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METRIC FAMILIES

J. F. McCLENDON

A (continuous) metric family is a disjoint collection of
metric spaces whose metrics are compatible with a given
topology on the disjoint union. The purpose of this paper
is to give some examples of these objects and to develop
some of their basic properties. Most theorems about metric
spaces can at least be formulated for metric families — some
are true, some are true only with extra hypotheses, and
some are false. Examples of each kind will be given. The
main positive results are a version of Dugundji’s extension
theorems, a cross section theorem, a generalization of one
of Michael’s selection theorems, and a generalization of one
of Coban’s selection theorems.

Here a rough description of the results described above will be
given. First consider the following diagram:

K

b

e
/

/ é
AcE-S.D

Here é: E— D is a metric family and ¥: K— D is a sub-family of
a vector family. It is shown (Theorem 3.3) that under certain
conditions f extends to a continuous F: E— K with 4F =¢é. If D
is a point then the result coincides with the extension theorem of
Dugundji [5, 6].

Now consider the following diagram.

H c FE

=
(\SY

A < D

Here h: H— D is a sub-family of a vector family E—D. 7 is a
partial cross section of h. Theorem 4.2 is a fairly general theorem
giving hypotheses on E, H, and 7 which guarantee that % has a
cross section which extends 7. The result is sufficiently general to
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include the Tietze extension theorem. Subsequent results specialize
Theorem 4.2 and give conditions on ¢ and H which guarantee a
cross-section-extension for any <.

Finally, consider the following diagram.

E

9F, é
%

D

A c X

Here é: E— D is a vector family and F: X — E is a multivalued
function such that éF = Z. ¢ is a partial selection for F. Theorem
5.1 gives conditions on € and F which permit ¢ to be extended to
a continuous selection for F. If D is a point then this becomes
one of Michael’s selection theorems [9]. In general the problem
presented by the diagram can be thought of as a lifting problem
with extra condition. The lifting problem (take A empty for
simplicity) is to find f: X — E with éf = % and is the type of problem
often studied in algebraic topology when ¢ is fibration. The extra
condition is to make f a selection for F. Of course the problem
can be reformulated as a pure lifting problem (not for fibrations)
or a pure selection problem (not metric valued). One can also let
X, =2"%(d) and F, = F|X,. Then F can be thought of as a family
of multifunctions with parameter space D. In Theorem 5.5 é: E—D
is simply a metric family but the resulting selection-extension is not
necessarily continuous. If F is a single metric space the theorem
coincides with one of Coban [3].

I wish to thank C. Himmelberg for some helpful lectures and
conversations.

1. Definitions and examples. We will use the following ter-
minology. A space is a topological space. A map is a continuous
function. If p: E— D is a map then a section of p is a map s: D—F
with ps = id,: D— D. A local section of p is a map s: V—E, V
open in D, with ps = id,: V— V. Now suppose p: E— D is a given
map.

E, =p7(d)

E,=p7(4)

Ex=EX,E ={(e,e)e E X E|pe =pe'}CEXE
= U E; x E; (a disjoint union)

deD

SCE, Sd:SHEd, SA:SOEA
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DErFINITION' 1.1. (E, p, D, p) is a metric family if p: E— D is
a map, o: E*— R is a map, and o | FE; x E,; is a metric for each
E,; de D.

Usually we will simply say that E is a metric family or that
E is a metric family over D. o can also be called a fiber metric
and E can be called a fiber metric space. Later it will be con-
venient to use é: E — D rather than p: F— D when more than one

family is involved.

ExaMPLE 1.2. Let E be a metric space with metric d and
p: E— D any map. Then d|E* = p makes E — D a metric family.

ExampPLE 1.2'. Let E— D be a metric family and £F— D =
E—B-—D. Then E - B is a metric family by EX, ECcE X, E—
R. If D is a point then this is 1.2.

ExAMPLE 1.3. Let D be any space and (M, @) any metric space.
Let E =D x M and p:E— D be the natural projection. Here
E* ={(d, m,d, m')|de D, m, ¢ M) and E* is homeomorphic to
D x M x M. Define p: E* — R by p(d, m, d, m') = a(m, m'). That is,

2% M- R.

