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ON NORMAL SUBGROUPS OF DIFFERENTIABLE
HOMEOMORPHISMS

JAMES V. WHITTAKER

The algebraic side of the group of all homeomorphisms
of an interval or a circle has been studied exhaustively. In
this paper the objects of study are the homeomorphisms with
local polynomial approximations at each point. The algebraic
side of the group of all such homeomorphisms is examined,
particularly the minimal normal subgroup and the commuta-
tor subgroup. The results are like those in the topological
case.

The normal subgroups of the group H(X) of all homeomorphisms
from a locally euclidean manifold X onto itself have been studied by
various authors for nearly forty years. The minimal normal subgroup
of H(X) has long been known to be the group SH(X) generated by
the members of H(X) that are the identity outside some euclidean
ball, and the manner of proof shows us also that SH(X) has no proper
normal subgroups of its own. When these same questions are asked
of the group CDn(X) of all w-times continuously diίferentiable homeo-
morphisms, then the answers are much harder to come by. Recently
D. B. A. Epstein [1] showed that the minimal normal subgroup and
the commutator subgroup Cn of SCDn(X) are one and the same and
that Ci is dense in SCD^X). It is now known that Cn = SCDn{X)
when X is any euclidean space from some work of W. Thurston to
appear.

In this paper we shall take X to be 1-dimensional and study not
CDn(X) but the group En{X) of all homeomorphisms with local poly-
nomial approximations of degree n at each point of X. The minimal
normal subgroups and the commutator subgroups of En(X) and SEn(X)
are exhibited, and SEn(X) is shown to have no proper normal sub-
groups of its own. The results are just like those in [2] for H{X)
and SH(X).

2. Diffeomorphisms* Let X be the line E1 or the circle SL with
local coordinate systems, and H(X) the group of all homeomorphisms
from X onto itself. We shall single out certain subgroups of H(X),
writing h! for the first and h{n) for the wth derivative of some h in
H(X). For each integer n Ξ> 1 we put

Dn(X) = {h e H(X): h'(x) Φ 0 and h{n)(x) exists for each x in X} ,

CDn{X) = {heDn(X): h(n) is continuous} ,
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DJtX) = Π {Dn(X): n ^ 1} - Π {CDn(X): n^l}.

Evidently Dn(X), CDn(X), and DJ^X) are groups.
A somewhat different family En(X) consists of those h in H(X)

which can be written as

(1) h(p + x) = h(p) + Σ α»B* + %nΦ) > xeUpτ
i=ί

where p is any point in X, Up is a neighborhood of 0, ax Φ 0, and
φ;) —>0 as x—»0. The coefficients α* will depend upon p. Evidently
CDn(X) c ^ ( X ) . To see that ^ ( X ) is a group, we will need the help
of a lemma.

LEMMA 1. Given the integer n^l and the polynomial P(x)]=
axx + a2x

2 + + anx
n with ax Φ 0, we can find a polynomial

Q(v) = bxy + b2y
2 + + bny

n with bt Φ 0 satisfying

= 0 .

Proof. The equation i/ = P(α ) defines a; as an implicit function of
y in some neighborhood V of ?/ = 0, and we can compute its Taylor
series with remainder. Thus

x = bo + bίy + b2y
2 + + bny

n + ynR(y) ,

where JR(T/) —* 0 as y —• 0. Now 60 = 0 and

1 - P'{x)x\y) = P'(0K(0) - α^'(0) ,

so that bί Φ 0 and we can solve for x{ί)(0), hence also bif by repeated
differentiation. If we put Q(y) = 6^ + b2y

2 + + δ%?/%, then

« - Q(P(x)) -

= aΐ lim i2(P(cc)) = 0
ίc-»θ

which is the result that we seek.

LEMMA 2. The family En(X) is a group.

Proof. Given some h in H(X) satisfying (1), we put h(p) = q and
h(p + x) = q + y. Thus (1) reads

y = Σ ttiO?* + α;%e(α?) = P(a?) + xne(x) , xeUp.

We let <2(i/) be the polynomial from Lemma 1 and define d(y) by the
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equation

x = Q(v) + vnd(y), yeVq,

where Vq is a neighborhood of 0 inside the V from Lemma 1 and so
small that x lies in Up. Now

lim d(y) = lim * ~ <^> = lim
0 0 ?/W °

ϋ l . g - Q(P(g)) - b& φ) - xnS(x)

) - hφ) - S(!B)) = 0 ,

where S(α;)—>0 as a?—>0. This means that h~ι belongs to En(X).
Suppose next that g belongs to En(X) and

( 2 ) g(Q + y) = g(q) + Σ ^ + yne(y) , 2/ e Vq,

where g is any point in X, Vq is a neighborhood of 0, cx 9̂  0, and
β(2/)-->0 as 7/— 0̂. If we put flr(g) = r and ^r(^ + y) = r + «, then (2)
reads

* = Σ w * + i/-βXi/) - R{y) + i/wβ(τ/), j / e 7 g .

