PACIFIC JOURNAL OF MATHEMATICS
Vol. 53, No. 1, 1974

A FIXED POINT THEOREM FOR £-SET-CONTRACTIONS
DEFINED IN A CONE

JUAN A. GATicA AND W. A. KIRK

Let X be a Banach space and H a solid closed cone in X
with interior H°. Suppose B is a bounded open set in X
containing the origin. For G = BN HY, let 3,G denote the
relative boundary of the closure G of G in H. In this paper
mappings T:G — H are considered where 7 is a k-set-con-
traction, ¥ <1. It is shown for such mappings that if
(I — tT)G) is open, t€[0, 1], and if T satisfies (i) T« =+ 2z for
all xeayé and 2> 1, then T has a fixed point in G. In the
special case when T is a contraction mapping, (I — tT)(G) is
always open and boundedness of B can be dispensed with.

The Leray-Schauder boundary condition (i) is an assumption
which in particular holds for convex G if T:0,G — G, or even more
generally if T is ‘inward’ in the sense of Halpern and Bergman [7]
(cf. also, Vidossich [15] (Theorem 5(ii)) for an equivalent condition
on f=1I— T). Conditions similar to (i) have been imposed by several
authors recently in proving fixed point theorems in functional analy-
sis, although, as we note in more detail below, it is usually assumed
that the origin is an interior point of the domain of T, with the
condition T # Mz, N > 1, required of all x in the boundary of this
domain.

We are concerned here with the “k-set-contractions”, k <1,
a class of mappings which includes not only the usual “contraction
mappings” (mappings U: D— X satisfying for some a <1, ||Uz— Uy|| =
allxz — yll, x, y€ D), but also mappings of the form 7 = U + C with
U a contraction mapping and C compact. This class is defined by
Kuratowski [9] as follows: For a bounded subset A4 of X define the
measure of noncompactness, v(4), of A by 7(4)=g.1.b. {d > 0:
there exists a finite number of sets S, ---, S, such that Ac U, S,
and diam S;=<d, 1=1,---,n}. A continuous mapping 7:D— X,
Dc X, is called a k-set-contraction if there is a fixed constant £ =0
such that v(T(4)) < kv(A) for all bounded A c D. There has been
intensive study of these mappings recently including, notably, Nuss-
baum’s development [10] of a theory of topological degree for them.

With H and G as above, we prove in this paper that if T:G—H
is a k-set-contraction, % < 1, satisfying (i) on 9,G, and if (I — tT)G)
is open, te [0, 1], then T has a fixed point in G. This theorem is
specifically related to a number of recent results; for example,
Nussbaum has proved [10] that if D is a bounded closed and convex
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subset of X with nonempty interior and if T:D— X is a k-set-
contraction, k < 1, satisfying for some x,€ D, Tx — x, = Mz — 2,) for
all xe 0D and N > 1, then T has a fixed point in D. (See also Nuss-
baum [11,12].) This result reduces to a theorem of Browder [3]
under the stronger assumption that 7 is semicontractive, and to one
of Darbo [4] if T: D— D. The boundary condition used by Nuss-
baum is similar to (i) (if w, is the origin), but it requires z, to be
an interior point of the domain D of T. Another related fact, due
to Petryshyn [13], is that if G is a bounded open subset of X with
0c@G and if T:G— X is a ‘condensing mapping’ (i.e., Y(T(4)) < Y(4)
for all A< D such that v(4) > 0), then the assumption T& # A& for
all x€dG and X\ > 1 implies that the fixed point set of T in G is
nonempty and compact. Thus this result holds for a more general
class of mappings and convexity of the domain is no longer
required.

In attempting to weaken the assumption that the origin be an
interior point of the domain of the mapping, Gatica and Kirk [6]
have proved existence of fixed points for contraction mappings
T: G — H where H is any closed and convex set in X, with Gc X
open relative to H and 0e G. The boundary condition assumed for
this result is: (i)’ T2 = ax, A >1, for all nonzero x€0,G, where
0..G denotes the relative boundary of G in the closed subspace 5#
of X spanned by H. Subsequently, Gatica [7] has extended this
result to the case where T is a k-set-contraction, k¥ < 1, under the
additional assumptions that G be bounded and I — ¢T one-to-one,
te]0, 1]. These results differ from the theorem of this paper in that
by assuming H is a cone we are now able to replace the assumption
that the boundary condition (i)’ hold on the relative boundary of G
in 5~ with the much weaker assumption that it hold only on 4,G.
This new result does not appear to follow directly from our preced-
ing results and arguments.