Then E is a metric family. Call £ a product family.

ExAMPLE 1.4. Let E— D be a metric family and Sc E. Then
S— D is a metric family with metric obtained by restricting that
of E.

DEFINITION 1.5. Let p: E— D and p’: E' — D be metric families.
A map f: F— E’ such that p'f = p is an isometry if each f;: E;,—
E} is an isometry (not necessarily onto) and f is an embedding
(=homeomorphism onto its image).

The question arises as to which metric families are isometrically
embeddable in a product family.

ExampLE 1.6. Let D= R. Let F as a set be R x R with the
topology generated by usual opens and the following set

S=RXRBR—{s1t)]|t=0, —c0c <s<0or 0<s< +oo}

! This should be compared to corresponding notions of J. Dauns and K. H. Hofmann,
Representation of rings by sections, Memoirs of the A. M. S. no. 83, 1968, and J. M. G.
Fell, An extension of Mackey’s method to Banach *-algebraic bundles, Memoirs of the
A.M.S. no. 90, 1969.



494 J. F. McCLENDON

p:E—D is p(s,t)=s. p:E*—R is (s,t,8,t)=|t— 1| Then
(E, p, D, p) is a metric family. F is not regular since the closed set
A={s1t)]|t=0,0<s< «} and the point (0, 0) cannot be put into
disjoint open sets. If E were embeddable in a product family we
would have

EcRxM

R
with M metric—but this would imply that E is regular,

ExXAMPLE 1.7. Let &# =(@:E—B, G, F, &~ ={V, hy)}) be a
fiber bundle in the sense of [Steenrod, 11]. That is, p is F-locally
trivial, G a topological group, F' is an effective left G-space and
&7 is a G atlas (really, <& is a coordinate bundle but it determines
a unique fiber bundle). Suppose now that « is a metric for F and
that the G action preserves the metric, i.e., a(gf, gf’) = a(f, f).
Then call & a metric bundle. Then E — B is a metric family since
E,—Vx F is (Example 1.3) and the equivariance assumption
permits us to piece these together to form a metric family.

Recall [e.g. Husemoller, 7] a space X is a G-space, G a
topological group, if there is a continuous function G X X — X,
(g, ) — gz, such that lx =z and g(9'x) = (g9')x all g,9'€ G, z€ X.
It is called a free G-space (or a fixed-point-free G-space) if gr = 2
for some x implies g = 1. It is calld an effective G-space if gz =«
for all x implies g = 1. A free G-space is a Cartan principal G-
space if the function u: X* — G uniquely defined by u(zx, z )2’ = z is
continuous. Here p: X— X/G = D is the quotient map and X* =
XX, X.

THEOREM 1.8. If G is a metrizable topological group and p: X —
X/G a Cartan principal G-space then Y is a metric family.

Proof. Recall [e.g., Montgomery-Zippen, 10] that G has a left
invariant metric a«, so a(gg, 99, = a(g, g,) all g, g.€ G. Define
o: X*—R by oz, «') = a(u(g, ¢'), 1). Then p is continuous and we
need only show that it gives a metric on each fiber. The function
w always satisfies the following conditions: u(x, ') = 1= =/,
w(z, 2') w@', 2’) = w(z, 2’), w(@, ) = u(z, 2')"'. The first shows that
o, 2) =0=2 =a". Also oz, ') = a(u(z, «'), 1) = a(l, u(x, )7 =
a(l, u(x’, x)) = a(u(z’, ), 1) = p(x/, ). The triangle inequality is also
easy to check.
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COROLLARY 1.9. G a topological group and H a metrizable
subgroup. Then G— G/H is a metric family.

Proof. If H is any subgroup of G then G— G/H is a Cartan
principle fiber space so the result follows from 1.8.

Let X— X/G be a Cartan principle G-space and F a G-space.
Then X x F is a G-space (diagonal action) and there is a natural
map (X X F)/G— X/G called a Cartan fiber space.

THEOREM 1.10. Suppose F has a G-invariant metric. Then a
Cartan fiber space is a metric family.

