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MAXIMAL PURE SUBGROUPS OF TORSION
COMPLETE ABELIAN ^-GROUPS
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Let N be the set of nonnegative integers, and let B =
Σ (&[bi](ieN) be the direct sum of cyclic groups with Qφt) =
pί+1. Denote by B the torsion-completion of B. This paper
is concerned with pure subgroups of the group B. If G is
such a group, let

I(Q) =z {i\ith Ulm invariant of G is nonzero} .

Beaumont and Pierce introduced a further invariant for G,
namely,

U{G) = {I(A)\A is a pure torsion-complete subgroup of G} .

U(G) is a (boolean) ideal in ^(N), the power set of N.
If ^ is an ideal in ^{N)9 then the canonical example of a

pure subgroup, G, of B with U(G) = ̂ is constructed as follows:

G = ^{J?) = ΣAAIe^) where Aj is the

torsion-completion of Σ ®[bi](ie I) .

Beaumont and Pierce showed that if ^(N)l^ has no atoms
and ^ is free, then there exist maximal pure subgroups G of
B such that G => Sf (.X) and U(G) = ^. The purpose of this
paper is to give necessary and sufficient conditions for the
existence of such a G in the case that ^(N)l^ is finite. In
the process, some information is obtained about the number
of nonisomorphic extensions of

I* Preliminaries* For the basic background on p-groups without
elements of infinite height see [2] and [3]. The groups G that we
consider in this paper will all be pure subgroups of B, where £ is a
standard basic subgroup as above. The following definitions and facts
may be found in [1].

( i ) DEFINITION, I(G) = {n\nth Ulm invariant of G is not zero}.
(ii) DEFINITION. // xeB and x = Ir^^ie N), then δ(x) =

(iii) PROPOSITION. // ^ is an ideal in &*(N), then
B\d(x)e^}.
(iv) PROPOSITION. ^{J?) is a pure subgroup of B and

(v) PROPOSITION. If ^ contains all finite subsets of N (such
an ideal is called free) and is maximal in &*(N), then ^(J?) is a
maximal pure subgroup of B.

In [1] Beaumont and Pierce give an example to show that it is
not always possible to extend ^(J?) to a maximal pure subgroup G
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with U(G) = <J?i when *J^ is the intersection of two maximal ideals.
It turns out that this is the case which causes most of the difficulties,
and the majority of the paper is devoted to showing that their example
is typical of the situation where no such G exists.

IL Throughout this section ^ will be the intersection of two
maximal free ideals. Let Y* and "W be distinct maximal free ideals
of &*(N) and let J^ = T Π ST7 Let Ve T - J? and let W = N -
V. Then We <W - ^ and by the maximality of T and W we
have T = [F, J?\ and ^ " = [W, ^]. Note that &(V) Π J? and
*^(W) Π <J^ are maximal ideals of &>(V) and &(W) respectively,
and that gf p**) = &(T) Π ^ ( ^ " ) .

Our purpose in this section is to give a necessary and sufficient
condition for a group G with &{J?)CLGC:B and G/&(J*) ~ Zp(oo)
to be of the form &(T) or

II. A. NOTATION.

( i ) Let Λ be the closure in B of Σ φ [6J(i e F).
Let A2 be the closure in B of J φ [bi](i e W).

(ϋ) Gx

(iii) vn = i ^ - +^^i G F and i^n-1).
wn = 2rj)ί"w+16<(i G T^ and i ^ w - 1).

(iv) Jgf = {G\G = S?^) + [{wΛ| w G ΛΓ}], where ^w - pun+1e
and wn = vn + ίnwn with 0 ^ ίΛ < p%}.

jgf = {GIG = ^(w^) + K I w e iV] where u n - pun+1 e ^ ( ^ " ) and
wn = wn + sΛt;n with 0 ^ sΛ < pn).

The following proposition records the obvious connections between
these objects.