We define d(α;) by the equation

z = i2(P(a?)) + α;wd(α;) , xeWr,

where Wr is a neighborhood of 0 inside Up and so small that y lies
in Vq. Now

- lim
» 0

= 0 ,

where Γ(α;) —> 0 as x —> 0. This means that {/λ belongs to En(X), and
En(X) is a group.

LEMMA 3. If p is a limit point of the set K(h) of all fixed points
of h, then P(x) — x.

Proof. We are given a sequence {xm} converging to 0, where
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xm Φ 0, h(p + xm) = p + xm for each m, and of course h(p) = p. Putting
x = xm in (1), we have

xm = a,xm + a2x
2

m + . . . + anx
n

m + α£e(ίϋw) .

If we divide out by xm and let m—> oo, then we get αx = 1. If we
repeat this process, then we get α2 = = an = 0. Therefore,
P(α?) = a?.

LEMMA 4. // P(a?) = x for every p in X, then h is a translation
of the line or a rotation of the circle.

Proof. We have

h'(p) = lim
X

for each ^ in X.
Evidently En{X) ZD En+1(X), for we can write

h(p + x) =

Σ α ^ ί + xn(an+i^ + xe(x)) ,
ii

where d(a ) = α%+1a; + xe(x)-+0 as α;—>0. We put E^X) = f| {-&»
w ^ 1} and note that EJ^X) Z)

LEMMA 5. Suppose that

h(p + x) =

i=i

i = i

αi = αi /or 1 ^ i ^ ^ .

Proof. We have

Σ α^* + ^ % Φ ) = ΣtάiX* + α;"+ 1φ) , xeUp.

* = 1

If we divide out by x and let a? —> 0, then we get a1 = aλ. If we
repeat this operation, then we get a2 = a2, , a% = an.

Lemma 5 shows us the form of a member h of EJ^X). In some
neighborhood of each point p we can write h as a partial sum of a
certain power series with a remainder that goes to zero faster than
the highest power of x retained, and the neighborhood depends on this
power.
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From the simple fact that D^X) — EX{X) we are led to enquire
whether Dn(X) = En(X) for other values of n. To see that this is
not so, we choose h in H(X) so that h(p0) = pQ at some point p0 in X,

h(pQ + x) = p0 + x + x3 sin 1/x

for x in a sufficiently small neighborhood to the right of 0, h(p) — p
for p in some neighborhood to the left of 0, and h beyond these
neighborhoods has derivatives of all orders with first derivative that
is never zero. Evidently h belongs to E2(X). But h'(p0) — 1,

h'(p0 + x) = 1 — x cos 1/x + 3#2 sin 1/x ,

and Λ"(po) is not defined. Thus h does not belong to D2(X), and E2(X)
does not lie in D2(X). In the same way we can show that E2n(X)
does not lie in Dn+1(X) when we put

+ x) = Po + x + %2n+1 sin I/a; .

If we consider the homeomorphism g given in part by

g(Po + x) = Po + x + x2 sin 1/x ,

then we find that g belongs to EX(X) but not to CDL(X), and E,(X)
does not lie in CD^X). In the same way we can show that E^
does not lie in CDn(X) when we put

+ x) = Po + & + x2w sin I/a? .

Finally, if we choose the homeomorphism / given in part by

f(Po + x) = Po + a? + 0-1/a? sin e1/a; ,

then / evidently belongs to EJ^X). But

f(p0 + x) = l - ~lf_ + ?—5HL^
α;2 a;2

shows us that f'(p0 + x) has no limit as x—>0. Thus/does not belong
to CΌX{X), and ^ ( X ) does not lie in CD^X). In particular, DJ^X)
is a proper subset of EJ^X).

3. Minimal normal subgroups* We say that a member h of
H{X) has compact support if X — K{h) lies in a compact set different
from X. For any subset G of H(X), we let SG be the group generated
by those members of G with compact support. If G is a group, then
SG is evidently a normal subgroup of G. We note that if U, V are
open subsets of X, and U lies in a compact set different from X, then
some member of SDJ^X) maps Z7 into F.



600 JAMES V. WHITTAKER

THEOREM 1. If G is a subgroup of H(X), SEn(X) lies in the
normalizer of G, and G has more than one member, then GZD SEn{X).