Proof. Similar to 1.8 (which is a special case of 1.10).

Note that 1.10 actually includes Example 1.7 since a Steenrod
fiber bundle is homeomorphic cover the base to a (locally trivial)
Cartan fiber space. In general a Cartan fiber space need not have
a local cross section as the case G— G/H shows.

Recall [Atiyah, 1] that p: E— D is a vector family if each E,
is a vector space (over R here, but the general case is similar) and
the functions

EXDE——;E (e,e)—e— ¢
RX E— K (t, &) — te

are continuous. p:FE — D need not have a continuous section. How-
ever, if it does then the zero section d — 0, will then be continuous.

DEFINITION 1.11. Let E— D be a vector family. Suppose
|+]: E— R (e—|e]|) is a function such that

() it is a norm on each E; (Je|=0,=0=¢=0,|le+¢| =
lel + €], x| =[N][]el)

(b) the function |- |: E— R is continuous.
Then E— D will be called a normed vector family.

Thus o(e, ¢') = |e — ¢'| makes the normed vector family E into
a metric family. Any normed vector bundle or vector bundle with
metric [Atiyah, 1, p. 13] will be a normed vector family and hence
a metric family.

2. Elementary properties.

THEOREM 2.1. Let p: E— D be a map and p: EX,E— R a
function. Then the following are equivalent.
(a) p ts continuous at (e, e’)
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(b) Given € > 0 there are opens V, V' of E, ec V, '€ V' such
that |p(e, ) — ple, e)| < e for €cV, &¢'€ V', pe = pe'.

COROLLARY 2.2. Let p: E— D be a metric family, ec E, € > 0.
Then there is an open W im E with ec W such that e€,e'e¢ W,
pe = pe’ imply p(e, e')<e.

Theorem 2.1 gives the following verbal description of a metric
family: each E, is a metric space and if a pair of points in E; is
topologically close to a pair of points in FE,;, then the distance
between the points of the first pair is close to the distance between
the points of the second pair. It is possible to have each E, metric
but E— D not a metric family (see example below). Corollary 2.2
shows that there is an e-stritp around each point of F, where V is
an e-strip if diam (V,) < ¢ for all de D. If there is a local section
through ec E then there is something better than an e-strip.

DEFINITION 2.3. Let p: F— D be a metric family.

(1) >0, ACE, B(A)=B(A;¢e)={ec E|A,, # ¢ and p(e, A,.) < ¢}

(2) o: V— E a local section of p, B.(0) = B(o;¢) ={ec E|pec V,
‘0(6, Upe) < 5} = Bs(g( V))'

Usually B.(A) is not open in F, as the case 4 = a point shows.
However we do have the following facts.

THEOREM 2.4. Let p: E— D be a metric family and o: V— E
a local section of p and & > 0.

(1) B(o;¢) is open in E.

(2) Let e,€ B(o; €). Suppose t’: W — E is a local section of E
with e,€ T/(W'). Then there is a 6 >0 and an open meighborhood
W of pe, such that e,c B(t; 0) C B(o; €) where T =7 | W.

Proof. (1) Let s: E,— E} be defined by s(¢) = (e, ope). Then
s is continuous since ¢ is and B(o; &) = (0s)'[0, ¢).

(2) Let p(e) =d, and p(e, 0(dy) =6 <& <e.  Let W=
{d]p(z'(d), 0(d)) < &} Then W ={d|7'(d)e B(o; &)} = 7'7(B(0; &)) so
W is open in D and d,e W. Set 6§ =¢ — ¢, >0. Then ec B(c; 9),
pe € W implies o(e, Tpe) < 0 80 p(e, ope) < p(e, Tpe) + p(tpe, ope) < 0 +
g, =¢&. Thus e, e B(z; 0) N p~ (W) C B(o; €) proving the result.