II. B. PROPOSITION.

( i ) A 1 ® A i = JB;G
(ϋ) Λ-ίbJ^

A2 = [{w.lneJSΓ}] + G 2 .
(iii) At/Gt = Zp(oo) for i = 1, 2 .
(iv) ^(3^) - [{vn I n G ΛΓ}] +

g f ( ^ ) = [{^J^GiV}] +
(v) G is a pure subgroup of B with G/^(^) = Zp(oo) iff Ge

At this point we have explicitly realized B^i^J7) as Aι/G1 φ A2/G2

and have definite sets of representatives for AJGX ~ Zp(oo) and A2/G2 =
Zp(co). By I.B.v. the groups G that we are interested in are obtained
by taking a rank 1 summand of A1/Gι φ A2/G2 and adding its represen-
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tatives to 5f (^") . Any such summand D will be complementary to
either AJG1 or A2/G2 (or both). Now if D is complementary to A2/G2,
for example, let πι and π2 be the projections into A1/G1 and A2/G2,
respectively, with respect to the decomposition AJG1 0 A2/G2. Then, of
course, for d e D we have d = πγ{d) 4- π2(d) and φ defined by Φ(πi(d)) =
π2(d) is an element of Horn (AJGl9 A2/G2). In fact, there is a one-to-
one correspondence between Hx = Horn (AJGl9 A2/G2) and βέζ and
H2 = Horn (A2/G2, AJGλ) and < f̂. The following definition and proposi-
tion set forth the precise situation.

II. C. The Correspondence.
(i) Let φ e H19 then φ(vn + Gx) = ίΛwn + G2. Let un = vΛ + £ΛwΛ

and define G[^] = g ^ ( ^ ) + [{uJπeiV}].
(ii) If G e <%* with G = gf ( ^ ) + [{vn + £nwΛ | w e iV}], then define

φ[G] e Hx by φ[G](vn + Gx) - tnwn + G2.

II. D. PROPOSITION. For φeHx and G e
( i ) G[φ] is a uniquely determined element of
(ii) φ[G] is a uniquely determined element of Hx.
(iii) G[φ[G]] = G.
(iv) φ[G[φ]] - φ.
By interchanging the roles of the wn and vn we get a similar

one-to-one correspondence between H2 and ^f. In fact, fli. and H2

coordinatize Sίf^ and 3(?% with some overlap as the following proposi-
tion makes clear.

II. E. PROPOSITION. If φ and ψ are distinct elements of Hx u
H2, then G[φ] = G[ψ] iff φ and ψ are isomorphisms with φ — ψ'1.

Proof. This is the case where the summand defining G[f] is
complementary to both A1/G1 and A2/G2.

We are now ready for the fundamental definition and theorem of
this section.

II. F. DEFINITION. Let Sl9 S2, Tl9 T2 be abelian groups and let
0 e Horn (Si/Sa, TJT2). We say that φ is lif table if there is a Φe
Horn (Slt IΊ) such that the following diagram commutes:

Φ

II. G. THEOREM. Let G e ^ with G = G[φ] for φ e H,. Then
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G = ^(3O if and only if φ is liftable. A similar theorem holds for

Proof. Clearly G = <^(yr) if and only if there is a pure torsion-
complete subgroup A of G with I{A) — V.

(i) If φ is liftable, then Φ e Horn (Au A2) by definition of liftable.
Now Φ can be thought of as an endomorphism of B by taking Φ(A2) =
0. With this understanding, Φ is height increasing on B[p], since if
ke W, Φ(pkbk) = 0, and if ke V, then d(Φ(pkbk)) c W, so k$δ{Φ(pkbk)).
Let A = (1 + ΦHAi). Then A φ 4 2 = ΰ, so A is a pure torsion-
complete with I(A) — V. If xe A19 then a? = g + rι;w, where # e Gx and
0 ^ r < pn for some w. Consequently, (1 + Φ)(x) e G since Φ liftable
implies Φ(G,) c G2 and vΛ + Φ(vn) e G. It follows that A c G.

(ii) Assume that there exists a pure torsion-complete A with
A c G and /(A) = V. Since [/(A) Π £/(G2) = ̂ ( F) Π (W Π ̂ ) is empty,
we have A + G2 is pure and the sum is direct. We claim that, in
fact, A φ G 2 = G . To see this note that U(A 0 G2) - &>(V) + (Wf]^)
so U(A 0 G2) is free. Hence any basic subgroup of A 0 G2 will be a
basic subgroup of B. One such basic subgroup is Br = ̂  01?2 where
Bx is a basic subgroup of A and 5 2 = ΰ ί l G2. One sees easily that with
respect to B', A 0 G2 is of the form &{T). Hence B/(A 0 G2) - Zp(oo)
by 4.2 in [1]. And since A@G2^G, B/G = Zp{^>), and both G and
A 0 G2 are pure in 5, we have A 0 G2 = G. Now B = A 0 A2 since
I(A 0 A2) = N. Let Φ be — (π | A^ where π is the projection of B
on A2 associated with this decomposition of B. To show that Φ is
a lifting of φ we must show the following two things:

(a) Φ(G0 S G2. This is clear because G = AQ)G2 implies (A 0
G2) Π At^ ^(<J^) n Ai = ft and Φ maps into A2 which is the closure
in B of G2.

