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SELF-ADJOINT EXTENSIONS OF SYMMETRIC
DIFFERENTIAL OPERATORS

ARNOLD VILLONE

Let 52 denote the Hilbert space of square summable
analytic function on the unit disk, and consider those formal
differential operators

L =3 p,Df
=0

which give rise to symmetric operators in 2. This paper is
devoted to a study of when these operators are actually
self-adjoint or admit of self-adjoint extensions in 57. It is
shown that in the first order case the operator is always self-
adjoint. For n > 1 sufficient conditions on the p; are obtained
for the existence of self-adjoint extensions. In particular a
condition on the coefficients is obtained which insures that the
operator has defect indices equal to the order of L.

Let .o denote the space of functions analytic on the unit disk
and 57 the subspace of square summable functions in .97 with inner
product

0= _|r@i@ddy.

lzi<1

A complete orthonormal set for 57 is provided by the normalized
powers of z,

e.(2) = [(n + 1)/x]*%=", n=20,1,---
From this it follows that 57 is identical with the space of power
series >, a,2" which satisfy

(L.1) Silauffn + 1) < o

Consider the formal differential operator
sznD”"}' ce +p1D+'poy

where D = d/dz and the p; are in 52 We now associate two operators
as follows. Let &, denote the span of the ¢, and & the set of all
f in &7 for which Lf is in 5% and define T, and T as

Tof = Lf fez,
Tf=Lf fez.
It is shown in [2] that T, and T are both densely defined operators
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in 2 T, =T and T is closed. Moreover, T, is symmetric if and
only if

1.2) (Le,, e,) = (e,, Le,) , n,m=20,1,.--.

Such a formal operator is said to be formally symmetric. Regarding
symmetric T, we have the following result.

THEOREM 1.1. If T, is symmetric, T¢ = T and T* < T. The
closure of T, S = T¢* = T*, is self-adjoint if and only if S = T.

Proof. See [2].

For f and g in & consider the bilinear form

(1.3) fy @ = (Lf, 9) — (f, Lg) »

and let < be the set of those f in <7 for which <f, g> = 0 for all ¢
in &. Since S = T* and & (T*) = &, S has domain .

Let &+ and &~ denote the set of all solutions of the equation
Lu = tu and Lu = — u respectively, which are in 5 It is known
from the general theory of Hilbert space [1, p. 1227-1230] that & =
T+ 9% + 2, and every fe<= has a unique such representa-
tion. Let the dimensions of &2+ and &~ be m* and m™ respectively.
Clearly, m* and m~ cannot exceed the order of L. These integers
are referred to as the deficiency indices of S, and S has self-adjoint
extensions if and only if m* = m~. Moreover, S is self-adjoint if and
only if m* = m~ = 0.

2. In [2] it is shown that the general formally symmetric first
order operator is given by

2.1) L = (cz* + az + ¢)D + (2¢z + b)

where a and b are real. In this case it is possible to compute the
solutions of Lu = + iu explicitly and show that the solutions so
obtained are not in 5% Proceeding in this manner we obtain the
following result.

THEOREM 2.1. If L s a first order formally symmetric operator,
the associated operator T is self-adjoint.

Proof. We shall show that m* and m~ are both zero. When
¢ =0 L is just the first order Euler operator, and hence T is self-
adjoint by the corollary to Theorem 1.3 of [2]. When ¢+#0 we have

(2.2) (# + (a/e)z + ¢/e)u’ + (22 + bje — i/c)u = 0
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2.3) @ + (a/e)z + ¢le)u’ + (22 + bje + i/c) =0 .
The coefficient of ' has zeros at

a= — a2 + (@ — 4]c[)"/2 .
B = — a/2c — (& — 4|c])/2¢ .

There are three cases to consider:

1. a*<4lcl
2. a*=4|cf
3. & >4fc]*.
In case 1 we have a = — a/2¢ + ©R/2¢, B = — a/2¢ — 1R/2¢ where
R = (4|¢]* — a*)'?, moreover |a| = |B]| = 1. Every solution of (2.2) is

a multiple of the fundamental solution ¢(2) = (2 — &)™ "(¢ — B)~* where
r=(R—-1)/R —i(b—a)/R and s = (R + 1)/R + i(b — a)/B. Hence
every (nontrivial) solution of (2.2) is analytic in the open unit disc D
with at least one singularity on the boundary at z = 8. We now

show that ¢ is not in 5% i.e., the integral S S!g&(z)lzdx dy diverges.
D

Introduce polar coordinates at @ so z — 8 = pe®. Let 0 be less than
|8 — «], then there exist suitable 4, and 6, such that for 0 <e& <9,
the regions W, = {z|]e < 0 <9, 0, <60 <06,} lie within D and a¢ W..
Now

@9 [ |ls@raazin| {c-oe- o rawa.