Part (2) of the theorem shows that is &7 if a family of local
sections of p and there is at least one section through each ¢ € E then
the family {B(o |W,¢)|oe. &, ¢ >0, W open, W dom g} is a basis
for a topology on E. Call & a full family of local sections of p
if it contains at least one local section through each point of E.
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DEFINITION 2.5. Let p: E— D be a metric family and & a
family of local sections of p. The coarse .S*-topology on E is the
topology sub-generated by &' ={B(c|W,¢)|e>0,0¢e.5%% W open,
W cdom o). If & consists of all local cross sections of p then call
the resulting topology the coarse topology of E. A function h: E— Z
is coarsely continuous (open, closed, etc.) if it is continuous (open,
closed, etc.) for the coarse topology on E. If the topology on E is
the same as the coarse topology then FE will be called a coarse
metric family.

Example 1.6 shows that a metric family may have many local
sections and still not be a coarse metric family. A metric family
may not have any sections (or even local sections) but when it does
the set of sections has a natural metric (possibly infinite valued).
More generally, consider

E

;

®;

A
x

X—
é: E— D a metric family

DEFINITION 2.6. Cy(X, E) = {f: X— E|f continuous, éf = z}. If

f, 9€ Cp(X, E) then d(f, 9) =sup{o(f(x), 9(x))|xe X} [0, +c]. If
Z = id: D— D write Sect & for Cy(D, E).

THEOREM 2.7. Suppose E has the coarse .SAtopology for some
full family of local sections . If each E,; ts complete then so is
Cu(X, E).

Proof. Let {f,} be a Cauchy sequence in Cn(X, E). Then each
{fu(x)} is Cauchy so f,(x) — f(x). Now let f(x,) € B(o; €) where o: V—
E is a local section from & and Z(x,) = d,, 0(d,) = f(x,) The usual
argument shows that there is an N such that % > N implies
O(fu(®), F(x)) < /2. Select such an n so f,(x,) € B(g, ¢/2) and there is
an open set W in X with x,€ X and f,(W)cC B(o;¢/2). If xe W
then o(f(z), 0Zx) < o(f(®), fo(®)) + (fa(®), 0%(x)) < ¢/2 + /2 =¢ so
f(W)c B(o;¢). Thus f is continuous and by the proof f,— f in
Cy(X, E).

We now consider briefly separation properties and some examples.
Let us say that a map p: E— D is a Hausdorff [normal] family if
for any two distinct points z, y € K}, [disjoint closed sets A, B of E,]
there are disjoint open sets V, V' of E with xe V, ye V' [AC V,
BcC V'].
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Note that if E is a Hausdorff family and D a Hausdorff space
then E is a Hausdorff space. However if D and Y are normal
spaces then D x Y is a normal family but not necessarily a normal
space. It is easy to see that a metric family is a Hausdorff family.

ExAmMpLE 2.9. A metric family need not be a normal family.
Note first the following general fact. Suppose X a Hausdorff space
and A a closed subspace with metric d: A x A— R. Define D=
X/A and o: XX, X—R by p|A X A=d and p|4(x) =0. Then
(X— X/A, p) is a metric family.

Now take X =1 Xx I as a set with A =1x0,X"=1x (0, 1].
Give X’ the R*® usual topology and take as a basis at (x, 0) all
U =[B.(z,0) N X]U{(z, 0)}. Let B=1[0,1/2] x 0, B =(1/2,1] x 0.
Then B and B’ are closed in A but can not be separated by disjoint
opens in X. Thus X-— X/A is a metric family which is not a
normal family (not even a regular family).

ExAMPLE 2.10. It is possible to have each E,; metric but £— D
not a metric family. Let E = {a,, a,, b,, b,} — D = {a, b}. The opens
of E are {a, b,}, {a, b,}, {b.}, {bs}, {a,, by, by}, {b,, by}, {as, b, b} and E, ¢.
The opens of D are D, ¢, and {b}. »(a,) =a, pb;) =0b, 1 =1, 2.
E — D has each E,; metric (since discrete) but £ is not a Hausdorff
family since a, and a, can’t be globally separated.

Call p: E— D is a completely regular family if for each de D
and each AC E,;, A closed, be E,;, b¢ A, there is a function f: E— R,
continuous on FE, with f(4) =0, f(b) = 1.

