations arise in the study of problems relating to the stability and
control of systems described by parabolic partial differential equations.

2 Positive functions* Let X be a Banach space and let X*
and X** be the dual spaces of X and X*, respectively. If φ is an
element of X*, then the operation of φ on x is denoted by (x, φ).
The notion of positivity that we use is based on a cone of "positive"
elements contained in X. We assume that the cone is defined by a
family of elements of X*. More precisely, we have

DEFINITION 2.1. Let Φ be a subset of X*. The subset Kφ (or
simply K when Φ is fixed by the context) of X given by

(2.2) KΦ = {xe X: (x, ψ) ^ 0 for all φ in Φ)

is called the cone determined by Φ

Now let A be a Banach algebra with an involution given by
a~-^a*,aeA, and let ψ be a linear mapping of A into X. We then
have

DEFINITION 2.3. The mapping ψ is positive with respect to the
cone Kφ (or Φ-positive) if ψ(aa*) e Kφ for all a in A.

We observe that ψ is Φ-positive if and only if the mappings
(Ί/Γ( ), φ) of A into C are positive functional for all φ in Φ. Note
also that if ψ is Φ-positive, then, for any φ in Φ, the functional
Bφ(a, β) given by

(2.4) Bφ(a, β) = (φ(aβ*), φ)

is a symmetric bilinear form satisfying the Cauchy inequality

(2.5) I Bφ(a, β) |2 £ Bφ(a, a)Bψ(β, β)

for a, β in A.

DEFINITION 2.6. The mapping ψ is symmetric with respect to Φ
(or simply symmetric) if (ψ(ά), ψ) — (ψ(a*), ψ) for all φ in Φ and a
in A.

If A has a unit β, then every Φ-positive mapping is symmetric
since (φ(a), φ) = (ψ(ae), ψ) - Bφ(a, e) = ^ ( e , a) = {ψ{a*), φ) for all ψ.
If A does not have a unit, then A can be imbedded in an algebra
A = A 0 C with a unit in a natural way. Letting e be the unit in
A, we can extend ψ to a linear mapping ψ^ of A into X by setting
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ψXQ(cc + ce) — ψ{oc) + cxQ for a given x0 in X. Clearly ψ is symmetric
if and only if ψXύ is. We now have

DEFINITION 2.7. A Φ-positive mapping ψ is almost extendable
if (i) ψ is symmetric, (ii) ψ is continuous, and (iii) \(ψ(a), φ) |2 ^
d\\Ψ\\ II^IK'f(αα*), 9) for all φ in Φ and α in A where d is a constant
with d ^ 1.

DEFINITION 2.8. A Φ-positive mapping ψ is extendable if π/r is
symmetric and if there is an x0 in X such that

for all ψ in Φ and α in A.

If A has a unit e, then any Φ-positive mapping is extendable.
(x0 ~ ψ(ee*)). If A does not have a unit, then we have

PROPOSITION 2.9. -A Φ-positive mapping ψ is extendable if and
only if there is an extension ψ of ψ to A which is Φ-positive.

Proof. If ψ is a Φ-positive extension of ψ and e is the unit in
A, then, letting x0 = ψ(e), we deduce immediately that \(ψ(a), φ)\z —
\(ψ(a), φ) I2 ̂  (xQ, φ)(φ(aa*), φ) = (xQ, φ)(ψ(aa*), φ) (by 2.5) and that
ψ is symmetric.

On the other hand, if ψ is extendable, then let ψ(a + ce) =
ψXQ{a + ce) = ψ(ά) + c^0. Since (f([a + ce][α + ce]*), φ) = ( | ( ^ * ) , φ) +

c(φ(a), φ) + |c|2(α;0, <p), we have

+ ce][a + ce]*), 9>) ̂  (Ψ(aa*)9 ψ) - 2|c| | ( t (α), φ\ + |c|2(^0, 9)

^ {(ψ(aa*), φ)112 - \c\(x0, φ)1'2]2 ^ 0

(as ψ is extendable). Thus, fy is Φ-positive.

PROPOSITION 2.10. // there is an approximate identity {en} in A,
then a continuous Φ-positive mapping ψ is almost extendable.

Proof. Since (φ(a*), φ) = l i m ^ (ψ(ena*), φ) = limw__ (φ(aei), φ) =
, 9>), i^ is symmetric, and since \Bφ(en, a) |2 ^ ^(βn, en)Bφ(a, a) ^

α, α:) = \\ψ\\ \\<P\\(φ(oca*), φ), ψ is almost extendable.

