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FEYNMAN INTEGRALS OF NON-FACTORABLE
FINITE-DIMENSIONAL FUNCTIONALS

G. W. JOHNSON AND D. L. SKOUG

Let C0[a, b] denote the space of continuous functions x on
[α, b] such that x(a) = 0. Recently Cameron and Storvick
defined an operator-valued Feynman integral Jq(F) of func-
tionals F on Co[a, b]. Let F(x) = f(x(ti), , x(tn)) where a =
to < tί < < tn = b. The present authors earlier established
the existence of Jg(F) for functionals F as above under the
assumption that / is factorable and bounded. In the present
paper it is shown that with the f actorability assumption com-
pletely removed, J-i(F) may fail to exist even with / required
to be in Lp(Rn) for 1 ^ p ^ °o. On the other hand it is shown
that Jq{F) does exist under the rather surprising condition
that / e 1,21...i2 where L21...12 is the set of all complex-valued
measurable functions / on Rn(n ^ 2) such that H/H21..12 =
11/11 < 00 where

l/2 η2 Yl/2

d u 2 - d \ d \

11/11 -{
G oo \

I f(ulf •••,!*») \2duΛ
Another positive result shows that if F is an analytic function
of a finite sum of factorable functions, then Jg(F) exists.

Cameron and Storvick introduced their operator-valued function
space integrals and, in particular, their operator-valued Feynman
integral in [2]. The study of these integrals has continued in [3,
4, 5, and 6]. A related function space integral associated with a
general Gaussian-Markov process instead of the Wiener process has
been considered in [1].

Insofar as possible we adopt the definitions and notation of [2
and 4]. Throughout the paper we assume that F has the form given
above where f is a measurable function on En.

In Theorem 1, we establish the existence of Iλ(F) for Reλ > 0.
Here no factorability is required, and the hypotheses on/are minimal
enough so that any bounded and some unbounded functions / are
allowed. Further we show that Iχ(F) is the strong operator limit of
the operators Iσ

λ{F) rather than just the weak operator limit as re-
quired by the definition. Comparison of Theorem 1 and the corre-
sponding result in our earlier paper [4, p. 777] shows that, even in
the factorable setting, the present result is stronger.

Theorems 2 and 3 contain the positive results mentioned above.
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258 G. W. JOHNSON AND D. L. SKOUG

In Theorem 3, the assumptions on F preserve "enough factorability"
so that the proof can be carried out. In Theorem 2, the "sufficient
condition" requires no factorability. Further work is in progress con-
cerning this condition.

The example mentioned above is perhaps the main contribution
of this paper. The functional F in the example is very restricted;
F depends on x only through the values of x at three points, and
the associated function / on Rz is severely restricted, and yet, J-^F)
fails to exist. This example rules out many attractive conjectures in
regard to the extent of the existence theory for Jq(F).

In the positive results concerning Jq(F) the operator Jq(F) is
obtained as the strong operator limit of the operators Iχ(F) as λ —> — iq
in C+ — {λ e C: Reλ > 0} rather than just the weak operator limit as
required by the definition. Further, the existence of Jq(F) is obtained
for all q Φ 0 as in [3, 4, and 6] rather than the indeterminate
"almost every nonzero g" as in [2 and 5].

1* Non-factorable finite dimensional functionals* Our first
Theorem deals with the existence of the operator Iλ{F) for Reλ > 0.

THEOREM 1. Suppose f(uu •••, un) is such that for every p > 0,
the function Bv(uu , un, ξ) = f(uu •••,%») exp [-p Σ j = 1 (% - %_i)2]
is bounded, say by H(p). Then Iλ(F) exists for every λ e C + and, in
fact, Γλ(F) ~+Iλ(F) in the strong operator topology as \\σ\\—*0 (as in
earlier papers, u0 = ζ)

Proof. For ψeL2 and ζ e (— oo, oo), let

(Kλ(F)ψ)(ξ) - AX^2 Γ (n) Γ f(uu , un)ψ(un)

(i) 7° .
x exp ( — 2

where A - [(2ττ) (ί1 - α ) . . . ( ί n - ί^O]"172-

We wish to show that Kλ(F) e Jίf(L2). The inequalities necessary
to show the boundedness of Kλ{F) will be given in some detail while
similar details will be omitted later on in the proof. First note that