ExavprLE 2.11. Let W be a Hausdorff regular space such that
all coninuous functions on W are constant [I wish to thank J. Porter
for pointing out to me the relevance of these spaces]. Let w, w;
be distinct points of W and set D = W/{w,, ws} (i.e., identify w, and
w;). First note that W— D is a normal family since only A = {w,}
and B = {w}} must be separated in W but W is Hausdorff. Also
W — D is a metric family since o: W* — R, o(w,, w;) = 1, o(w;, w,) =
1, o(w, w) = 0 all w, is a metric. Thus W — D shows that a normal
family need not be a completely regular family and a metric family
need not be a completely regular family.

3. Extensions. In this section we will prove a version of
Dugundji’s extension theorem [Dugundji, 5, 6] for metric families.
Let V— D be a vector family. A subset K of V is convex if
each K, is convex (k, k'€ K, implies tk + (1 — t)k'€ K; for 0 < ¢ < 1).
V is locally convex if it has a basis of convex subsets. For the
theorem below we can get by with somewhat less than local convexity.
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DEFINITION 3.1. (cf. 5, p. 417, 418). A vector family 4: V— D
is of type m if for every metric family é: E— D and continuous
fiE—V, of = ¢, the following is true: for each ec £ and neighbor-
hood W of f(e) there is a neighborhood U of ¢ and a convex set C
of U such that fF(U)c CcW. '

We study the following commutative diagram of spaces and
maps.

K

/
£

% f’
/ é
AcE— D

KcV—D, K convex, V a vector family of type m, E— D a
metric family.

DEFINITION 3.2. A subset A of E is smooth if éA =D, e—
o(e, A) is a continuous function (E — A) — R, and the sets B(o;¢)
for local sections o: V—E, o(V)C A, ¢ >0, form a basis at each
point of A.

THEOREM 3.3. Suppose A is a smooth closed subset of E and
E — A paracompact. Then f extends to o map F:E— K with
PF = é.

Proof. Letee E — A. Select a,c A such that p(e, a,) < 20(e, 4).
Let 0 = 0,: v— E be a local section such that a,€ o(v) C A. Define

N, ={c E|p(¢, 0é(¢) < 20(¢, A)}

Then N, is an open neighborhood of e since both ¢ — p(¢/, gé(e))
and ¢ — p(¢’, A) are continuous. The family of all N,’s is an open
cover of £ — A so we get a locally finite subcover Z = {V,| M e 4}
and partition of unity {II;: (EF — A)— R} subordinate to it. For
each ) select ¢ with N,D V, and define 0, = 0,. Define F: E— K
by

_[f(e) ec A

F©&) =15 meyfose) @ — a)

F' is continuous on (£ — A) by the usual argument. Let ac A and
Suppose W a neighborhood of F(a) = f(a) in K. Let U be a neighbor-
hood of ¢ and C a convex subset of K such that f(UNA) cCcW.
We may assume that U = B(zr;¢) for a local section ¢ of A— D
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which passes through a. Let U’ = B(zr;¢/3). Then to prove F
continuous at ¢ we need only show F(U')cW. Let yeU'. If
ye A then F(y) = f(y)e W. Suppose that ye U’ — A. If ye U,
then 0(0:8(y), té(y) =< 0(0:6(y), ¥) + 0y, Té(y)) < 20(y, A) + p(y, Té(y))
(since y € U,C some N,) < 80(y, 7éy) <e. Thus 0,6y c U and fo,éy e C.
Since C is convex, F'(y)e Cc W showing F(U')C W.

Dugundji’s extension theorem is the case D = point since in
this case every A is smooth and E metric so £ — A is paracompact.
Now let L be a topological vector space of type m (as in [5] or the
case D = point in Definition 3.1) and T a convex subset. Consider

E T
e
A

E — D a metric family.

COROLLARY 3.4. If A 1is a closed smooth subset of K and E — A
is paracompact then g extends to a continuous function G: E— T.

Proof. Use V=DxL—D and K=DXx T—D. Let f=
(é,9): A— K. The theorem gives an extension F = (¢, G): E— K
and G is the desired extension of g.

Now consider

DxM T
7
U g
A

T = convex subset of L = vector space of type m. M = metric
space.