Proof. Suppose that g0 belongs to G and is not the identity.
Then gQ moves some point p0 in X, and we can find a neighborhood
£70 of p0 which does not meet go(Uo). We put

ho(po + x) = PQ + x — e~llx = pQ + x + S(x), 0 <J x <J u ,

where u is chosen so small that K{p) > 0 for pQ < p < p0 + u = pλ

and {p0, pλ + u) c C7"o. Since / 0̂(p) < p there, the sequence {pk} given by
Pk+i = ^o(Pi) will converge monotonely to p0. We can define h0 on the
rest of X so as to be supported on (pQ, p1 + u) and belong to En(X),
for S(x)/xn —> 0 as a? —• + 0 tells us that h0 satisfies (1) to the right
of p — p0 with P(x) — x. Evidently g^ιh^ιgQhQ — gx agrees with h0 on
UQ and belongs to G. Suppose that / is any member of SEn(X), and
X — K(f) = U lies in a compact set different from X. If we choose
/o in SD^X) so that /0(Z7) c (p2, px), then /o^o""1 = / i is supported on
(p2, pj and belongs to SEn(X). If we can show that f belongs to G,
then / must also belong to G, and G D SEn(X). We first note that

0?([2>2, Pi]) = [m+2, pk+i] > k = 0, 1, 2, .

We then define

gΐfgTk(p) for p in [^+2, ^ + 1 ] , A; = 0, 1, 2, ,

Lemma 3 tells us that we can join two pieces of h together at p — pk

so as to satisfy (1) there, for e(x) may be defined in different ways
on either side of p. Thus (1) holds at every point p of X except
possibly p — p0. To see that h satisfies (1) at p = p0, we observe
that if p lies in [pk+2, Pk+i]> then so does h(p). If we put pk = p0 + xk,
then

lim 1 HPQ + x) ~ Po ~ x 1 < j i m P/̂ +i ~ Pk+2

- S(xk+1)

(ho(pk+1) - Po)n *— (a?fc+1 + S(xk+1))n

Q

(i+s(χk+1)/χk+1y

This means that \h satisfies (1) at p = p0 with P(x) = α;, and so h
belongs to SEn(X). Now gjιgτι is supported on (#>0, p2) and agrees
with /ι there, for if p lies in [pk+2, pk+i] and A: ;> 1, then
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Therefore, hgj%~λgχι = f must lie in G, and our proof is complete.

COROLLARY 1. Theorem 1 remains true if we replace n by <*>.

Proof. We have already seen that h0 satisfies (1) to the right of
p = pQ with P(x) — x for every value of n. Hence, we can define hQ

on the rest of X so as to be supported on (p0, px + u) and belong to
EJ^X). The rest of the proof is the same as before with n replaced
by oo.

COROLLARY 2. SEn(X) and SE^iX) are simple groups.

COROLLARY 3. SD^X) is a simple group.

Proof. Evidently E,(X) = D^X).

COROLLARY 4. The commutator subgroup of SEn(X) is SEn(X)y

and the same for SE^X).

Proof. Some commutators are evidently not the identity.

For any subset G of H(X), we write G+ for the family of all
orientation-preserving members of (?, and G~ for G — G+. If G is a
group, then G+ is evidently a normal subgroup of G with index one
or two.

COROLLARY 5. If X = S\ then Ei(X) and Et(X) are simple
groups.

Proof. It is enough to show that Eϊ(X) = SEn(X). To see this,
we use the same method as for the case H+(X) = SH(X). Given h
in Ei(X), we can piece together a member g of Ei(X) that agrees
with h on a, small open subset of X and agrees with the identity on
another small open subset of X. Then g and g~~γh both belong to SEn{X),
and so does g{g~ιh) = h. The same argument works for E+(X).

4* Behavior at the endpoints* From now on we shall deal only
with the space X— [ — 1, +1] and think of E1 as the subset ( — 1, +1)
of X For any subset G of H(X) we put

SLG = {heG: K(h) 3 [-1, p) for some p > - 1} ,

S+G = {heG: K(h) 3 (p, +1] for some p < + 1} .

Evidently £L(? Π S+G = SG, and both are normal subgroups of G
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provided that G is a subgroup of H+(X). Thus S_En(X), S+En(X) are
normal subgroups of E+(X), and the same is true if we replace n by
°o. The normal subgroups of H+(X) are few in number, namely
S_H(X), S+H(X), and SH(X). Those of H(X) are even fewer, namely
H+(X) and SH(X). Proofs are given in [2]. On the other hand,
those of E+(X), Ei(X), En(X), and EJ^X) are very numerous. Our
aim in the rest of this paper is to show how some of them may be
constructed.