In order to prove the extension of Bochner's theorem, we require
a condition on the family Φ defining the cone of "positive" elements.
As we shall see, the essential point is to deduce an estimate of the
form H'Ήα)!!2 ^ k\\ψ(aa*)\\ from estimates of the form \(φ(a), φ) |2 ^
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d\\φ\\2\\ψ\\ \\Ψ(aa*)\\ {f almost extendable) or

\{f{a),φ)\2 ^\\φ\\2\\xQ\\\\ψ{aa*n

(ψ extendable). The following definition allows us to do this.

DEFINITION 2.11. The family Φ is full if there is a p > 0 such

that

(2.12)

for all

We

x in

now

X 3

have

LEMMA 2.13. // A has a unit e, if the involution on A is con-
tinuous, and if Φ is full, then every Φ-positive mapping ψ is con-
tinuous and almost extendable.

Proof. Suppose first that a is a Hermitian element of A with
| | α | | ^ 1. The binomial series (1 - t)112 = 1 - ί/2 - f/222! - ••• con-
verges absolutely for 11| rg 1 and so the series e — a/2 — a2/222l —
converges absolutely in A. Since the involution is continuous, the
sum β of this series is a Hermitian element of A with ββ* = β2 —
e — a. It follows that (ψ(e — α), ψ) = (ψ(ββ*), ψ) ̂  0 and hence, that
(ψ(e), φ)}>(ψ(a), φ). Replacing a by — a, we have (φ(e), φ)^(ψ(—ά), φ).
But (ψ(a),φ) is real (since a is Hermitian) and so | (ψ(ά), Ψ) \ ^
||9>|| \\f{e)\\. Since Φ is full, \\ψ(a) \\ £ p\\ψ(e) ||.

Now, if α is any element of A, then a — l/2(a + α*) — i/2(i(a — α*))
Since the involution is continuous, there is a c > 0 such that | |α* || g
c\\a\\ and so, if | |α||g2/c + l, then | | (α+α*)/2 | |^ l and | | i (α-α*)/2 | |^ l
It follows that \\f{a)\\ ^ 2ρ\\f{e)\\ for all am A with | |α | | ^ 2/c + 1.
Thus, ψ is bounded and therefore continuous.

Since \(ψ(a), Ψ) |2 ^ (ψ(e), <p)(ψ(aa*), Ψ) £ \\ψ\\ \\<P\\(ψ(aa*), ψ), ψ is
almost extendable.

COROLLARY 2.14. If the involution on A is continuous, if Φ is
full, and if ψ is Φ-positive and extendable, then ψ is continuous and
almost extendable.

Proof. Apply Proposition 2.9 and the lemma.

3 This could be replaced by the following: Φ is full relative to f if there is a p > 0

such t h a t 11 ψ(a) \| ^ p sup {| f(a), ψ)\ί\\ψ\\} for all a in A.
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Let G be a σ-finite locally compact abelian group and let A =
Lλ(G, C). The involution on LX(G, C) is given by a*(g) = a{—g) and
is continuous since Lλ(G, C) is semi-simple. Observe that if Φ is full
and ψ is a Φ-positive mapping of Lx{Gy C) into X, then ψ is continu-
ous and almost extendable if ψ is extendable (Corollary 2.14) and
conversely, ψ is almost extendable if ψ is continuous (Proposition 2.10).

Now let us introduce the following

DEFINITION 2.15. Let p be an element of L^(G, X). The mapping
p is Φ-positive definite if

(2.16) Σ Σ oncm(p(gn - gj, ψ) ̂  0
»=lm=l

for any integer N, any cl9 , cN in C, any gu , gN in C, and all
φ in Φ. The mapping p is integrally Φ-positive definite if

(2.17) (\G\σa(g)W)p(g ~ ffO^A ψ) ^ 0

for all α in I/^G, C) and all φ in Φ.

We then have

PROPOSITION 2.18. Let p be a continuous element of L^iG, X).
Then p is Φ-positive definite if and only if p is integrally Φ-positive
definite.

Proof. If p is Φ-positive definite, then p is integrally Φ-positive
definite by a result of Naimark ([10], p. 397). Conversely, if p is
integrally Φ-positive definite, then there is a continuous positive definite
function fψ mapping G into C such that fψ{g) = (p(g)y ψ) locally almost
everywhere on G ([10], p. 397) for each φ in Φ. Since (j>( ), φ) is
continuous, fφ( ) — (p('), φ) everywhere and hence, p is Φ-positive
definite.

Now it is a fact that ψ is a bounded weakly compact linear map
of L^G, C) into X with separable range if and only if there is a p
in L^iG, X) with (essentially) weakly compact range such that

(2.19) ψ(a) = \ a{g)p{g)dμ

for all a in Lγ{G,C) ([2], p. 279, or [4], p. 507). Moreover, | |ψ | | =
HPIU The fact that the weakly compact maps in ^f?(Lί(G9C)9 X)
are essentially the same as the functions in !/«,((•?, X) with (essen-
tially) weakly compact range will allow us to relate the notion of Φ-
positivity to the notions of Φ-positive definiteness and integral Φ-
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positive definiteness.