THEOREM. Let H be a solid closed come with interior H® in the
Banach space X, let B be a bounded open subset of X containing the
origin, and let G = BN H°. Suppose T:G — H is a k-set-contraction,
k<1, with the property that (I — tT)G) ts open, tc[0,1]. If T
satisfies:

(i) Tw+# \x for all x€d,G and N > 1,
then T has a fized point in G.

The assumption that (I-tT)(G), te< [0, 1], is open always holds if
I —tT is one-to-one (see Nussbaum [12], Theorem 2), and in par-
ticular it always holds in the important case when T is a contraction
mapping. Also in this case, the assumption that B is bounded may
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be dispensed with by the reasoning of Gatica-Kirk in the proof of
Theorem 2.2 of [6]. Thus we have the following:

COROLLARY 1. With H as in the theorem, let BC X be an open
set containing the origin, and let G = BN H'. If T:G—H is a
contraction mapping satisfying

(1) Tx == e for all xed,G and N> 1,
then T has a fived point in G.

If T:G— H is a nonexpansive mapping (i.e., if ||Te — Ty|| <
llo —yll, , yeG) then ¢tT is a contraction mapping for te [0, 1).
Also, if (i) holds for T on 4,G then (i) also holds for ¢T, t < 1, so
the above implies:

COROLLARY 2. With H as in the theorem, let BC X be an openr
set containing the origin and let G = BNH. If T:G—H is o
NORELPANSIVE MAPPING satisfying:

(i) Tae = e for all x€d,G and ) > 0.

(ii) {z.} ©G such that x, — Tx,— 0 as 1 — < implies existence
of ©'eG such that &' — Ta' = 0.
Then T has o fived point in G.

We should mention that condition (ii) above was first used by
Petryshyn [14], where he notes that it always holds if 7 is a
generalized contraction in the sense of [2, 8]. Also (ii) always holds
if X is uniformly convex and B is bounded and convex, because
Browder has shown [3] that in such situations I — 7' is demiclosed
for nonexpansive 7. Thus we have:

COROLLARY 3. Suppose X 1s a uniformly convexr Banach space,
Hc X is a solid closed come, and B a bounded open convex subset
of X with 0e¢ B. Let G =BNH'. If T:G— H is a nonexpansive
mapping satisfying (i) on 0,G, then T has a fived point in G.

In what follows we use 0A to denote the boundary of a subset
A of X. We also use v to denote the measure of noncompactness,
and in particular, if {y,} is a bounded sequence in X, Y({y.}) =
Yy =1,2, -}

The following lemma, which is contained implicitly in [5], is used
repeatedly and we include its proof for the sake of completeness.

LEMMA. Let X be a Banach space, D a bounded subset of X,
and T:D— Y a k-set-contraction, k < 1. Suppose {«,} is a sequence
of mumbers corverging to ae[—1,1], and suppose for {y,} D, y,+
a, Ty, =z, where {2,} converges. Then v({y,}) = 0 and thus {y,.} has
a convergent subsequence.
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Proof. Since D is bounded it follows that M=sup {||T%||: x € D} <
co, and clearly we may suppose M > 0. Let ¢>0. Since a,—«
as » — o there exists a positive integer N such that if m, n = N,
la, —a,| <e/M, |a,|=1+e¢e and ||z, —z,]|<e If v{v.}) =d,
then clearly v({y.};-y) = d and Y({Ty.}7-v) < kd. There exists a finite
cover {S, ---, S,} of {Ty,};-y such that if Ty,, Ty.€S;fori=1, ..., 7,
then || Ty, — Ty,|| < kd + . Now let

Fi:T—l(Si)m{yn:n:MN+1,"'}! ’b.zl,"',T,
and observe that {y,};-y Cc Ui-. F;. Also if y,, y.€ F;, then

NYn — Yull = | € TYs — X TYw + @n Ty — €W TYw + 2 — 24|
sla, = an || Tyull + 1 @ul | Tyw — Tynll + 120 — 2l
Sla,—a,| M+ |a,|(kd +¢) + ¢
<24 (1 +e)kd +¢).