The behavior of a member h of En(X) at p — — 1 or + 1 is des-
cribed by (1), namely

h(-l + x) = h(-l) + P_(x) + xnd(x) , x e U^ ,

P+(x) + xne(x) , xeU+ί,

where d{x), e{x) -* 0 as x -* 0, Z7βl = [0, +u), U+1 = (-%, 0], and w > 0.
Let Λ-(-3Γ) be the family of those h in i?%(X) for which P_(x) = x,
An+{X) the family for which P+(x) = x, and An_(X) n 4»+(-3Γ) = 4>(X).
Evidently all three are normal subgroups of Eϊ(X). To see that
An(X) is also a normal subgroup of En(X), we have to check that
fΔn{X)f~' c Δn{X) for each / in E~(X). Now /(+1) = - 1 = /-^ +1),
and Lemma 2 says that / satisfies (1) with P_(P+(x)) = x = P+(P_(a;)).
Thus /Λ/"1 belongs to z/%(X) whenever h does, and 4w(Jf) is normal
in En(X). Lemma 3 tells us that if h belongs to En(X), and the
derived set of K{h) includes +1, then h belongs to An+(X), whereas
if it includes —1, then h belongs to An_{X). These results are still
valid when we replace n by oo, where P+(x) and P_(x) are now power
series in x.

Other normal subgroups of En(X) can also be constructed. Choose
a sequence {pk} converging to —1, where pk = — 1 + xk, 0 < xk < + 1 ,
%k+J%k—*L a s k—> oo, and 0 ^ L < 1. Then choose a sequence {qk}
converging to —1, where qk = pk + yk, 0 < yk < + 1 , and yk/xΐ-+0
as i;->oo for every m. We define a function g in H(X) so that
X — JSΓ(βr) = U {(pk, qk)}, g satisfies (1) at every point p in X except
possibly p = — 1, and P(#) = x at p — pfc or qk. To see that (1) holds
at p = — 1, we note that if x lies in (pk, qk), then so does g(x). Thus

^ l i m j t = 0 t

and (1) holds with P_(a?) = «. Since P+(x) = », we have # in
The normal subgroup G of En(X) generated by g consists of products
of conjugates in En(X) of g9 and G is clearly larger than SEn(X). To
see that G is a proper subgroup of An(X), we will show that for every
member / of G, the derived set of K(f) includes —1. The same
argument shows that it includes + 1 as well. If Λ belongs to En(X)
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and satisfies (1) at p = — 1 with P(x) — Pί(x) = aγx + , then we
shall put h(pk) = h(~l) + xt and h(qk) = h(pk) + yΐ. We have

Km * p * ( ^ ) + X*(x) %lim J i m

x* *-«> Pl(xk) + xn

ke*(xk) *-~ Xk

( 3 ) lim y* - l i m P * (

Suppose that / is the product of j conjugates g{ = h^h'^iX ^ i ^ j)
of g, where / — gά >gx. Our work would be made easier if any hi lay
in E~(X), for then K(gi) = hi(K(g)) would include a neighborhood of
— 1. So we shall assume that hi lies in E^{X) for 1 ^ i ^ j . We put

giιΊ - h{qk) = hM + y? , 1 ^ i ^ i .

From (3) we know that

lim ίc î/α;̂  = L, lim yfϋx^Y = 0 .

Given any number u > 0, we choose &0 so large that k Ξ> fc0 implies

OJ^V*^ ^ i * < 1, 2/^M1" ^ (1 - -L*)/2i , 1 ^ i ^ i ,

and put

k(i) = sup {&: a;^ > ^ or k = kQ} , 1 <^ i <^ j .

From #(#;) = (̂ΛΓCflr)) and K{f) =) Π {^(^): 1 £ i ^ Λ we see that

( 4 ) (X - K{f)) Π [ - l , - 1 + w ) c U { W J , <7L<}): fc > fc(ΐ), 1 ^ i ^ i}

Now the sum of the lengths of all the intervals on the right side of
(4) is

j oo -| r #

2-k Uk 2 2
ki

j j | #

2ι 2k Uk = 2J 2ι ~p~. ^ k2-J 2-ι
i—l k=k{i)+l

1 T * 3 /y (ί)

±
2j at

These intervals could not possibly cover ( — 1, — 1 + u), for otherwise
a finite chain of them would reach from — 1 + u/5 to — 1 + 4u/5, which
is impossible. Hence, X— K(f) does not contain ( — 1, — 1 + u) for
any u > 0, and the derived set of K{f) includes — 1 . Therefore, G
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is not Δn(X). Evidently the same argument also shows that we can
make g belong to ΔJ^X), and the normal subgroup of EJ^X) generated
by g is neither SEJ^X) nor ΔJ^X). We shall now sum up these
results.

THEOREM 2. There are normal subgroups of En(X) that lie between
SEn(X) and Δn(X). The same is true of normal subgroups of EJ^X)
between SEJ^X) and

We let e be the identity element of H(X) and call a member h
of H(X) an involution if h2 — e. Evidently an involution different
from e has just one fixed point in ( — 1, +1).