LEMMA 2.20. Let Φ be full. If ψ is a weakly compact linear
mapping of LX(G, C) into X which is Φ-positive and extendable, then
there is an (essentially unique) integrally Φ-positive p in L^(G, X)
such that

(2.21) ψ(a) = \ a(g)p(g)dμ
JG

for all a in Lt(G, C). Conversely, if p is an integrally Φ-positive
definite element of L^G, X) and ψ is given by 2.21, then ψ is Φ-
positive and almost extendable.

Proof. Assume that ψ is given. In view of [4], p. 507, the
mapping p exists and we need only show that p is integrally Φ-
positive definite. But

\ a(g - g')a{-gf)p{g)dμdμ
(2.22) JG{G

= I I a(g)Έ(g')p(g - gf)dμdμ
JGJG

by virtue of the Fubini and Tonelli theorems and the invariance of
Haar measure. Conversely, given p, we simply note that ψ(aa*) is
determined by 2.22 in order to prove that ψ is Φ-positive. Moreover,
since ψ is continuous, ψ is almost extendable by Proposition 2.10.

3* Bochner's theorem for algebras* Before proving the gener-
alization of Bochner's theorem to maps of A into X, we recall the
following.

DEFINITION 3.1. Let S be a locally compact topological space and
let Σ(S) be the Borel field of S. A vector measure v is a weakly
countably additive set function taking values in X. The vector measure
v is weakly regular if the scalar measures (v( ), ψ) are regular4 for
all φ in X*. The vector measure v is Φ-positive if (v(E), φ) ^ 0 for
all φ in Φ and E in Σ(S). A set function y** mapping Σ(S) into X**
is weak-*-regular if (φ9 y**( )) is a regular scalar measure for all φ
in X*. The set function v** is Φ-positive if (φ, v**{E)) ^ 0 for all φ
in Φ and E in Σ(S).

We now have

4 A scalar measure μ is regular if given ε > 0 and EQΣ(S) wi th \\μ\\{E) < o°,

then there is a compact Kc E and an open 0 Ώ. E such t h a t II μ 11(0 — K) < ε.
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THEOREM 3.2. Let Abe a self-adjoint commutative Banach algebra

whose involution satisfies the condition (α*) = a (e.g. A semi-simple)
and let Φ be a full family. If ψ is a mapping of A into X, then
ψ is Φ-positive and almost extendable if and only if there is a set
function v** mapping Σ{^^) into X** such that (i) y** is weak-*-
regular, (ii) v** is Φ-positive, (iii) y** has finite semi-variation, i.e.
\\ι>**\\(^f) < oo, (iv) the mapping T>** of X* into the scalar measures
on ^f given by Tv**{φ) — (v**( )> φ) is continuous in the X and C^^Y
topologies in these spaces respectively, and (v)

(3.3) (ψ(a), φ) = \ a(M)d(v**, φ)

for all a in A and all φ in X*.

Proof. Suppose first that ψ is Φ-positive and almost extendable.
Then ψ is continuous. Let ψ be the map of A into X given by
ψ(a) = ψ(ά). Then \\ψ(ά)\\ = \\ψ(a)\\ and

\(ψ(a), φ)\2 £ d\\ψ\\ \\φ\\(ψ(aa*), Ψ) £ d\\ψ\\ | | ^ | | 2 | | ^ ( α α * ) ||

for all φ in Φ (since ψ is almost extendable). Since Φ is full, there
is a p > 0 such that

<PΦΦ

Thus, there is a constant k{ — p2d\\ψ\\) such that

(3.4) U{aW^k\\f{aa*)\\

for all a in A. It follows that

^ ••• ̂  k*\\ f \\°\\a\

and hence, that ψ is a bounded linear map.
Since A is self-adjoint and commutative, A is dense in

and α/r can, therefore, be extended to C0(^t) Let ̂ e denote the ex-
tension of ψ to C C ^ ) . We claim that there is a weak-*-regular set

such that

(3.5)

for all / in C0(^T) and cp in X*.

5 If ̂ y^ is compact, then CoC^O is the set of all continuous complex valued func-
tions on t ^ \ If ̂ C is locally compact but not compact, then C0(,^€0 is the set of
all continuous complex valued functions on ̂ y^ which "vanish at infinity".

6 We apply (3.4) repeatedly and then use the spectral radius formula.
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To verify this claim, we let M{^?) be the space of all complex
valued regular measures μ on ^ for which \\μ\\ is finite ([11]). Note
that Co(^)* = M{^&) by the Riesz representation theorem. If Ee
Σ{^/S), then let TE be the element of C o ( ^ ) * * defined by

(3.6) TE(μ) = μ(E),μeM(^?).