(b) Φ(vn) = tnwn mod G2 where G = Sf p θ + [{v. + *»«;» | n e ΛΓ}].
Because vw + Φ(^w) e A c G, it follows that (vn + Φ(vn)) - (vw + ίnww) =
Φ(vn) — tnwn e G. Therefore, since δ(Φ(vn)) c W, Φ(vn) - tnwn eG Γ)A2 =
G2; t h a t is, Φ(vn) = tnwn mod G2.

II. G. REMARK. Note that it is not possible for G = G[φ] e
to be isomorphic to ^{^) if Ker φ > 0. This is the case because
G = gf (^") implies that there is a pure A c S^(^") with A = A2

and Ker φ > 0 implies that AJp] cz G which would give G[p] c A^p] +
A[p] = S[p]. The purity of G would now give G = 5, a contradiction.
If Ker^ = 0, then we might have G~ 5^(^O, this will occur if
Φ~ι G iϊ2 is liftable. Therefore, this theorem together with the corre-
sponding theorem for G e §ίf2 give a necessary and sufficient condition
for G to be isomorphic to &(T) or
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IIL In this section we state the main theorems of the paper.
The notation remains the same as that of II.

III. A. DEFINITION. For φeH.Ό H2 let K(φ) = n if | Ker ψ \ = pn.

III. B. PROPOSITION. Let φ, ψeH,. If K{ψ) = K(ψ), then G[φ]
is isomorphic to G[ψ] and similarly for H2.

Proof. G[φ] = Sfp*) + [{vn + tnwn\neN}] and G[f] =
[{vn + snwn\neN}]. Let m = K{φ) = K(ψ). Then tn =
and 8n = pms'n mod pn for (t'ny p) = 1 and (s'n, p) — 1 for % > m. Let
rn be such t h a t rΛί» = s'n mod ί)%. Define a by:

«(&*) = δ t for Λ e V r U { λ e P Γ | A < m - l }

a(bh) = rh+1bh for /ιe I f and h ^ m — 1 .

III. C. DEFINITION.

(i) nx{T, <W) = min{K(φ) \φeHu U(G[φ]) = 3Π if this exists, and
oo otherwise.

(ii) %2(T, <W) = min{ίΓ(^)|^e£r2, Ϊ7(G[^]) = ^"} if this exists,
and °o otherwise.

IIL D. PROPOSITION. Let φ e H^ Then φ is liftable if °o >
K{φ) ̂  ^ ( r

Proo/. Let α = ^(3^, ̂ " ) . By IIL B. we have G[φ] ~
for every φ e Hx with K(φ) = α. By II. G. every such φ is liftable.
If K(φ) > α, then there is a τ/r G Ht with

p'(^>-γ = ̂  and K(f) = a. Then pκ^~aΨ = Φ is a lift of 0.

IIL E. DEFINITION. If 7 c AT and % any integer, then we write
/ - n for {i - n\ie 1} Π JV. If 3^ is an ideal of &*(N), then ^"% =

III. F. PROPOSITION. Let T be a maximal free ideal of
Then

( i ) cTn is a maximal free ideal of
( i i) If nΦm, then Tn ΦTm.
(iii) iφr, Tm) = m; n2(T, Tm) = 0.

Proof, (i) Clearly Tn is free. If F g N and Fg ̂ "w, then F-f
^ g 3^. Since N - ( F + n U (JV - F) + n) is finite we have (N -
F) + neT by maximality of 3^. Therefore, N - VeTn by define
tion and T% is maximal.
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(ii) If Ig T, then I - m£Tm and I - n£Tn. Consequently,
if τm = T*, then I - m (~) I - n$Tm = Tn where I- mf) I - n =
[k — m I there is a λ/ e I with /b — m = k' — n} = [k — m | there exists
k' e I with k — kr — m — n). However, since Ψ* is free, there exist
Γs such that / ί Ύ* and having the property that if k, k' e I with
k Φ k', then | k — k'\ > m — n. For such an I we actually have I — m
and I — n disjoint.

(iii) Let VaN be such that VίT and V f] (V - m) is empty.
Let W = (V - m) U (N - V), W = Tm and use the notation of § 2.