LEMMA 6. Suppose that for i = 1, 2 there is an involution hi of
En(X) with fixed point Pi that satisfies (1) at p = pi with P(x) = P;(#).
If there is a polynomial Q(x) — aλx + a2x

% + with ax > 0 such that
PiQ(x) and QP2(x) agree in all terms of degree <̂  n, then there is a
member f of S_En(X) such that hxf = fh2. We may also choose f in
S+En(X), and the result remains true if we replace n by °°.

Proof. We choose h0 in SEn(X) so that ho(p2) = px and hQ satisfies
(1) at p = p2 with P(x) = Q(x). We shall assume that ht is different
from e, so that hi lies in E~(X). Thus hz — K%hQ is an involution
of En(X) with fixed point p2 and satisfying (1) at p — p2 with P(x) =
P2(x). Our result will be proved if we can find g in S_En(X) so that
h3g — gh2. We put

for - 1 ^ p^ p2 ,

for p2^p^ + 1 .

Evidently g belongs to S_H(X) and satisfies (1) at each point p of X,
except possibly p = p2. But h\ = e satisfies (1) at p = p2 with P(x) =
P2(x) = x, so hjι2 also satisfies (1) at p = p2 with P(x) = x. Conse-
quently, g belongs to S_En(X), and

hh2h2(p) = h(p) = h3g(p) for -1 ^ p ^ p2 ,
g " UP) = KKHP) = ^s^(^) for ^2 ^ p ^ + 1 .

Hence, gh2 = /̂ 3̂ .

5* Groups of polynomials* It is now time to study the compo-
sitions of polynomials more closely. We begin with the family Π^ of
power series

P(x) = axx + a2x
2 + + anx

n + , a, Φ 0



ON NORMAL SUBGROUPS OF DIFFERENTIABLE HOMEOMORPHISMS 605

with any coefficients whatever. By working with the partial sums of
P(x), we see that the composition PQ(x) — P(Q(x)) of two members
P, Q of 77^ also belongs to 77̂ , that P0(x) = x is the identity element
of 77 ,̂ and from Lemma 1 that P has an inverse P""1 in 77̂  satisfying
P~ιP = po# Since the associative law always holds for composition,
we see that 77̂  is a group. For each integer n ^ 1, we define an
equivalence relation PΞnQ between members P and Q of 77̂  to mean
that P(x) and Q(x) agree in all terms of degree ^ n. This relation
is evidently compatible with the group operation, and the quotient
group Πn we can think of as the group of all nth degree polynomials

P(x) — aγx + a2x
2 + + anx

n , aΣ Φ 0

under composition. If Γ is a subgroup of 77 ,̂ then we shall let Γn

be the quotient group of Γ under Ξn. We put {Po} = Δ^ and use Δn

for the subgroup of Un with just one element. A normal subgroup
of 77^ closely related to Δn is the kernel Δ% of the homomorphism from
77̂  onto 77W induced by the relation Ξn. It consists of all members
of 77^ whose first n coefficients are 1,0, , 0. We shall use 77 to
mean either 77̂  or 77̂ , and the same for Ξ, Δ, and E(X). The family
of all those P in 77 with at > 0 we will denote by 77+ and put
77 — 77+ = 77". Evidently 77+ is a normal subgroup of 77 and com-
patible with Ξ. We define Γ+ = Γ Π 77+, Γ" = Γ - Γ+, and note that
Γ+ is a normal subgroup of Γ with index one or two.

LEMMA 7. The only normal subgroups Γ of Πn that lie in Δ*%

are Γ = ΔZn for 1 ^ m ^ n.

Proof. It is evidently sufficient to prove the following statement
for each value of m:
( 5) For each integer k with 0 < k < m, if Γ contains some member
P of the form P(x) = x + ak+1x

k+1 + with ak+1 Φ 0, then for each
R in Δtn, Γ contains some Q such that QΞmR.

Now (5) certainly holds when m — 1. We shall proceed by induc-
tion and suppose that (5) holds for some value m > 1. To verify it
for m + 1, we first note that if k = m and Px{x) = axx, then

P~\x) = x - ak+ιx
k+1 + ,

PΓ1PP1(x) = x + a?am+1x
m+1 + ,

Evidently Pr'PPi and P^P^Pi both belong to Γ, and by varying αx

through positive values we get all coefficients of xm+1. Thus (5) holds
in this case. If k < m, then our induction hypothesis says that Γ
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contains some member Q of the form

Q(x) = x + bmxm + bm+ιx
m+1 + ,

where bmφQ. If we put P2(x) = x + a2x
2, then

QP2(x) = x + a2x
2 + bmxm + (δm + 1 + m α 2 δ m ) r + 1 + ,

and this agrees with P2Q(x) in all terms of degree ^ m + 1, where

Q(s) - x + δwα;w + (bm+1 + (m - 2)α2δ Jaf*+1 + . . . .