€=0 We
Since a¢ W, it follows from continuity that |(z — a)™"|* = m > 0 for
zin W, all 0 <e < 4. Using this and the fact that |(z — B)~°| =
o0~ *e"?, where s = u + iv, the inequality of (2.4) becomes

05 (3
6

SDSI (2) P'dx dy = 1511101 m S S o700 df

1 €

= lim mk(6, - 6) | o +do,
where k& = infimum of ¢*? on 6, < 0 < 6, which is greater than zero.
But —2u+1=-2(R+1)/R+1=—1—-2/R< — 1, hence the
integral on the left diverges and ¢ is not square summable.

The fundamental solution for (2.3) is given by 4(z) = (z — a)™"(z —
B)~¢, where » = (R + 1)/R — b — a)/R and s = (R — 1)/R + (b — a)/R.
Hence ¢(z) is analytic in the open unit disc D with a singularity on
the boundary at «. Let z — a = pe¥, then there exist suitable 6, and
0, such that for 0 <e < 0 < |a — B], the regions W, = {z|]e £ p < 9,
6, < 6 < 6,} lie within D and g¢ W.. As before, we obtain
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SD Sl¢(z) [fdx dy = lelgl mk(6, — 6,) Sj‘o—zwld‘o

where [(z — B)*1P=m >0 for all z in W, and 0 <e <9, k is the
infimum of ¢’ on 6, <0<6, and r =u + w. But —2u + 1= —
(R + 2)/R < — 1, hence the integral on the left diverges and ¢ is not
square summable.

In case 2 the coefficient of #' has a double zero at @ = — a/2¢
where |a|* = a*/4|c|* = 1. The functions ¢.(z) = (z — @)%’ r =
(b —a—1)cand ¢_(2) = (2 — @)% =27 r = (b — a + 1)/c are funda-
mental solutions for (2.2) and (2.3) respectively. Let us introduce
polar coordinates at z = « so that z — a = pe?? and let us agree to
set § = 0 so that for |z| < 1, the argument of z — « is restricted to
the intervals 0 < 0 < 7/2 and 37/2 < § < 2rn. Let r = w + 4w, then

l¢:i:(z)| — Ip—ze—izoe(u+iv)(cosﬂ—-isin 0)/pl
— ‘o-—ze(ucos0+vsln0)/p .

We note that 4 and v are not both zero, for then b —a +7=0
where a and b are real. Now consider the function F(6) = wcos 8 +
vsingd. If w >0, F(0) =« >0 and by continuity there exist ¢, and
0, such that F(6) = u/2 > 0 for 6, < 0 < 0, < w/2, similarly if » > 0,
F(z/2) = v and there exist 6, and 6, such that F(6) = v/2 > 0 for
0,06, <72 If v<0, F(Br/2) = — v>0 and there exist ¢, and
6, such that F(6) = — v/2 >0 for 37/2< 0, <0 < 0,. Hence for all
r = u + v, except for the case u < 0,v = 0, there exists a M >0
and suitable 6, and 6, for which F(§) = M, 6, < 0 < 0,. This case
requires only a minor modification which will be provided shortly.
It is easy to see that for given 6, and 6, we can find 6 > 0 for which
the regions W, = {zle £ 0 < 4, 6, < 6 < 6,} lie entirely within the disc
for 0 <e < o.
Now consider || 4. ||

SDS|¢¢(Z)i2dx dy = 151_11101 S S|¢i(z)]2dx dy

We

Oo(5
=lim§ Sp"se”‘””"dpdﬁ

e=0 JOyJe

]
> lim (6, — 6,) S 100~ |
e—0 €

3
Since | ¢¥°p*dp diverges it follows that the ¢. are not square sum-
0
mable, provided » is not a negative number. Whenr=u + v =4 <0
we merely agree to set § = 0 so that for [2] <1 the argument of
z — «a is restricted to the interval /2 < @ < 37/2. Then F(n) = —
% > 0 and the argument is the same as before.
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In case 3, a* > 4|c|?, the coefficient of %' has distinct zeros at
a=(—a+ R)/2¢ and 8 = (— a — R)/2¢c where R = (a® — 4|c[)'* > 0.
For a > 0,