Since ¢ is arbitrary this implies Y({y,}) < kd which in turn yields
d < kd. Since k <1 we conclude d = 0. But this implies that the
closure of the set {y,:n =1,2, -..} is compact.

Proof of the theorem. We may assume without loss of generality
that G is the interior of its closure. For t ¢ [0, 1], let G, = (I —tTHG).
By assumption, G, is open and since tT is also a tk-set-contraction,
th <1, I —tTis proper (Nussbaum [11], Corollary 2). Thus (I — tT)(G)
is closed and hence dG, < (I — tT)(0G).

Fix e G and let = a(x) = sup {te [0, 1]: € G,}. We first show
that either a = 1, or there exists we d,G such that w — aTw = x.
(Note that a is well-defined since xe€ G, = G.)

Let ¢,—a as n— o where € G, . Then for each n there
exists y¥,€ G such that y, — ¢, Ty, = x. By the lemma there exists
yeG and a convergent subsequence {Ya) of {y,} such that y,, —y
as 1 — co. Since p,, T— aT uniformly on G as 1 — oo it follows that
y—aTy =g, ie., veG,.

Now suppose a < 1 and let ¢, | a as n — « where t,e(a, 1), n =
1,2, ---. Sincex¢G,, and y—t,Ty e G, the segment joining y — ¢, Ty
and & must contain a point z,€0dG,,. But 0G, < (I — tT)(0G), so for
each » there exists w, € dG such that

(%) w, — t,Tw, = 2, .

As n— oo, y —t,Ty —« so it follows that z,—x. Thus by the
lemma some subsequence {w, =, of {w,} converges to a point w € oG,
and (x) yields: w — aTw = 2.

Now xe H®° and «aTwe H. Since H is a cone and w =2 + aTw
we have we H°. This, with the fact that wedG, implies wed,G.
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(Notice that since, by assumption, G is the interior of its closure,
0,G = 0,G.) Therefore, we have established the following:

If G and iof a =sup{tel0, 1]:xe G}, then either @) a=1,
or (b) there exists w € 0xG such that w — aTw = x. Moreover, of (a)
holds for xe @G, there exists ye G such that y = x + Ty.

Now to complete the proof, let {h;} be a sequence of points of
G such that »,— 0 as 7— «. For each 17, let &, = @(h,). From the
above for each i either (a) @, = 1, or there exists w, € 3,G such that
w, — &, Tw; = h,. But if (a) holds for infinitely many 7, then we
may suppose (by passing to a subsequence) that for each 7 there
exists y, € G satisfying y, = b, + Ty,. Since h, — 0 it follows from
the lemma that there exists a subsequence {y, ]}, of {y;} which con-
verges to a point y,€G. Since

yij:hij_l_Tyij’ j=1)2"."

we must have y, = Ty, and T has a fixed point in G.
On the other hand, if (a) does not hold for infinitely many 7,
there exists an integer N such that for w, e d,G,

(**) wi_aiTwizh’ir 'I:ZMN+1;"'-

Moreover, by passing to a subsequence we may suppose &, —a =1
as ¢— o. Then since h,— 0, the lemma again applies and there
exists a subsequence {w;}i=: of {w,} which converges to a point
wedyG. This, with (xx), yields w = aTw. Since a<[0,1] and
w e d,G, (i) implies either &« = 0 or &« = 1. But @ = 0 is not possible
because this implies 0€d,G, a contradiction in view of the fact
G = BN H° with B open, and 0€ B. And if « = 1 then w = aTw =
Tw, completing the proof.

As a final comment we note that in relation to Corollary 1, if
the stronger assumption T:3,G — G is made then H need not be
a solid cone, and in fact may be taken to be any closed and convex
set with G = BN H = @. This fact is a consequence of results of
[1].

We wish to thank the referee for suggestions which improved
our exposition.

Added in proof. Recent generalizations of the theorem of this
paper based on degree theory results of Nussbaum and Petryshyn
and not requiring (I — tT)(G) to be open for 0 <t <1 will appear
in [W. A. Kirk, “A remark on condensing mappings,” J. Math. Anal.
Appl.] and in [W. V. Petryshyn and P. M. Fitzpatrick, “Fixed point
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theorems and the fixed point index for multivalued mapping defined
in cones”]. The latter paper extends the theorem to multi-valued
mappings in Frechet spaces.
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