Thus QP2Ξm+ιP2Q and P2~
1QP2Ξm+1Q while P^OP, lies in Γ. If we put

Pm(x) = x + αmαm , Pw+1(a?) = a? + α m + 1 α m + 1 ,

Qm(x) = x + cmxm, Qm+ι(x) = x + cm + 1α;m + 1,

then evidently PiQiBn+yQ5Pi for i, j = m, m + 1. We must now dis-
tinguish the cases m > 2 and m = 2. In the case m > 2 we have

P^(x) = x- amx™ + , PϊUx) = x- am+1x
m+1 +

for the first m + 1 terms. If we put αm = δm, cm = δw, αm + 1 = δm + 1,
and cw + 1 = bm+1 + (m - 2)α2δw, then

QΞm+1PmPm+1, Qi?m+1QmQm+1,

where

PίiiQ^+iίa?) = x + (m - 2)α2δmχ-+1 + . . . .

Thus we get all coefficients of xm+1 by varying α2, and

= Rm+1,

where Rm+1 lies in Γ. By our induction hypothesis, we can find a
member of Γ f) Λ£n with any desired coefficients of xk+1, « ,a;m. If
we multiply this member on the left by Rm+u then we keep the same
coefficients of xk+\ , xm and get any desired coefficient of xm+\
This verifies (5) for m + 1 when m > 2. Finally, consider the case
m = 2. The argument for k — m is still valid, so we need only
consider k = 1. Thus our induction hypothesis says that Γ contains
some member Q of the form

Q(x) = x + b2x
2 + 63£

3 + ,

where δ2 Φ 0. We can check by induction that for any integer i,

P2\x) = x + ia2x
2 + i(i — l)a\xz + ,

P£(x) — x + ia3x
3 + .
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If we put α2 = 62 and α3 = 63, then QΞ%P2PZ. Evidently PrιQPι lies
in Γ and has the form

P— i / Ί p ( * Λ — Λt i n h ^ v 2 - I - π2h ' v 3 4 - . . .
•j_ \%J- urt/I t Λ y π ~ v Λ / ^ l / 2 » v | ^ I Λ / ^ 1 / 3 » Λ / \^ w w w Λ

If we put c2 = a,b2 and c3 = a%, then PrιQPβzQ2Qz> Finally,

QιPΓιQPi = ^3 lies in Γ and

Thus i23 has the form

i28(α0 = a? + (i + α1)&2ίc
2 + (i(i - 1)65 + (i + α?)δ8)α

8 + .

If we choose a1 — — i, then

R3(x) = x + ((6| + 68)i» - (62

2 - 63)ί)x3 + .

The coefficients δ2 + 63 and bl — δ3 are not both zero, so we can choose
some integer i for which the coefficient of x3 is not zero. As in the
case k = m above, we can find a member of Γ with any coefficient
of xz, and the last part of the argument for k < m completes the
verification of (5) for the case m = 2. Hence, our induction step is
valid in every case.

THEOREM 3. Each normal subgroup Γ of Πn is either J^% with
1 ^ πι ^ n or the inverse under the canonical mapping from Π% onto
Π1 of a subgroup N of Uγ.

Proof. Each member P of Γ has the form

P(x) = aλx + a2x
2 + α3af + , aλ Φ 0 .

Evidently N = Γ1 is a subgroup of Πι which we shall identify with
the subgroup of Πn consisting of all polynomials Px{x) = aλx. Evidently
Πι is the group of nonzero real numbers under multiplication. Now
Γ Π Δtn is a normal subgroup of 77%, and Lemma 7 says that
Γ Π Δ*n = J*" with l^m ^n. If

P(x) = α ^ + ak+1x
k+1 + , αΛ+1 =̂ 0 ,

and if we put Qx(x) = bλx9 then

P~\x) = (l/ajx - (ak+1/ar2)xk+1 + ,

- α ^ + α,+ 16^& + 1 + . . - ,

Since P-'Q^PQ, belongs to Γ, we get Δtn c Γ by taking ^ φ ± 1 .
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If we put Pi(x) = aγx as above, then P^P belongs to Atn, and Px

belongs to Γ. Thus N lies in Γ. If we put Q2(x) = x + b2x9 then
Qz~\x) = x — b2x

2 + and

PrιQϊιPiQ&) = (l/oiXfliα + (oi - O M 2 + •)

= x + (1 — αjδgo;2 + .

If we suppose that N is more than the identity, then we can choose
a, φl,b2Φ 0, and get a member of J*n - Δ*n. Since PΓ'QΪ'PIQZ

belongs to Γ, we must have z/ fc Γ. Hence, for any Q in Πn of the
form Q(x) — aλx + •••, we know that P^Q belongs to Jfw, and Q
belongs to Γ.