R+ a a

= 1,
L PR
and therefore |a| < 1. For a <0,
_R—a_ la
la] = —=—=> - >1,
2]e lel

and therefore |G| < 1. Without loss of generality we assume |a| < 1,
and [B] > 1. For |z| < |a| <1, the functions ¢. and ¢_ given by

¢.(2) = (2 —a)7(z — )
$-(2) = (@ — B) "z —a)™

wherer = (R + b— a)/R—i/Rands = (B + b — a)/R + i/R, are funda-
mental solutions for Lu = 4u and Lu = — u respectively. Now suppose
v is any nontrivial element of 57 which satisfies Lu = + tu. In
particular « is analytic for [z| < |a| < 1. From uniqueness results
this implies that +(z) = e¢g.(2) for |z] < |a|, where ¢ == 0. By the
identity theorem for analytic functions this implies (2) = cé.(z) for
|z] < 1, hence ¢.(z) is analytic in |2| < 1. But ¢.(z) has a singularity
at |a| < 1, therefore, the equations Lu = = su have no nontrivial
solutions in SZ

3. In this section we obtain conditions on the coefficients of L
which insure that for all \ every solution of L¢ = A¢ is in 5% If
L is a formally symmetric operator satisfying these conditions the
defect indices of the operator T, are equal to the order of L and T,
has a self-adjoint extension in S#

In [2] it was shown that if L = >, p.D* is formally symmetric
then the p; are polynomials of degree at most # + <. Regarding such
L with polynomial coefficients we have

THEOREM 3.1. Let L = 3\, p.D* where n =2, p,(0) =0, and
v = 2.5 ai(k)2b, and
2n
A= a3 lam],
(38.1) B=mnn+1)2, and
B = |ayn) | > las(r)n[(n + 1)/2 — 4] + a;_(n — 1)| .

=1
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If A<l or A=1 and B < B then every solution of L¢ = 0 is in 5£

Proof. Since p,(0) = a(n) = 0, every solution of Lu = 0 at the
origin is analytic in some neighborhood of the origin. Let ¢(2) =
>0 027 be any such solution, we will show that there exists a positive
constant K and positive integer p such that [b;{ < Kj~"* for j sufficiently
large. Consequently the series 3w, |b;[*/(j + 1) converges and ¢ belongs
to 7.

We begin by obtaining a recurrsion formula for the b;. Substi-

tuting ¢(z) = 3.5, 0,27 into the equation Lg(z) = 0 we obtain

S a®mG — i+ bt

Lo = 5 3,
3=0 k=0 ¢=0
where

TN =xM—=1--- A=k +1) E<X
=0 E>N\.

Hence L¢ = 0 if and only if the follewing relationship holds for all j.
n nt+k
(3.2) S S Aol — i+ Wby = 0.

Hence,

n—~1 ntk

kiz% ;}) a k)T — 1 4+ k)b;sis
2n
+ Zl a{R)T (5 — ¢+ ®)b_ivn + @{R)T(F + #)bjen =0

Noting that the sums involve only the b;_, thru b;,,., (where § > n)
and 7,(j + n) never vanishes we may solve for b;,, to obtain

3.3) bjvn = — (S, + Si)fa(m)z.(f + n},

where
2n
Sl = gll ai(%)nn(j —1 =+ n)bj—i+n ’

and

n—1 n

—1 ntk .
S, = Ig‘;i_g (k)T — © + EYbj_iss »

for 7 > n.
We now investigate the nature of S, and S, as polynomials in 7.
It can be shown that =,(j + » — 1) is a polynomial of degree = in j,
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G4 mG+n—d =g+ [MOED iy
for 2 =1, ---,2n. Using (3.4) in (3.3) we obtain
8, = 5" 3 as(mbie

(3.5) + 57 3 ain) [2’0_(_732:;1_) _ m]
+ lower powers of 7.

Now consider S,. Since 7,(j — 7 + k) is a polynomial of degree %k in
J,» an examination of (8.8) shows that S, is a polynomial of degree
n — 1 in j, and that the only terms which contribute to the coefficient
of j»' are those corresponding to & = » — 1. Hence

2n—1
S, = 5" Zzéaz(n — 1) ss 0

+ lower powers of j.

(3.6)

Combining (3.5) and (3.6) we obtain

S+ 8, = 3" 3 am)bs_i.