Now define a set function v** of Σ(^/f) into X** by setting

(3.7) v**{E) = ψr(T,)

for E in Σ(^fί). We show that v** is weak-*-regular. If φ is an
element of X*, then ψ*(φ) is, by the Riesz representation theorem,
a measure μφ in ikf(^^). But

(3.8) μψ{E) = Γ^(ft) = r^ .*(^)) - ψ**(TE)(φ) = (v**(E), ψ)

and so, the set function v** is weak-*-regular. Moreover, since
ψf(φ) = (y**( ), 9) by 3.8, the mapping T,** satisfies (iv). Also,

(#.(/), ?>) ̂  #?(?>)(/) = t / ( ^ ) # , - ( f(M)d(v**, φ)

for / in C0(^C) so that 3.3 is satisfied. It is easy to check that
||v**||(^T) = II^JI ([4], p. 492) and so, (iii) is satisfied.

All that remains to establish the first half of the theorem is to
prove that y** is 0-positive. If / is an element of C^/t) with
f(M) ^ 0 for all M, then / 1 / 2 is in C0(^/f) and there is a sequence
{an} in A such that lim^^ άn = / 1 / 2. Since

\an{M) Mv*\ φ) ,

it follows that if ψ is an element of Φ, then

0 ^ (ψ(anai), φ) = [ \an(M) \2d{v*\ φ)

and hence, by taking limits, that

(3.9) ( f(M)d(v**,φ) ^ 0

for all φ in Φ and all / in C0(^f) with /(•) ^ 0. But (v**( ), ^)
when restricted to the Baire sets in ^ is a Baire measure, and as
such, is positive. The Baire measure can be extended to a unique
regular Borel measure ([2]) which must (by uniqueness) be (&>**(•)> ψ).
It follows that v** is Φ-positive.

Now suppose that i;** is given. Since the mapping Tv** is con-
tinuous in the X and Co(^/?) topologies, the linear mapping φ—>
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\ f(M)d(v**9 φ) is, for each fixed / in CQ{^€), continuous in the X-
topology of X* and is, therefore, generated by an element xf of X.
Thus, the mapping ψe of C0(^t) into X given by ψe(f) = xf is a
bounded linear map of C0(^f) into X. If a is an element of A, then
let ψ(ά) = ψe(a). Since \\ψ(a)\\ = \\fe(a)\\ ^ \\fe\\ l | α | | - ^ 11̂ .11 IMI, f
is a continuous linear map. If φ is an element of Φ, then

\&(M) \2d(v**, φ) ^ 0

and

, ?>) - ( a(M)d(v**, φ) = (φ(a), φ)

so that ψ is Φ-positive and symmetric. Also,

\{ψ{a), φ)\*

so that ψ is almost extendable.

COROLLARY 3dO. Let A be a self-adjoint commutative Banach
algebra with (a*) = a and let Φ be a full family. If ψ is Φ-positive
and almost extendable and ψ is weakly compact, then there is a weakly
regular Φ-positive vector measure v on Σ{^^) such that

(3.11) ψ(a) = \ ά{M)dv

for all a in A. Conversely, if v is a weakly regular Φ-positive vector
measure and ψ is given by (3.11), then ψ is Φ-positive and almost
extendable and ψ is weakly compact.

Proof. Suppose that ψ is given. Since ψ is weakly compact, ψj
is weakly compact and so, $f*(C0(^f)**) is contained in the natural
imbedding of X in X**. Thus, the set function y** given by 3.7
may be identified with a mapping v of Σ(^fί) into X. In that case,
(p( ), ψ) is an element of M{^€) for all φ in I * . It follows that v( )
is a weakly regular vector measure (as y( ) is weakly countably ad-
ditive). Clearly v is Φ-positive. Moreover, since

W e use the notation of the proof of the theorem.
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(ψ(a)9 ψ) = \jc(M)d(v, φ) = Qjt(M)dv, ?>)

for all φ in X*f 3.11 is satisfied.
On the other hand, if v is given and ψ is defined by 3.11 (note

that α( ) is bounded and continuous), then ψ is Φ-positive and almost
extendable. In fact, \\ψ(a)\\ ^ | |α |U |v | | (^ r ) ^ | | α | | \\v\\(^t) and

^)Γ ^ (+(««*), <P)0->(^), Ψ) so that ^ is extendable (xo =
X). Thus, to complete the proof we need only show that ψ

is weakly compact.
Now, ψ is clearly linear and, since

ψ is continuous. Let ψe be the mapping of C^(^) into X defined by

ψe(f) = I f(M)dv. Thus, it will be enough to prove that ψe is weakly

compact.
If 9? is an element of Z*, then ê*(9?) = O( ), ?>) is an element

of M(^#). Since the set {(v( ), ̂ ) ^ e X*, ||9>|| ^ 1} is weakly sequen-
tially compact as a subset of the space of scalar measures and since
v is weakly regular, ψf is a weakly compact mapping. It follows that
ψe is weakly compact and the corollary is established.