I (Kλ(F)ψ)(ξ) I <£ A I λ r Γ {n) Γ \f(uu , un) \ \f(un) \ .
J—oo J—oo

exp ( - T I ^ Σ (% - «,-,)•) exp(-
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x exp ( - Σ

= H( R e λ )(2 I λ |/ltav,)W R e λ )"' Γ
4(δ ) 4 ( δ ) / J-

)(2 I λ |/ltav,)W
— α ) / \4π(δ — α)

4(6 — α)

Hence by Lemma 1 of [2],

( | ^ ) I λ |/Re λ)
> 4(6 - α)

and 1

Now the argument given in [2, p.530] shows that for λ>0, Kλ(F) =
Iχ{F). Further we claim that an application of Morera's theorem
shows that Kλ{F) is an operator-valued analytic function of λ for
λ e C+. To establish this, it suffices to show that for every ψ, ψ e
L2, h(X) = {Kλ{F)ψ, φ) is an analytic function of λ in C+. To begin
with one shows that h is continuous in C+. Let λ e C+ and suppose
that {λj is a sequence in C+ such that λ;—>λ. Let D be an upper
bound for {|λ<|} and E > 0 be a lower bound for {ReλJ. To obtain
the continuity, one applies the Dominated Convergence Theorem.
The expression

(2) D^ AH(
 E ) I ψ(un) I I φ(ξ) I exp ( - ±
V 4(6 - α) / V 5 = i

will serve as a dominating function and is an integrable function of
ul9 •••, wΛ, and ί.

Now let Γ be a triangular path in C+. We wish to show

\ (Kχ(F)ψ, φ)dX = 0. This is clear from the Cauchy Integral Theorem
JΓ

if one can justify moving the integral with respect to λ inside the
other integrals. But, if D is chosen as an upper bound for {| λ |: λ e Γ}
and E > 0 is chosen as a lower bound of {Reλ: Xe Γ} then the func-
tion in (2) is integrable with respect to uu , un, ξ, and λ, and domi-
nates the function in question. Hence the use of Fubini's theorem
is justified.

Since Kλ{F) is analytic in C+ and agrees with Iλ(F) for λ > 0,
IΓ(F) exists throughout C+ and equals Kλ(F).

We finish the proof by showing that Γλ(F) —> Iλ(F) in the strong
operator topology as ||<7|| —»0 for each fixed λeC + . It suffices to con-
sider a fixed ψ e L2 and a sequence {α J of partitions such that H^ || —>0
and show that | | /^(F)^ - Kχ(F)φ\\->0. We will do this by showing
(i) there exists an L2-function which dominates Ia

λ

ι{F)^r for \\Oi\\ suf-
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ίiciently small and (ii) (l!*(F)ψ)(ξ) — (Kλ(F)ψ)(ξ) for all f e ( - c o , oo).
(i) implies that the sequence {||Ij7ί(i<7)'f ||} is bounded, and that, along
with (ii) implies that Iχi(F)ψ —• Kλ(F)ψ weakly, (i) and (ii) allow one
to use the Dominated Convergence Theorem and write

and this, along with weak convergence, implies the desired strong
convergence.

So it remains to establish (i) and (ii). For the rest of the proof
we consider partitions σ^ a — s0 < sx < < sm — b such that 2 (1^ |[ <
min {h — a, •••, tn — ίΛ_J. By carrying out m — n integrations we
obtain

(IΠF)f)(ξ) = λ"'2[(2τr)M(r1 - a) (r. - r ^ ) ] - 1 ' 2 ! " (») Γ f(ulf •••,«.)
J_oo J_oo

x ψ(un) exp ( - Σ ^ ~ % - \ ) 2 W ~-dun

where r0 — a and r} is that s^ such that sκ ^ ί3- < sκ+ι. Hence

I (I?(F)ψ)(ξ) I

-a)

( 3 )
x

4(6 - a)

) I exp ( - ^ ^ ~ f W
\ 4^(6 — α) /

Now by Lemma 1 of [2], the right hand side of 3 is an L2-function
of ί, which establishes (i). To obtain (ii), fix ξ and note that since
the integrand in the right hand side of (3) is the product of two L2-
functions, it is integrable. Hence the integrand in the middle term
of (3) is a dominating integrable function and since rs —> ty as || 0* || —• 0,
the Dominated Convergence Theorem gives the desired pointwise con-
vergence.