Let φ e H2 with 0(w% + G2) = vn + G^ A computation shows that
the following Φ is a lift of φ:

Φ(bj) = pmbj+m for j e V - m and Φ{b3) = 0 for j e W - (V - m).
For this Φ we have K(φ) = 0, so wa(3^, ^ w ) = 0.

Let φe^ with φ(vn + G,) = pmwn + G2. Define a lifting Φ of φ
as follows.

φ(6̂ ) = 6;_m for i e F and i ^ m
Φ(bi) = 0 for i e V and i < m.
Once again, a straightforward check shows that Φ is a lift of φ.

Hence, ^(3^, ̂ m ) ̂  m. By III. G. (ii) below, if n = n,{ T, Tm) < m,
we have W = Tn = Tm in contradiction to III. F. (ii).

We now show that if 5f(<J^) possesses at least one extension of
the form &(T) and at least one of the form 5f ( ^ ) (other than the
ones corresponding to the zero homomorphisms in Hγ and if2), then

= Y*n for some n, or vice-versa.

III. G. THEOREM. Let 7Γ and "W~ be maximal free ideals. If
nx(T, <W) < oo and n2(T, 3T*) < oo, then

(i) nt(T9 ^) = 0 for one of i = 1 or i = 2.
(ii) // nlT, W~) = 0, then ^ = Tn> where n = n,{T,

Proof. Deferred to §IV.

III. H. COROLLARY. If Ψ* and "W^ are maximal free ideals with
^ = T Π ^ 7 then there does not exist a G with gf ( ^ ) c G,
Zp(oo), and U(G) = J? if and only if W" = TX or T =

Proof, (i) If <W~ = T\ then nx{ T, W) = 0 and n2( T, <W~) = 1
by III. F., so G e ^ t implies G = &(T) and G e J g f - ^ implies
G s &{3P~).

(ii) If the G mentioned does not exist, then for every G e Sίfx{\
we have either G = ^(3^) or G ̂  5f (5^). Hence, one of the n^T,
is zero and the other is 1. By III. G. we have either T = W"1 or

= T\

III. I. THEOREM. If ψ[, , Ψl are distinct maximal free ideals
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and <J^ = Π ^ ί ( l ^ ^ ̂ S n), then there is a G, pure in B, with S^(^) c
G, U(G) = J^ and B/G ~ Zp(oo) if and only if there is no pair i, j
with Tj = Ti1.

Proof. As in the case of n = 2 we may choose I{ such that 1{ £ Yl,
N = U Ii(l ̂  i ^ n) with 1{ and Id disjoint for i Φ j . Define Aζ as
the torsion-completion of Σ 0 [bd](j e /;) and Gt as gf(^(/<) Π c^) .
For each A; e iSΓ and each 1 ̂  ί ^ w let i;,,* = Σpj~k+ιb3{j e I%). Then
fy^ I A; e AT} is a canonical set of generators for AJGi ~ Zp(oo). Let
Hij = Έίom(Ai/Gi9Aj/Gj) and ^ ^ { G I G is pure in A, © A, with
(Λ 0 A,.)/G ~ Zv{oo) and G 3 G, 0 G, }.

Since our earlier theorems could have been stated and proved for
a standard subbasic we know that Hi:j coordinatizes £ίfφ that if
G G 3ίfi5 then G — At 0 Gy if and only if the associated φ e S y is
liftable, and that Theorem III. G. holds.

We can realize ΰ/gf ( ^ ) = ΰ a s ΣAJGiil ^ i ^ n). Observe that
if G is a pure subgroup of B with B/G ~ Zp(oo) such that G z> S?^),
then G is obtained by taking a rank n — 1 summand Z^ of D and
adding a set of representatives for DG to gr (^") . Since DG is of rank
w — 1 there must be at least one summand of the form AJGif with
D = (AJGi) 0 DG. For j Φ i let φiti = — TΓ,,* where 7Γifί is the projec-
tion of Aj/Gj into AJGi associated with this decomposition. Then
DG=z Σ Q) Zj(j = 1, , n and j Φ i) where a complete set of generators
for Zj is [vjtk + Φj,i(vd,k)\fce N}. Alternatively if S3 t i e ^ t i is the
group associated with όjfi e Hjyi, then G is the group generated by

In fact, G will contain other groups of the form SjΛ e 3ί?iΛ. If
i Φ j Φ hφ i and K(φj}i) ^ K(φhti), then let φjth e Hjfh be the map defined
by Φj,h(Vj,k) = rkvh,k if φjti(vjtk) = rkφhii(vh,k). If S i fA e 3tfi%κ is the group
associated with φJ9h, then we have S3 th c G. I t follows that for every
pair jh with 1 ̂  j , h ^ n9 G contains an element of either £g?jth or
^Λ,i Consequently, in view of III. H., if U(G) = *J^ then we cannot
have T i - ^ for any pair i, j .