(3.7) + 57 Sl am(2CED —in) + acin - D b
=1 2
+ - ) (j > ’}’L) .
Since 7,() + n) = j* + (n(n + 1))/2j** + ---, is always positive (3.3)
yields
(3.8) [bs2s] = 555

lay(n)[[5" + Bj* + -]

We now estimate |S, + S,|. Let M(j) = Max (|b;_,], --+, | bj1n_]), then
it follows from (3.1) and (3.7) that |S, + S.| = |a,(n)|[M @) Aj™ +
M()Bj*™* + ---]. Hence

Ajn_l__Bjn-—l_i__'_ .
3.9 bjrn] < = : Mi
(3.9) byl £ S T MG)

for j > m, where A, B, and B are given by (8.1).
Consider the estimate (3.9) for |b;.,|,

(3.10) [bira] = QUIMG) 5> m,

where Q(j) = (45" + Bj** + ---)/(G* + Bj>* + ...). We note that
for fixed {, Q(J) <1 + {5 for j sufficiently large if and only if Aj* +
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Bi** 4+ .- Sj"+ (B+0j" "+ ... Henceif A<lor A=1 and
B < B + { we have
(8.11) QU1+ 4™
for j sufficiently large. Now consider the expression
A+ +DHG—n+1D7,

where £ < 0 and p a positive integer. It is not difficult to see that
this is dominated by (5 + % + 1)™*? for j sufficiently large if and
only if

@+t e+ D+ =@ -+ D+
for j sufficiently large. Hence, we have
(3.12) A+ +D)N—n+)y""=<(@G+n+ 177

for 7 sufficiently large if p = — 2n{™.

We now show that there exists a positive constant K and positive
integer p for which |b;| < K577, 5 sufficiently large. By hypothesis
either A<lor A=1and B<B. IfA<1llet{= —1landp=2n,
if A=1, select { such that B— B< (<0 and p > — 2n{™". For j
sufficiently large, say j > j;, (3.11) and (3.12) hold. Set

K = maX;<; +n lbjljllp

so that |b;] < Kj~# for j < j, + n. Using (3.10) and (3.11) it follows
that

bigsan] < (L + G, + DIMG, + 1),
where

MG, + 1) = Max (K(, — n + 177, -+, K(j, + 1))
= K, — n + 1)

Hence | b, 0| = (1 + L@, + DT)K(, — n + 1)77, and using (3.12) this
yields

(3.13) [bj,4ne] = K(J, + 1 4+ 1)72,
We now proceed inductively to establish
(3.14) [0j4nie| = K, + n + k)77 k=23, -.-.

Let K, = max;; 1ns1|0;]5'7 now K, = max {K, |b; 1n4:|(J + n+ )P} =
K, making use of (3.13). Using (3.11) yields

[0 4mee] = L + L0 + 27HMG, + 2)
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where

M@, + 2) = Max (K(j; — » + 2)77, -+, K(j, + n + 1)77)
= K, — n + 2)» .

Using (3.12) it follows that
lbj1+n+2[ = K@, +n+ 2)77.

Continuing on in this manner we establish (3.14) and the theorem is
proved.

We note that the conditions (3.1) of Theorem 3.1 involve only the
coefficients of the polynomials p, and p,_,, hence if L satisfies the
conditions of (3.1) so do the operators L + ¢. Hence we have estab-
lished the following.

THEOREM 3.2. Let L be a formally symmetric operator which
satisfies (3.1), then the associated operator T, has defect indices n, =
N_ = n.

COROLLARY 3.3. The operator L = (¢,z* + €)d*/dz* + (6¢,2° + ¢2° +
aR + Cy)d/dz + (6¢,2° + 2¢,2 + as), where a; and a, are real and |c,| >
les| + |a.l/2, has self-adjoint extensions.

Proof. Applying the algorithm given in Theorem 2.3 of [2] the
general second order formally symmetric operator has coefficients

0(2) = ¢2* + 62° + a2 + €k + €,
2.(2) = 66,2° + (c5 + 3¢)2" + az + €,
Po(R) = 6¢,2° + 2¢2 + a5,

where a,, a,, and a, are real.

Now A = (je,] + 2]¢| + |a)/|e.] =1 and A =1 if and only if ¢, =
a,=0. Now B=38 and B= (l¢]| + |a] + 2|¢)/le.] <3 if and only
if [¢,| > |es| + |@,]/2. Hence the result follows from the previous
theorem.
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