COROLLARY 3.5. Let A be a closed smooth subset of D x M and
suppose (D x M) — A is paracompact. Then g extends to a con-
tinuous G: D x M— T.

Just as in the case D = point we can say something about
linearity. Suppose S— D is any map and V— D a vector family.
Let C)(S, V) be the set of map’s h: S— V with 94 = §. Then if
C,(S, V) is not empty it has a natural vector space structure (add
values). The proof of Theorem 3 gives a linear function

a:Cp(A, V) — Cp(E, V)  a(f) =F
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and if B: Cp(E, V) — Cx(4, V) is the function B8G = G| A then we
have Ba = identity.

4. Cross sections. In this section we will study the following
commutative diagram E — D a normed vector family.

H c E

A < D

The objective is to find conditions under which h: H— D has a cross
section which extends z. If A =4 this is a pure cross section
problem and by introducing an auxiliary space we can reduce the
problem to a cross section problem. Define G = G(z)c E by GNE, =
H, if d¢ A and GN E; = {t(d)} if de A. Thus

G c E

[N

g
D

and % has a cross section extending 7 iff § has a cross section.

Recall [Dold, 4] that a cover % of a space is numerable if
there is a family {I7,: D — [0, 1]} of continuous functions such that
{II7%(0, 1]} is locally finite and a refinement of % and 3,I1,(d) =1
all de D.

DEFINITION 4.1. (H, 7) is numerably sectioned in E if for every
€ >0 and every open convex E’' of E with é(E N G) = D there
is a family .&¥ = .&“(¢, E’) of local sections of ¢ such that

a) EENGcU({B.(o)|oce .}

(b) =z, E') ={&B.(c)NGNE)| ocS”} is a numerable
cover of D.

The dependence on 7 of the above condition appears to be
unavoidable in the general case. However, if D is paracompact it
can often be eliminated (see 4.9 below).

THEOREM® 4.2. Suppose that é: E — D is a normed vector family

? This theorem and its corollaries are valid, with the same proof, under the
weaker hypotheses: |- |: E — R is upper semi-continuous and a pseudo-norm on each Ej,.
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and Sect (€) ts complete. Suppose H,; is closed in E,; and convex
for de D— A and that (H, 7) ts numerably sectioned in E. Then
h has a cross section extending <.

LEMMA 4.3. Suppose é: E— D is a normed vector family, each
H,; is convex, and (H,7) ts numerably sectioned in E. Suppose
€ >0 and E' open convex with é(E' N G) = D. Then B(GNE'; 8)— D
has a cross section.

Proof. Let Z = Z (e, E'), {ll;: D— [0, 1]} be as in Definition
4.1. For each ned, II7'(0,1]c VeZz for some V. Pick such a
V and its section ¢ and let 0, = ¢ | II7*(0, 1]. Define ¢ = 31ll,0,: D—
E. Then o is continuous by the usual argument. Each o, is a
local section of B(GN E';5e)— D and B(G,, ¢) is convex so o is a
section of B(GN E'; ¢) — D.

Proof of 4.2. We will construct a sequence o, g,, - -+ of sections
of e: E— D such that

(4,)(n > 1)o(a,, 0,-,) < 1/2*7*
(B,)o(a,, @) < 1/2" .

By (4), {0,} is a Cauchy sequence in Sect ¢ and by completeness
0,—0 and o is a continuous section of . By (B) and the fact
that each G, is closed in E,; we see that o(D) C G so that ¢ is the
desired cross section.

Lemma 4.4 gives o,. Suppose that o, 0, --.,0, are defined
with properties (A) and (B). The lemma gives a cross section

Ot D— B(G N B(g,, 1/27), 1/2**")

since (B,) shows é(GnN B(o,, 1/2*) = D. Thus (B,.,) 0(0,.., 0,) <
1/2** and (A,.) 000,41, 0,) < 1/2"' are clear (since 1/2"™ 4 1/2" <
1/271).

It’s interesting to note that the above theorem includes the
Tietze extension theorem. To be precise it includes a deduction of
the Tietze extension theorem from the Uryrohn theorem on the
existence of certain real valued functions on a normal space.