In the next theorem we show that if feL21...12 then the operator
Jq(F) exists. On the other hand we show in an example below that
if the condition /eL 2 1... 1 2 is replaced by the condition feLp(Rn) for
1 ^ V ^ °° > then the operator Jq(F) need not exist. We mention that
(L21...12, || ||2i...i2) is a Banach space; this can be shown in much the
same way that one shows Lp to be a Banach space.

THEOREM 2. Let F(x) = f{x(tj, , x(tn)), n^2, where /eL 2 1... 1 2.
Then Iχ{F) exists for every XeC+ and is given by (1). Furthermore
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Jq(F) exists for all real q Φ 0 and Iχ(F) —> Jg(F) in the strong oper-
ator topology as X—> —iq. Also Jq(F) is given by

( 4 )

and

(5)

where

( 6 )

and

/ n \ 1/2 (£){•«»

(Jq(F)f)(ξ) = (—1 -) I

x exp

p(X) =

; λ, ^ ) =

2(<! — a)

\Jq(F)\\^p(\q\)\\f\\

[(ίa - tθ (ί. - ί-i)Γ1/2

\ (ft ~ 1) 1
J — CO J—C

/or ψeL2 and Re λ ^ 0, λ Φ 0.

Proof. First we see that for ψ e L2, g(ψ; X, •) is in L2 for all
λ ^ 0 such that Reλ ^ 0. This follows since, by the Schwarz ine-
quality, we have

; λ , ) l l 2

- Γ I g(ψ; λ,
J—oo

| λ | - 2) Γ
J—o

n ) |

x I \ I/fan ^2, , %») I \f(u>i, w2, , wn) I duAdu2 dundw2 dw%

| λ!
S i ' ψ { U n ) ' [ 5 1 ( n ~2) S

x

Thus the right side of (1) and the right side of (4) define operators,
which we shall temporarily denote by Kλ{F) and Kq{F) respectively.
By Lemma 1 of [2] we have

Kλ(F) || ^ 11/11 a n d \\Kq(F) \\ ^ p(\q\) \\f\\ .

Next we wish to show that Iλ(F) exists for all XeC+ and is
given by (1). First we note that for X > 0, Iλ(F) exists and equals
Kλ(F) (In fact that is how Kλ{F) was obtained; we evaluated the
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Wiener integral defining Iλ{F) for λ > 0, took the obtained expression
and used it to define Kλ{F) for λ e C + ). We need to show that
Γλ

eq{F) and IΓ(F) both exist and equal Kλ(F). We claim that an
application of Morera's Theorem shows that Kλ(F) is an operator-
valued analytic function of λ in C+. The details are similar to those
given in the proof of Theorem 1 above. Thus I**(F) exists and equals
Kλ{F) throughout C+. Next we will show that Γλ(F) -*KX{F) in the
strong operator topology as ||0"|| —»0 for each fixed λ e C + . Again,
as in the proof of Theorem 1, it suffices to consider a fixed ψeL2

and a sequence {σj of partitions such that H^H—*0 and show that;
(i) there exists an Z,2-function, say G(ζ), which dominates (Iχi(F)ψ)(ζ)
for 11(7*11 sufficiently small, and (ii) (l!i(F)ψ)(ξ) -> (Kλ(F)f)(ξ) as
110*11—>0 for almost all real ζ. To establish (i), note that for any
partition α*: a = s0 < s1 < < sm = 6 such that 2 || σt || < min
x {ti — a, , tn — ίw_i} = d we have (see (3) and the preceding equa-
tion) that (Iϊ*(F)ψ)(ζ) is dominated by G(ζ) where G is defined by

rV R e λ / \27r(6 — α)/ J-« V 2(6 — α)

x I I (n - 1) j I ir(un)f(uί9 -- ,un)\du2--- d^jiu, .