Suppose now that we do not have Ti — T^ for any pair ΐ, j .
Then for every pair % j either n,{ T^ T;)^2 or n2( Tiy T})^2. A
simple combinational argument shows we may assume that n,( 3*?, Tj) ^
2 | i - i | . For ΐ > 1 choose ^<fl e i ? ^ with iΓ(^}1) = ί - 1 and let Sitl e
^f,! be the group associated with φitl.

If G is generated by {Sifl\i = 2, •••,?&}, then G is pure, J5/G =
Zp(oo) and G D ^ ( J ^ ) . We claim that U(G) - ^ If not, then J,e
*7(G) for some i. Note that /; ̂  Ix since this would mean that there
existed a pure torsion-complete A with A c G and J(A) = /L. However,
A 0 A% 0 0 An = B and (A2 0 . 0 An) [p] c G by construction,
s o i c G would imply G[p] = 5[p]. Since G is pure this would give
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G = B, a contradiction.
As noted above, for every pair k, j , G contains a subgroup of

or J^ f f c . Because of our assumed ordering of 71, , Tn we know
that for j < k, Gz> Skij e 3ίfhii. Let T be the group generated by
{Sk>j\kΦiΦj). Then clearly G = TφSiΛ. On the other hand, U(T),
U{A), and [/(GO are pairwise disjoint, so T φ A φ Gι is pure and since
(Λ φ φ A ^ φ A ί + 1 φ φ An)/(T φ GO s ZP(oo) we have G =
Γ φ A φ G i . Hence Sίfi = A φ Gx. But this contradicts our choice
of Sitl. Hence U(G) =

IV* In this section we provide the proof of Theorem III. G.

For simplicity, the following remarks and proposition will be stated
for φe Hλ The case of φe H2 is exactly the same. The notation is
that of II.

Let φe Hi and assume that Φ is a lift of φ, with Φ(bk) ~ Σ mk>hbh(h e
W) for each ke V. If r is any integer, then we can write Φ = ΦUr +
Φ2,r, where ΦUr{bk) — ΣmkΛbh{h e W and h < k + r) and Φ2,r(bk) =
ΣwiΊchbhihe W and h ^ k + r) with the understanding that either of
these sums is zero if its index set is empty. Clearly Φ1>r and Φ:

are elements of Horn (Aly A2).

IV. A. LEMMA. ΦuΛGλ £ G2 and Φ2tr(G1) £ G2.

2,r

Proof. Since Φ(G0 £ G2 we need only show that Φi,r(Gi) £ G2.
Let α; e Gi and assume Φi,r(#) g G2. Then for some J e % x = Σmkbk(k ej)
with m A ^ 0. If J s - {fce J|0(mfcί>fc) = p*+1} and xs = Σmkbk(keJs),
then a? = 2 ^ ( 0 <; s ^ ^ — 1) where 0(x) = pn. Since Φ1>r(x) ί G2, there
exists an s such that Φur{xs) ί G2. Hence we may assume that a? = xs

and J = J s .
Since 0(mkbk) = ps+1 for k e J, we may write mkbk = pk~slkbk where

(ZΛ,p) = 1. It follows that

( 1 ) Φur(mkbk) = Σpk-Slkmk,hbh(k - s - 1 < h < k• + r)

because h ^ k — s — 1 implies pk~sbh = 0.
For 0 ^ ί < 3 + r + 1 let iΓt = {ί + n(s + r + 1) | w e N} f] J. Since

the Kt are pairwise disjoint and J = U ULt(0 ^ ί < s + r + l) we have
a? = 2*^(0 ^ ί < s + r + l) where ^ = Σmkbk(k e i Q It follows that
there exists a ί with ΦUr{xt) ί G2. Hence, we may assume that a? = xt

and J = Kt. As a consequence, if j e J and fee J with j Φ k, then j
and & differ by at least s + r + 1 in absolute value and by (1) above
SiΦ^riπijbj)) and d(Φ1>r(mkbk)) are disjoint.