COROLLARY 4.4. (Tietze 12) X normal D A closed. f: A—][0, 1]
a map. Then f extends to a map F: X — [0, 1].

Proof. Consider [(X — AxNHUG]=GcXxIcXxR
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where G, is the graph of f. For te I define o,(x) = (x,t). These
and the compactness of I allow .&2 to be finite in Definition 4.1.
Also § is an open map so Z of 4.1 is a finite open cover. Urysohn’s
theorem permits the construction of a subordinate partition of unity
[Bourbaki, 2] and the result now follows from 4.2.

DEFINITION 4.5. é: E— D is a Banach family if it is a normed
vector family (see 1.11), has the coarse topology for a full family
of local sections (see 2.5), and each E, is complete.

COROLLARY 4.6. Suppose é: E— D is a Banach family. Suppose
that each H,; is closed in E,; and convex and that (H, t) is numerably
sectioned in E. Then h has a cross section extending .

Proof. By 2.7 Sect ¢ is complete.

DEFINITION 4.7. H is sectioned in E there exists H’ dense in H
such that for every A€ H’ there is a local section o: V— E of & with
hea(V).

COROLLARY 4.8. Suppose D paracompact, é: E— D a normed
vector family, Sect € complete, h coarsely open and onto. Suppose
H 1is sectioned in E and each H; is closed and convexr. Then b has
a cross section extending T for any closed A and partial section t.

Proof. For any ¢ >0, E' (as in 4.1) takes” = all local sections
of E. Then (a) is clear. If we can show that § is coarsely open
then % of Definition 4.1 will be an open cover and will be
numerable by the paracompactness of D. Let deé(B(ag;¢) N G).
If deD— A then deh(B(o;e) N (D — A)céBlo;e)NG). If de A
select W open in D such that (W N A) C B(o;¢) and check that
de W h(B(o; €) N H) Cé(B(o; €) N G). So § is coarsely open because
ko is. Thus 4.2 applies.

COROLLARY 4.9. Suppose D paracompact é: E— D a Banach
family, h open and onto, each H, closed and convex. Then h has
a cross section extending T.

Proof. This follows from 4.8. H is sectioned since € has a
full family of local cross sections. Sect ¢ is complete by 2.7.

COROLLARY 4.10. D paracompact, é: E— D a Banach family,
¢ open and onto. If A is any closed subset of D and T is a cross
section of é over A then T extends to a cross section of é.
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Note that in 4.8-4.10 the hypotheses are independent of A.
Recall [4] that a map #: T— D has the section extension property
if each cross section over a set A which extends to a halo extends
to a cross section over D. VDO A is a halo if there is a continuous
function a: D— [0, 1] with Aca™*(1) and (D — V)Ca(0).

COROLLARY 4.11. Suppose T — D satisfies the hypotheses of
4.8 or 4.9 or 4.10, over each set of a mumerable covering of D.
Then T— D has the section extension property.

Proof. Since Dold showed that the section extension property
is local [4, p. 229].

5. Selections. In this section some of the results of §4 are
used to prove selection theorems. Call F: X — E a multifunction
if it is a relation which assigns to each z¢ X a nonempty subset
of E. The graph of FF = G(F) ={(x,¢)|ec Flx)}c X x E. A selec-
tton for F' is a single valued function f: X — E such that f(x) e F(x)
for all xe X. Consider

F a multifunction

g a continuous selection for F'| 4

A

The selection-extension problem [Michael, 9] is: can we find a con-
tinuous selection for F which extends ¢? Here we shall study the

following version

F is a multifunction, g, %, é are maps, éF =%, ég =%|A and g is
a selection for F'|A. The object is to find a continuous selection
for F' extending ¢g. Note that &f =% will follow. Recall that a
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multifunction F is lower semi-continuous if F~' of an open set is
open (recall F7'(S) ={xe X| F(x) N S = @}).

THEOREM 5.1. Suppose X paracompact, A closed, é: E— D q
Banach family. Suppose F is lower semi-continuous and has closed,
convex values. Then F has a continuous selection extending g.