S CO |Όβ

(?i — 1) \ I ψ(un)f(ulf * ,un)\ du2 dun is an L2-function of
—oo J—oo

uly G is in L2. Moreover G(ξ) is always finite since the exponential
is also an L2-ΐunction of ux. To establish (ii), let ξ be any fixed real
number. Then for any partition σ{: a = sQ < st < < sm — b such
that 2 || σ41| < d we have (see the equation and notation preceding (3))
that the quantity

λ /*[(27r) (r1 - α) (rn - v J l ^ f W M , , wn)

is dominated by the quantity

(\ λ IY/21 , / \s,
( W ) I ̂ (un)f(uu , w») I exp Σ ^ r
V 7rd / L i=i 2(6 — α)

Γ ^ Re λ ( % - Uj ΛH
exp - Σ ^ r 1 1 ^

L i=i 2(6 — α) J

which is in L^R^) as a function of ^1? , wΛ. Thus by the Dominat-
ed Convergence Theorem

lim (IHF)f)(ξ)
11(7*11-0

Γ -1-1/2 foe pc»

= lim λκ '2 (2π)M(r1 - o) ( r . - »•„_,) (») ψ>K)
l l ^ M-o L J J-oo J-co

., un) exp Γ- Σ M^ - % -
L i-i 2(ry - ry_t

x
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)%(ί1 - α) (tn - tn^)]-ίμ j ^ (n)

x /(^, , w ) exp Γ- ± M^-^-O

Thus Γλ

eq{F) exists and equals KλiF) throughout C+.
We will finish the proof by showing that Iλ(F) —* KqiF) in the

strong operator topology as λ—• — iq.

For geL2 let iCλg)(ξ)

exp
lit, - a)

and

exp ( * ψjg(u)du
V 2(ί a) /

ψjg(u)d
x — a) /

Let {λm} be a sequence in C+ such that λ m -*— ίg as m—» oo and
such that I λw I < I g I + 1 for all m. We need to show that
\\Iλm(F)ψ — Kq(F)ψ || —*0 as m—>oo. Clearly it suffices to do this
for ψ a continuous function with compact support.

Note that

- Kg(F)ψ || - || Cλmg(ψ; λm, •) - Uqg(Ψl ~k, •) II

^ II C,m || || g(ψ; λm, •) - # ( f - ig, •) ||

+ II Cλmg(ψ; - ig, •) - Uqg(f> ~ W, •) II

But in [4, pp. 776-779] we showed t h a t || Cλm \\ = 1 and t h a t | |C
iq, •) — Ugg(ψ; — iq, •) | |—>0 as m—> oo, Hence it suffices to show
\\g(φm>ϊ»m> ) — g{ψ\ — ig> ) I!—>0 as m—> co# This follows by use of
the Dominated Convergence Theorem since g(ψ; λm, ^ ) is dominated
by t h e L2-function GL defined by

l/(^i, , wΛ) I I f(un) \du2-- dun

while g(ψ; λm, ^ ) —>g(ψ; —iq, u^ as m—> co for all % such t h a t GiOO
is finite.

COROLLARY. Let F(x) be as in Theorem 2 and assume that
fin,, , un) = Πi=i/ iW where fl9 fn e L 2 ( - oo, co) and fά e L,i~ oo, oo)
for j — 2, 3, , n — 1. Then the conclusions of Theorem 2 hold.

Note that even in the factorable case, this corollary yields the
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existence of Jq(F) for some F's not covered by the earlier Theorem
[4, p. 778] as the //s above need not be bounded.

Next we come to the example which was discussed in some detail
in the introduction. In addition to our earlier remarks, note that in
case n — 2, L2(R2) = L22, so that in order to obtain an example of the
type we have, one must go at least to a function / on R3; R2 is not
enough.