COROLLARY 3.12. If v satisfies the conditions of Corollary 3.10
and ψ is given by 3.11, then ψ is extendable. Conversely, if ψ is
extendable (rather than almost extendable) and if the involution on A
is continuous (e.g. A semi-simple), then a v satisying the conditions
of Corollary 3.10 exists (the other hypotheses of Corollary 3.10, are,
of course, assumed).

Proof. The first assertion was established in the course of the
proof of Corollary 3.10. The second assertion is an immediate con-
sequence of Corollary 2.14.

COROLLARY 1.13. If X is weakly complete, if A and Φ satisfy
the conditions of corollary 3.10, and if ψ is Φ-positive and almost
extendable, then ψ is weakly compact.

Proof. By the argument given in the proof of Theorem 3.2, ψ
is a continuous linear map. If A has a unit, then ^£ is compact.
Since A is dense in C^(^£), we may extend f to a continuous linear
map ψe of C0(^Γ) into X. As X is weakly complete, ψe is weakly
compact ([4], p. 494) and a fortiori so is ψ. If A does not have a
unit, then we extend A to A — A 0 C. Letting xQ be an element of
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X, we extend ψ to a mapping ψ of A into X by setting ψ(a + λe) =
τ/r(α) + λa?0 Then ^(α + λβ) = 'f(α) + λα?0 is a bounded linear map of
Ά into X. It follows that ψ is weakly compact and hence, that ψ is
weakly compact,

4* Bochner's theorem on a group* Let G be a σ-finite locally
compact abelian group and let A = Li(G, C). The involution on A is
given by a*(g) = α(—#) and is continuous. Let X be a Banach space
and let Φ be a full family. We shall prove a generalization of Bochner's
theorem for integrally Φ-positive definite mappings p in £«,((?, X) by
combining Lemma 2.20 with Theorem 3.2 and its corollaries. We have

THEOREM 4.1. (A) If v is a weakly regular Φ-positive vector
measure defined on Σ(G) (the Borel field of the dual group G) and if

(4.2)

then p is an integrally Φ-positive definite element of L^G, X).
(B) If p is an integrally Φ-positive definite element of !/«,((?, X),

then there is a set function v** mapping Σ(G) into X** such that
(i) v** is weak-*-regular, Φ-positive, and finite, (ii) the map Tv** given
by Tv**(<p) = (v**( ), ψ) is continuous in the X topology of X* and the
C0(G) topology of M(G), and (iii)

(4.3)

for all φ in X* and (almost) all g in G. (The null set on which
(4.3) does not hold may depend on φ.)

Proof. (A) Let p( ) be given by 4.2. Suppose, for the moment,
that p( ) is measurable. Then p is in L^G, X) since \\p(g) \\ ^ IM|(G)
for all g. Let ψ(a) = \ <x(g)p(g)dμ for a in Lγ(G, C). Then

JG

(ψ(a), φ) = \ a(g)\jyΓg)d(v, ψ)dμ
JG JG

U «(flθ(% g)dμd(v, φ)
GJG

, φ) =

for all φ in X* by the Fubini and Tonelli theorems. Since G and

^£ can be identified ([11] or [9]), we have ψ(cή = I ά(M)dv (as v
j^f

may be viewed as a measure on ^£)* But then (Corollary 3.10) ψ
is Φ-positive and extendable (Corollary 3.12). The result follows im-
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mediately from 2.22 of Lemma 2.20.
Thus, to complete the proof of (A), we need only show that p

is measurable. To do this it will be sufficient to show that, for any
set FczG with μ(F) < ooyPF(.) = χ^( )p( ) is the limit in measure
of a sequence of simple functions where χF is the characteristic func-
tion of F.

Since v is weakly regular, there is a finite, positive, regular
scalar measure λ such that \\v\\{E) —> 0 if and only if X(E) —> 0 where
[| v \\(E) is the semi-variation of v on E ([4]). Therefore, given ΎJ > 0,
there is a ξ > 0 such that if λ(G - if)8 < ξ, then \\v\\(G - K) < η/4
for K compact in G. Since λ is finite and regular, there is a compact
set KczG for which λ(G - K) < ξ and hence for which \\v\\{G - K) <
y/4. Let η, = τj/2\\v\\(G) and let

N(g; K, Vl) = {g'eG: (7,

Then N{g; K, ^) is an open neighborhood of g in G.
Now G is σ-finite and so there is an increasing sequence of sets