We now know that the 5(01)r(mfc6fc)) are pairwise disjoint for & 6 J
and that their cardinality is less than 3 + r + 1. Hence,
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\Jδ(Φl9r(mkbk))(keJ) and, since ΦUr{x) £ G2, δ(Φ1>r(x)) $ &>(W) Π ^
Therefore, it is possible to choose one integer tk from each δ(ΦUr{mkbk))
such that {tk I k e J) £ &( W) Π J^- For keJ we define ^ A inductively
as follows:

(i) nkbk = τnkbk if k is the least element oΐ^f.
(ii) w A = 0 if wk e δ(Φ(Σnάb3)) for j < k and j 1 e J
nkbk = mkbk if wk g δ(Φ{Σnjbΰ)) for i < A: and j G J.

Let

1/ - Σnkbk(k e J) .

Then δ{ιj)(zJ so yeG,. On the other hand, δ(Φ(y)) Z) {wj. | A: e J} since
i G δ(Φ(mkbk)) implies ί > k — s — 1 and ^^ ^ A — s — 1 for j < k and
^ G J". Hence Φ(τ/) g G2 and this is a contradiction to the assumption
that Φ is a lift of φ.

IV. B. Proof o/ III. G. Let w - %,( T, Ύ/^) and m = n2( ¥>',
W). Choose φeH, with φ(vk + Gx) = pnwk + G2 and ψeH2 with
α/r(wfc + (?2) = pmvk + Glβ Let Φ and ?/ be the lifts of φ and ^ . In
the notation of Lemma IV. A., let Φ = Φlrί + Φ2>1 and Ψ = Ψ1Λ + Ψ2tl.
By IV. A., Φ2>1 and Ψ2Λ induce maps φ2 e H, and ψ2 e iί2. If {ψ2φ2){vk +
GL) = r^fc + Glf then ^(δfc) = rk+1bk for ί e F is a lift of (^2^2) since
bk — vk+1 — pvk+2 for fc G F by definition.

We claim that ψ2 = 0 or ^2 = 0 or, equivalently, that 2̂,1(̂ .2) ^ ^
or Φ2>1(A!) c Gr2. To show this we need only prove that ψ2c>2 = 0 since
the images of ψ2 and ^2 must be either Zp(°o) or zero. If ψ2φ2 Φ 0,
then {k\rk¥1bk Φ 0}g.^(V) Π ̂  since ^ is a lift of f2̂ 2. If iG
^(^ î̂ ii&jfc))^ then j>k since A G δ(Φ2fl(bk)) implies A > & and j e δ(Ψ2fl(bh))
implies j > h by definition of Φ2tl and f2ll. Hence (θ — ¥2,^2,i)(bk) =
n+iδ* + I/* where i e δ(τ/fc) implies i > &. Since [k \rk+ίbk Φθ}g.^(V)n
^ a construction exactly like the one at the end of Lemma IV. A.
produces an xe Aλ — Gx with (0 — Ψ2ΛΦ2yl)(x) e Aλ — Gt. However, θ
and f2>1Φ2,i are both clearly lifts of ψ2φ2, so (θ - Ψ^Φ^iA,) c Gx.
This contradiction shows that ψ2φ2 ~ 0.

Assume that φ2 = 0. It follows that Φ1Λ is a lift of 9. Let θt =
Φi,-t+i - Φi,~t for 0 ^t ^n - 1 and <?Λ = Φu-n+1. Then ^ ( d ) S G2

since ΦUr has this property for every r. Therefore, θt induces θt e Hx

and, since Φ1Λ = Σθt(0 ^ t ^ n) we have φ = Σθt(0 ^ t ^ n).
If ^ Φ 0, then there is a A: with βt(vk) Ξ S^^^ ^ 0 mod G2. Since

^ ( ^ ) - Σθt(p*-»+%) - - i r * + ι m M 6 M 0 ' e TO, we have

and TF' = V - t$ ^(W) Π ̂  However, since θt{Gx) S G2, it follows
that for any subset K of V, Σpj~lc+1bj(j e K) is an element of Gλ if
and only if— Σpj~k+ιmj^tbj_t{j e K) is an element of G2. Equivalently,
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Ke &(V) Π J? if and only if K - t e &(W) Π ̂  Since V c V, W c
T7,F'ί w^ and W iJ? we clearly have 3 ^ - 3^'. By III. F. (iii)
we have n = ^^ ^7 ^^") <*t^n. It follows that 0< = 0 for t < n and,
since φ Φ 0, θn = φ which implies
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