EXAMPLE. For convenience let a = 0, tt — 1, t2 — 2, t3 = 3 = 6. Let

f(x, y, z) = (In z)"2(ln y)~2 exp [-xyz/2 + i(z - y)2/2 + i(y - x)2/2 + ix2/2]

for x > 0,2/^2, z ^ 2 and let / vanish elsewhere. Clearly / is bound-
ed by (In2)~4 and so feLp(R3) for 1 <̂  p ^ co since

Γ Γ Γ
J CO J OO J CO

Let F(x) =f(x(ΐ), x{2), x(S)). We will show that J^{F) doesn't exist
by finding φeL2 such that Umx_iIλ(F)φ doesn't exist in the weak
topology on L2. As a matter of fact, H(ξ) = limx^i(Iλ(F)φ)(ξ) will
exist for all £e(—<*>, oo) and H will be a bounded uniformly con-
tinuous function, but H$ L2

By Theorem 1 we know that Iχ{F) exists for all λ e C+ and is
given by the right side of (1). For ψeL2 let (as in the proof of
Theorem 2, we use (Kq(F)f)(ξ) to denote the right hand side of equa-
tions (1) and (4) when λ = —qi, q real and nonzero)

where

) - J ( ί / 2 π ) L~D l n ~̂2(ln y^2 exp (-χyz/2)ψ(z)dydz > x > °
10 , x ^ 0 .

We will establish the following; (a) For each ψ eL2, (Iλ(F)ψ)(ξ) -+
(K^.ι(F)ψ)(ξ) as X—>i for all ξe(— oo, co), (b) there exists ^eL 2 such
that K^1(F)φ^L2, and (c) Iλ{F)φ doesn't converge weakly to an La-
function as λ—*i (and hence J-^F) doesn't exist).

First we note that g(ψ; x) exists pointwise in x for all ψ e L2

since for x > 0,

I g(ψ; x) I ̂  [πx{\n 2) 2 ]" 1 Γ
J2

<

Furthermore, g(ψ; )^^i(—°°, °°) for all ψeL2 since
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r
J-c () y(y)

Thus (a) follows upon use of the Dominated Convergence Theorem.
Now let φ(z) = 2Γ1/2(ln z)"1 for z ^ 2 and let $*(s) vanish for 2 < 2.

Clearly φeL2, Φ$ Lx and 0(3) ̂  0 for all z. We claim that g(φ; •) $ L2.
This follows since

II<^; ) I I 2 = \~\g(Φ;χ)\zdx
Jo

- (2ττ)-2 Γ ΓΓ Γ (In z)-2(ln y)~2e-{xyz)/2φ(z)dydzldx

= (2π)~2 Γ φ(z)(ln z)~2 Γ ^(ί)(ln t)~2 Γ (In i/)"2 Γ (In s)~2

J2 J2 J2 J2

x \ exjy(—x(yz + st)/2)dxdsdydtdz
Jo

= 2(2ττ)-2 Γ ί5(2)(ln 2)-2 Γ φ(t)(ln t)~» Γ (In t/)-2 Γ (In s)"2

J2 J2 J2 J2

x (st + yzj^dsdydtdz

:> 2(2ττ)-2 JJ φ(z)(ln z)-2 J j #(t)(ln ί)~2 j j (In 2/)-2 j j (In s)~2

x (si + yz)~ιdsdydtdz

^ (2τr)-2 ί°° ^(«)(ln ^)~2 Γ ^(ί)fln t)~2 Γ y-^ln y)~2 Γ ^ ( l n s)~2dsdydtdz

= (2π)~2 Γ ^(«)(ln 0)~ 3 ^ Γ 0(ί)(ln ί)-3dί
J2 J2

ί2°° ̂ -1/2(ln zY'dz Γ r 1 / 2(ln t)'4dt = + 00 .

But #(0; .) $ L2 implies K_1(F)φ^ L2 by the Plancherel theorem. Thus
(b) is established.

To establish (c), assume Iχ{F)φ converges weakly to an L2-func-
tion as λ—*ΐ. Let {λw} be a sequence in C+ such that Xm-+i as
m —> 00. As {Iλm(F)φ} converges weakly there exists M ^ 0 such that
II hJF)φ ||2 ^ ikί for all m. But IχJF)φ converges pointwise to K_1(F)φ
as m—> oo.

Hence

\(IλJF)φ)(ξ)\2dξ
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which contradicts the fact that K^(F)φ$ L2. Hence Iλ(F)φ doesn't
have a weak L2-limit as λ~>i and so JLI(JF) doesn't exist.