Gn with μ{Gn) < co and U Gn — G. Moreover, since Haar measure is
regular, given ε > 0 there is a compact set Ln S Gw such that
μ(Gn — Ln)<e. The sets N{g; K,ηx)y g e Ln, form an open cover of
L Λ . Thus there are gl9 , ^ Λ in L w such t h a t L Λ £ U&i ̂ "(^iί ^ ^i)
Let iVf - ΛΓ(^i; iΓ, 7)ύ and iV>+1 - JSΓ(βf<+1; K, η}) - (JSΓ^; if, Vi) U U
iV^^; UΓ? ^ J ) . Then L w £ U&i N? and the union is disjoint. Let p0 be
defined on Ln by po(^) = viΰi) if 0 e Nf and let p«f>?( ) be given by

( 4 4 ) ^ ' % ) = { 0 gtL.'

Then pε

n

>v( ) is a simple function and we claim that

(4.5) μ*({g e G n : | |p(</) - pϊr'{g)\\ > η})< e

where μ*(E) = mίEiμ{E^), E^E. For if # is in L%, then

- ( 7 , flr, -

L (7, g)[l - (7, flr* - g)]dv

- (7, gt - g)]dv

Here G-K is the complement of K.
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(for some i) so that {g e Gn: \\p(g) - pϊη(g)\\ >V)SGn- Ln. It follows
that 4.5 holds. Let pn(g) = pHnΛln(g) so that pn is a simple function.

Now suppose that a is any positive number. We show that

(4.6) lim μ*({g e F: \\p{g) - pn{g) || > α}) = 0

for any FaG with μ(F) < oo. So let ε > 0 be given. Then there
is an n0 ^ max (1/α, 2/ε) such that μ(F Π (G — Gn)) < ε/2 for n^ nQ.
It follows that

α}) + ε/2

g /**({</ e f Π G ; || p(g) - p.fo) || > 1/n}) + ε/2

g 1/w + ε/2 ^ ε

for n ^ ^ 0 In other words, pn converges to p in measure on F. The
proof of (A) is now complete.

(B) Let ψ(a) = \ a{g)p(g)dμ. Then ψ is Φ-positive and almost
JG

extendable by Lemma 2.20. It follows from Theorem 3.2 that there
is a set function y** on Σ(^/ίf) such that (i) and (ii) are satisfied and

(4.7) (φ(a), φ) - ί a(M)d(i>**, φ)

for all φ in X*. Since G and <^€ can be identified, y** may be viewed
as a set function on Σ(G) and

(4.8) Mα), φ) = \^a{g)W^9)dμ\d{v*\ φ)

for all φ in X*. Application of the Fubini and Tonelli theorems then
yields

(4.9) ί a{g){p{g)y φ)du = (^(α), 9) = ί a(g)qφ(g)dμ
JG JG

where g (̂̂ ) = ^(7, g)d(v**, φ). Since (p( ), 9?) and qφ( ) are in ^ ( G , C),

we have \\(p( ),φ) - g?( )IU = 0 for all 9? in X*. In other words,
4.3 holds. The proof of (B) is now complete.

REMARK 4.10. Since (7,0) = (—7, fir) and since the measure vx

(or the set function v**) given by vjβ) = v(-E) (or i;**(^) = v**(-E))

has the same properties as v (or 1;**), p(g) is given by j>(flr) = \ A(7, g)dvι

S JG
Λ(% 9)d(vf*, φ)) t τ h i s agrees with convention
G

in the scalar case.]
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We observe that if the hypotheses of (A) are satisfied and ψ(a) =

1 a(g)p(g)dμ, then the mapping ψ of A into X given by ψ(a) = ψ(a) is
JG

weakly compact (Corollary 3.10). Note also that if X is weakly com-
plete and p( ) is an integrally Φ-positive definite element of L^G, X),
then ψ is weakly compact. This leads to

COROLLARY 4.11. // X is weakly complete and if p is an integrally
Φ-positive definite element of L^G, X) then there is a weakly regular
Φ-positive vector measure v on Σ(G) such that

(4.12)

for all φ in X* and (almost) all g in G. If, in addition, Φ is count-
able, then

(4.13)

for (almost) all g in G.

Proof. The first assertion follows Corollary 3.12. On the other
hand, if Φ = {φ4} is countable, then there is a μ-null set N such that

(p(ΰ) — q(g), Ψ) = 0 for all φ in Φ and g £ N where q(g) = \ A (7, g)dv.
JG

But then

= o for g$N.

It follows immediately that \\p( ) — ?( )IL = 0, i.e. that 4.13 holds.
In order to state our final corollary we require

DEFINITION 4.14. Then element p of L^(Gy X) is dominated if
there exists a finite regular positive Borel measure λ such that

(4.15) ί a(g)p(g)dμ <£ ί \a(y)\dX
JG JG

for all a in Lλ(G9 C), where a is the Fourier transform of a.