COROLLARY 1. Each normal subgroup Γ of Π% is either Atn with
1 ίg m ^ n or the inverse under the canonical mapping from Πi onto
Πt of a subgroup N of Πi.

Proof. The proofs of Lemma 7 and Theorem 3 apply here, for
nowhere was the leading coefficient of any polynomial assumed to be
negative.

COROLLARY 2. Each normal subgroup Γ of ΠX is normal in Πn.

Proof. Evidently each subgroup N of Πt is normal in Πγ.

COROLLARY 3. The group I generated by all involutions of Πn

consists of all members of Πn with leading coefficient ± 1 .

Proof. Since each conjugate of each involution of Πn is also an
involution, I must be a normal subgroup of Πn. If P belongs to I
and P(x) = aγx + , then P 2 = Po, a\ — 1, and aι — ± 1 . Evidently
P{x) — —x belongs to J, so our result follows from Theorem 3.

COROLLARY 4. The commutator subgroup K of Πn is AJn.

Proof. If P(x) = axx + and Q{x) — bxx + , then

and K lies in Afn. If we put

P^x) = aλx , Q2(x) = x + b2x
2 ,

then

PΓ\x) - ( l / α > , Q2

ι(x) = x- b2x
2 +

) = x + (l- a,)b2x
2 +
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For ax Φ 1 and b2 Φ 0 we get a member of Jfn — Afn. Hence, K = J?n.

LEMMA 8. Every two involutions in Π different from Po are
conjugate.

Proof. It is evidently sufficient to show that every involution
P different from Po with

P(x) = axx + a2x
2 + a3x

z + «

is conjugate to ϋL with RJβή = — x. We know that aι — ± 1 . If
aι = + 1 , then

P(#) = a + α ^ + , ak Φ 0 ,

x = P2(α;) = α? + 2akx
k + •

which is impossible. Thus αx = — 1. Now suppose that for some
integer m ^ l we have found a member Pm of 77 satisfying

(6) P~ιPPm{x) - -α? + α,^ + . . . , i > m,

where as may be zero. We shall proceed by induction and verify (6)
for m + 1. Evidently Rm — P~λPPm is also an involution, so we have

x = 122

m(a0 = x + ((-1)' - l ) α ^ + - .

Thus aά Φ 0 implies that j is even. If we put Q3(x) = x + bjXj, then

QjΉMx) = QΠ-x + (αy - W + .)

= -a? + (αy - bj - (-!)%)& + .

If α̂  — 0, then Rm — R^ and our induction step is complete. If ad Φ 0,
then j is even, and we can make the coefficient of xj zero by putting
bj — a,j/2. Hence, our induction step is again complete with PM + 1 = PmQj.
Now Pm agrees with Pm + 1 in all terms of degree <* m, so our in-
duction process shows us that P is conjugate to R^ in Π^ as well as
in Πn.

COROLLARY. The normal subgroup of Π% generated by any invo-
lution different from Po is I.

Some simple involutions of Π easily come to hand. For each
integer m ^ 1 we put
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We can easily verify that

(1 + (a*

p-'(a>) =

If we put Rm = P~ιR«,Pm, then

— x
" ~ ' (1 + (1 - (-l)-)α^»-)"-

Evidently 22m is an involution. When m is even, we get Rn

and when m is odd, we get

The terms of degree <^n in Rm give us an involution in Πn.

6. Special normal subgroups* With each member h of E(X)
we associate the polynomials π_(h) = P_ and π+(h) = P+. Evidently
7Γ_ and π+ are homomorphisms from E+(X) into 7Z+, and they map
Ei(X) onto Πi. To see what τr_ and π+ do to E"(X)9 we distinguish
two cases:

= π+{g)π+{h), ^ e J5(X), h e E+(X),

π_(gh) = τr+(^)τr_(Λ), π+(ffλ) - τr_(<7)τr+(/0 , ^ € E(X), λ 6 J

One consequence of this is that if h is in E~(X), then

Another consequence is that if g is in E+(X), and h is in E~(X),
then

In the same way we get

( 8 ) ττ+(/rW - (π+(h)Γπ_(g)π+(h).

Thus we see that if g is in E+(X), then πjhr^gh) is conjugate to either
tf-(ff) o r ^+(̂ )> depending on whether h is in E+(X) or E~(X). A
like result holds for π+{hrιgh). We note that π_, and π+ both map
J&-(-X") onto 77~.

For any subset Γ of Π we put
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= {he E(X): π_(h) e Γ) ,

= {heE(X):π+(h)eΓ},

and Γ(X) = Γ_(Z) Π Γ+(X). If Γ is a normal subgroup of 77 that
lies in 77+, then (7) and (8) tell us that Γ(X) is a normal subgroup
of Π(X) = E(X) that lies in E+(X), and that Γ__(X), Γ+(X), and
T^X) are normal subgroups of Π+(X) = E+(X). Of course all these
normal subgroups include zf or A(X), but we note that A(X) ~D J*(X).