2* Analytic functions of finite sums of factorable finite-dimen-
sional functionals*

For 1 <: j ^ m, let a = t0>j < •• < tnjtί = b be a partition of [α, 6].
Also for 1 ̂  i ^ m and 1 ̂  i ^ %, let /# be a function of one variable.
Finally, let G be a function analytic at 0. In this section we consider
the existence of Jg(F) where Fhas the form F(x) = G (Σ?=i Π**=i/i;[»(ίi,i)]).
By multiplying, if necessary, by additional functions fiά which are
identically 1, we can, and will, assume that the partitions are the
same for every j .

THEOREM 3. Let a = tQ < tx < < tn = b be a partition of
[a, 6]. For each 1 ̂  j <̂  m and 1 iζ i <. n, let fiό be a function which
is essentially bounded, say by Mid. Suppose G(z) — Σ?=o %^& is a
function analytic at 0 with a radius of convergence R > ΣΓ=i Tίΐ^i^ij =
M. Let F(x) — G(H0(x)) where H0(x) = L(x(t^, , α?(ίn)) α^d, in turn,
L(ul9 , un) = ΣΓ=i Πί-i/iyW T7/^^ ΛC^7) exists for every q^O and,
in fact, Iλ{F) —>Jq(F) in the strong operator topology as λ—» — iq in
C\ Moreover \\ Iλ{F) \\ ^ Σ?=o \ak\Mk for all XeC+ and \\Jq(F) || ^
ΣΓ=o I % I MΛ for every q Φ 0.

Proo/. For each integer A; ̂  0, let Ffc(x) = [HQ(x)]k. From [4, pp.
777-8], one sees that Iλ(Fk) and Jq(Fk) exist for all λ e C + and all
q Φ 0 respectively. Also by comparing [i?0(^)P and [ΣiU Π?-iΛ^i]fc =
Λί̂  and using the decomposition of Iλ(Fk) and Jq(Fk) described in [4,
p. 778], one sees that || Ix(Fk) \\ S Mk and || Jq(Fk) \\ ^ MK Further
Iλ(Fk) is given by

(Iλ(Fk)ψ)(ξ) = X^A J ^ (n)

x exp f - Σ λ ( % ~ ui-^\du ...dunP V n 2(t ί ) /

Jq(Fk) is given by a similar formula but with λ replaced by — gΐ and
the integrals interpreted in the mean.

The existence of Iλ(F) for λ e C+ follows from Theorem 1 and we
have

- X^A Γ (n) \ ψ{un) |~Σ akL
k{uu

( 9 ) J-°° J b = 0

x exp ( -

Now since || Σkίni akIλ(Fk)ψ || ^ Σ&iTOl I ^ I Mk, it is clear that for every
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f e L 2 , LJ(F)ψ ΞΞ YJk^akIλ{Fk)Ψ converges in I/2-norm as N
But taking

I λ | ψ{nn) \\±\ak\ Mk] exp Γ-Σ R e M ^ - % - i H

as a dominating function and applying the Dominated Convergence
Theorem much as in the proof of Theorem 1, we see that If(F)ψ
converges pointwise to Iλ(F)ψ. Hence we must have

(10) || Iλ(F)ψ - I?(FH II — 0 as JV-> co .

Now let Kq(F) = ΣΓ=o Jg{Fk) and Jf(i^)t - ΣLoJq(Fk)ψ. From
our earlier estimates on || Jg(Fk) ||, it is clear that this makes sense
and

(11) \\Kq(F)f-JΪ(F)f\\-+0 as N-+<*>.

We finish the proof by showing that Iλ(F) —> Kq{F) in the strong
operator topology as X-+—iq in C+. (Once this is done, the norm
estimates on Jq(F) and Iλ(F) follow readily from (10) and (11).) But
the desired convergence follows from (10) and (11) and the fact [4,
p. 778] that If(F) -*J*(F) in the strong operator topology as λ —> —iq
in C\

We should remark that the present theorem is related to the
theorem in [4] in much the same way that Theorems 7 and 5 of [2]
are related.
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