COROLLARY 4.16. Assume Φ is countable. Then p is a dominated
integrally Φ-positive definite element of L^G, X) if and only if there
exists a weakly regular Φ-positive vector measure v of finite variation
mapping Σ(G) into X such that

(4.17) p(g) = \Λ
JG
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Proof. We have only to note that there exists an isomorphism

between the set of weakly regular vector measures v: Σ(G) —> X with

finite variation and the set of bounded linear operators T: C0(G) —> X

for which there exists a finite regular positive Borel measure λ such

that | | Γ ( / ) | | ^ [\f(y)\d\. This isomorphism is given by T(f) =

ί f{i)dv9 ([2], p.G380, or [8]). Now using Theorem 4.1 (B) we have,
JG /f \ f
if we assume the existence of p, that ( \ f(i)dv, φ) = \ f(j)d(v**, φ)

^\}G / )G

for any / in C0(G), φ in X*. But C0(G)* = M(G), the space of regular
complex valued measures defined on Σ(G) of finite variation, and
(<P, v**), (v, φ) are in M(G). Thus, for any E in Σ(0), {v{E), φ) =
(9>, v * * ^ ) ) . Consider v{E) as an element of X**, then v{E) = j;**(J&)
and so v** is actually a measure. From the countability of Φ we
derive (4.17).

The converse follows immediately from Theorem 4.1 (A).

5* Some Examples* We now give several examples of spaces
to which the theory applies.

EXAMPLE 5.1. Let X = ^([0,1], C). Note that X is weakly com-
plete. If Σ = Σ([0,1]) is the Borel field on [0,1], then I7 is a separ-
able metric space with respect to the usual metric d{Ey E') — μ(EAE')
where EΔEf = (E - £") U {Er - E) is the symmetric difference of E
and Er. Let {ϋy be a countable dense set in Σ with E1 = [0,1].
Let Xi be the characteristic function of Ei and let <pt be the element
of X* given by

(5.2) (*(•), Ψύ = \1χi(s)x(s)ds .
Jo

If φ — [φi}i then ULΦ is the cone of (essentially) nonnegative functions.
Note also that ||9><|| ^ 1.

Now we claim that Φ is full. Set x+(s) = max {0, x(s)} and x~(s) =
max{0, — x(s)} for real x in X. Then x(s) = α;+(s) — x~(s) and |α?(s)| =
α;+(s) + x~(s). Moreover, x+ and x~ are nonnegative. Letting

rri

LJo

(i.e. x0 — a;+ or α;~ according to which integral is greater), we see that

(5.3) \ \ x ( - ) \ \ 1 ^

for real x in X. Now, suppose, for example, that xQ — x+. Since x+

is measurable, (^^^([O, <*>)) = E is in Σ and \ α?0(s)cZs = \ x+(s)ds =
Jo JJJ
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x(s)ds. As {Ei} is dense in Σ, there is a sequence {Ei n) such that

d(Eifn, E) —> 0 as n—^cxo. But 1 x(s)ds — \ x(s)ds <j 1 \x(s)\ds

S JEifn JE jEi>nJE

\x(s)\ds = 0 as μ(Ei,nΔΈ) —> 0 as n—> oo and a? is in
ZΊ([0, 1]3 i2). It follows that there is a sequence {φitn} such that

S i ri

#0(s)c£s and hence, t h a t \ xo(s)ds <̂  supφ | (x, φ) |. Now
o Jo

choose any x in X. Then α; = x1 + ix2 where #i( )> %*{•) are real valued.
But ||9>|| <; 1 for φ in Φ and so,
(5.4) 11 a? Ik ^ I |^i Hi + 11 2̂ Ik ^ 4 sup |(α?, ?>)| ^ 4 sup{|(^, <£>) |/||<p||}

φe Φ ψ eΦ

for all x in X.

EXAMPLE 5.5. X = if be a separable Hubert space. Fix an
orthonormal basis {ej in £Γ. If h e H, then h = hλ + ίft2 where ftx —
Σ Re {(h, ei}}ei and ft2 = Σ Im K^, 6i>}^. An element h is reαi if
h — ftlβ Let ίZo be the set of all real elements ft such that (i) ||ft|| <£ 1,
(ii) ft is positive i.e. <ft, βi> Ξ> 0 for all i, (iii) ft is rational i.e. <ft, β̂>
is rational for all i, and (iv) ft is finite i.e. only a finite number of
components <ft, β̂ ) of ft are not zero. Since H* can be identified with
H, we let Φ = Ho. In other words, if φeΦ, then (ft, <p) = <ft, A:> for
some k in iϊ0. The cone Kφ is the set of all positive real elements
of H.