The mapping φ given by ^(G) = (π_(G), π+(G)) is a one-to-one
correspondence between some of the normal subgroups G of E£(X)
that include An(X) and all of the ordered pairs of normal subgroups
from 11%. For if we start with an ordered pair (B, Γ) of normal
subgroups from 77J, then we can assign to it the normal subgroup

φ(B, Γ) = B_(X) Π Γ+(X) = G

of Ei{X), where G clearly includes An(X). Since we can always
find a member h of Ei(X) with given values of π__(h) and ττ+(fe) in
Πϊ, we have

rtflB, Γ)) = WG), MG)) = (5, Γ) .

Thus 5̂ is one-to-one, φ is onto, and φ restricted to the range of φ
is one-to-one. Similarly, the mapping ψ given by ψ(G) = π+(G) is a
one-to-one correspondence between some of the normal subgroups G
of En(X) that include Δn{X) but lie in Ei{X) and all of the normal
subgroups of Πn that lie in i7J. For if Γ is a normal subgroup of
Πn that lies in i7J, then we put ψ(Γ) = Γ(X). Moreover, if G is a
normal subgroup of En{X) that lies in Eϊ(X), then π_(G) = π+(G).
For both ττ_(G) and π+(G) are normal subgroups of ZΓJ, and Corollary
2 of Theorem 3 says that they are both normal in Πn. But (7) and
(8) tell us that if R lies in Π~, then

R~ιπ_(G)R - π+(G) .

Hence, π_(G) = π+(G).
To see that there are other normal subgroups G of En(X) that

include Δn{X) besides the ones mentioned above, we choose a member
g of Ei(X) where π_{g) = τr+(0) = P, and P lies in 77+ - ΛΓ If we
let Γ be the group generated by P and Afn, then Γ is evidently a
normal subgroup of 77. that lies in 77+. The normal subgroup G of
7£W(.X) generated by g and Λ**(X) evidently lies in Et{X) and satisfies
π_(G) = τr+(G) = Γ. But for every member k of G we have the same
leading coefficient of π_(h) and π+(/ί,). Hence, G is much smaller
than Γ(X).
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LEMMA 9. Every two involutions in E(X) different from e are
conjugate in S_E(X) and also in S+E(X).

Proof. If hi (i — 1, 2) is such an involution with fixed point p{

and satisfying (1) at p = Pi with P = Pi9 then h\ = e, P\ = Po, and
P^ P2 are involutions in Π different from Po. From Lemma 8 we
know that

p 2 = Q-ψtQ = PfiQ-ψ&P, ,

where either Q or QP2 lies in 77+. Thus P1 and P2 are conjugate in
Π+, and Lemma 6 tells us that ht and h2 are conjugate in S^E(X) as
well as in S+E(X).

THEOREM 4. The commutator subgroup of E(X) is E+(X).

Proof. Let h be any member of E+(X) and i be any involution
of E(X) different from e. Our result will follow if we can show that
some member h0 of the commutator subgroup C of E(X) agrees with
h in some neighborhood U+1 of p = + 1 and agrees with e in some
neighborhood ELi of p = —1. For we have & = iki, where k is in
E+(X), and some fc0 in C agrees with k in some V+ί and with e in
some VLi Now Jfcx — ikQi agrees with iki — h in ί(F+1) = W^ and with
ΐβΐ = e in ί(F^i) = TΓ+1. Thus h, = ^^r1/^ lies in S^X). Since C
is normal in E{X), kL must lie in C, and Theorem 1 says that hx lies
in C. Therefore, h lies in C and C = E+(X). Now our task remains
to construct hQ. We let pQ be the fixed point of i and put

j h(x) for α? in some V+1,

{ ih~H(x) for α? in some FLj, ,

and define / in the rest of X so as to make it a member of E+(X)
and satisfy/(^o) = 2V Evidently i interchanges the intervals [—1, p0]
and [p0, +1] while / maps each onto itself. Thus

(i(ih~H)ih(x) = x for a? in some W+1 ,

(ihi(ih~H)(x) = x for α? in some PΓβl ,

and i/ agrees with some involution j of E(X) different from e in
W+1 U Wli. Now Lemma 9 says that j — gig"1 for some # in E(X),
and we may assume that g is in E~(X), for if not, then we would
take jg and write j = (jg)i(jg)~ι. Finally, we choose some gQ in E~(X)
which agrees with g on some Z^ and with i on some Z+1. If we put

h0 = (igoigϊ1)

then Λo evidently lies in C. For a; in some U+1 we have
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and Λ0(α;) = h(x). For a? in some £Li we have

ig*igτ\v) = igig~\χ),

and Λ0(α?) = a?. This completes the proof.
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