We claim that Φ is full. Suppose first that ft = ftx is real. Then
fti = ^i+ — ftΓ where <ft̂ , β̂> = max {0, <ft1? β̂ )} and <ftr, e<> = max {0, —
<ft:, e,>} for all i. Note that P J I 2 - ||ftί ||2 + ||ftr||2. Let ki be the
element of Ho with components <&ί, ê ) given by

(5.6) <A:+, β, > = -L . Λ 7

(0 ^ > N

where N is chosen so that

oo "I

(5.7) Σ \{K, e{}\2 < — ^ P i + | | 2

and Ti is a nonnegative rational such that

(5.8) <ftL

+, βi} Ξ> rillftfll i

Clearly || A ί - ftί/Pί || || < 1/n. It follows that (ft+, ki) — P ί || as n— co.
Similarly, there is a sequence ά~ in Ho such that (ftr, Λ») —> ||ftrll ^s
^ _^ oo. Noting that for any h — hλ + ih2 in H, \ (h, φ) \ ̂ > max {| (ft̂  ?>) |,
I (K Ψ) I)' we have
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Pill1 = IICT + IIΛΓII" = lim (ht, kt)2 + \im{hτ, k-γ

^ Ira" I (ht, ki) |2 + ΠEΓ| (ht, K) |2 ^ 2 sup | (hlt φ) |2 .
φBΦ

Now, if ft = h, + ΐft2 is any element of H, then \\h.\\2 = ||ft||2 + P 2 | | 2 ^
2 sup, I (hu φ)\2 + 2 sup 1 (ft,, φ) |2 ^ 4 sup, | (ft, ?>) |2. Since 11 φ \ | ^ 1 if
φeΦ = HQ, we deduce that

for all ft in H. Thus, Φ is full.

EXAMPLE 5.9. Let H be a separable Hubert space and let X =
Jϊf(H, H) be the space of bounded linear maps of H into itself. Let
Ho be a countable dense subset of the closed unit ball in H and let
Φ = {φe X*: (T, φ) = <T&, fc>, for some k in Ho}. The cone KΦ is the
set of positive operators in <2f{H, H). Since || Γ| | ^ 2 supn^,^ |<Tft, ft> |
for T in S^{H, H) and since ||9>|| <̂  ||fc||2 ^ 1 for k in £Γ0, we have
| | JΓ | | ^ 2sup{|(Γ, φ)\l\\φ\\). In other words, Φ is full.

EXAMPLE 5.10. Let S be a bounded domain in Rn and let X =
r, C) where 1 < p < oo. Let ^ be the Borel field of jgr. Then

Σ is a separable metric space with respect to the usual metric d(E, Ef) =
μ{EΔE'). Let 2Ό = {-&*} be a countable dense set in Σ which include
all hypercubes with rational vertices contained in £gr and let Q =
{a + δi G C: α, δ rational}. Let ^/ be the set of simple functions of
the form Σ?=i (liliEi where the qt are in Q and the Eι are disjoint ele-
ments of Σo. Note that g^ is a countable subset of Lq(£gr9 C) where
1/p + 1/g = 1. It is easy to check that ^/ is dense in Lq{&, C). An
element Σ?=i ^Λ^ of ^ is positive real if ĝ  is a nonnegative real
number for i = 1, •••,%. Let Φ be the subset of %/ consisting of all
the positive real elements. Since X* = Lp(&r, C)* = I / , ( ^ , C), Φ c X*
and the cone ίΓφ is simply the set of nonnegative functions in Lp(££r, C).
The proof that Φ is full is straightforward and is, therefore, left to
the reader. Theorem 4.1, when interpreted in this context, becomes:

COROLLARY 5.11. // p is an element of L^(G9 Lp(^, C)) such

that \ \ ξ{g)ξ{gf)p{g — gf)dμdμ is a nonnegative function in Lp(j3f, C)
JGJG r

for all ξ( ) in LX{G, C), then p(g) — \Λ(Ύ,g)dv where v is a weakly
JG

regular measure on G such that v{F) is a nonnegative function in
, C) for all F in Σ(G), and conversely.

This corollary plays a role in the study of positive solutions of
certain partial differential equations.
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EXAMPLE 5 12. Let H be a separable Hubert space and let ^ =
^ ( H , H) be the closed ideal of compact operators in <2?(H, H). It
is well-known ([3]) that £f(H, H)* = J ^ 0 <£f ̂  where ΐf-1 is the an-
nihilator of ^ and =2̂  is the trace class. Moreover, £έ\ is isometri-
cally isomorphic with ^ * and ^ * * is isometrically isomorphic with
<g>* = J*f(H, H). Now let iJ0 be a countable dense subset of the

closed unit ball in i ϊand let Φ = {<pe^*:(T,φ) = (Tk, k} some k in
Ho}. The cone Z* is the set of positive compact operators and Φ is
a countable full family.
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