Proof. Consider the following diagram.

GF) C XX, E —E
Nl
< |
A C X———D

Here XX, E ={(x,e¢)c X x E|%(x) =é)}=C. C—X gets the
structure of a Banach family from é. Specifically (x, ¢) + (x, ¢') =
(z, ¢ + ¢') is the addition, \(xz, ¢) = (x, Me¢) the scalar multiplication,
C, is isometric with E;, so is complete. If (z, e) is given with ¥z =
d = ée then there is an open V of D and local section o over V
through e¢. ¢ = (¢d, 0Z) is a local section of ¢ over Z7'(V) through
(x, ¢). It is not hard to check that i is an open map since F' is
lower semi-continuous (this is Prop. 1.2 of [3]). The hypotheses
show that each G(F'), is closed and convex. Define z(a) = (a, g(a)).
Now Corollary 4.9 gives a cross section o: X — G(F') of k. which
extends = and the composition X — G(F)C X X, E — E is the desired

selection-extension.

T

COROLLARY 5.2. [Michael, 9] E a Banach space, F: X—FE a
lower semi-continuous multifunction with closed convexr values. X
paracompact DA closed and g: A—E a continuous selection for
F|A. Then F has a continuous selection which extends g.

Proof. This is the case D = point of Theorem 5.1.

In [9] Michael proves several variants of 5.2. Kach of these
can be generalized to the metric family setting. Theorem 5.1 is a
consequence of Theorem 4.9. Similarly each of the theorems of §4
gives rise to a selection theorem. Now consider the following
situation.

E — D a Banach family
N
ANV V— D a vector family
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COROLLARY 5.3. Suppose L is linear (i.e. each L, is continuous
linear —L is a family of linear operators), open, and onto, and V
18 paracompact. Then L has a continuous right inverse (M:V — K
such that LM = id). In fact, any partial right inverse on a closed
subset A of V can be extended to a right inverse.

Proof. Consider

E

/
L/

am
V——~@——> D

Since L is open and onto, F = L™ is a lower semi-continuous multi-
function. It has closed convex values since L is linear and V is
Hausdorff. Theorem 5.1 gives a continuous selection for L' which
is a right inverse for L.

Until now we have looked for continuous -cross-sections and
selections but for our final result we will relax this restriction.
Henceforth sections and selections are simply single valued functions
and all continuity conditions will be stated explicitly. In [3] Coban
proves a selection theorem for a multifunction from a o-space to
a complete metric space. We will generalize this to the metric
family setting. Several of Coban’s other results can be generalized
in the same manner. A space X is a o-space if for every family
72 of open sets there is a o-discrete refinement 97~ of closed sets
such that U#% = U 2. Coban points out [3, p. 275] that each of
the following is a sufficient condition for a space X to be a o-space:
(a) X is weakly paracompact and completely normal, (b) X has a
o-discrete filter, (¢) X is a symmetric space satisfying the first axiom
of countability, (d) X has a uniform structure, (¢} X has a refining
sequence of coverings. Recall that a subset of a topological space
is an F, set if it is a countable union of closed sets. In a o-space
every difference of closed sets is an F, set. In particular open sets
are F', sets.

DEFINITION. 5.4. E — D a metric family, V open in E, V, =
fec E|ple, E— V)>1/n}. V is approachable if V, is open for all
sufficiently large =.

Consider the following situation
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E

e
H/S

|
T D

X

Assume that & is a metric family with the coarse topology defined
by a full family of continuous local sections and E,; complete.
Suppose that X is a o-space and H is a lower semi-continuous multi-
function with éH = % and closed values.

THEOREM 5.5. Under the hypotheses above H has a selection h
such that h™(V) is an F, set for every approachable oven V of E.

Proof. For n =1,2, ..., we will find a function %,: X — E with
éh, = % and subsets X, ,, X, --- such that

(4,) (n > Dok, h,_,) < 1/2¢

(B,) o(h,, H) < 1/2"7

(C,) h,| X, . is continuous ,

D) {X..lk=1,2, ...} is a disjoint cover of X by F, sets.

If this has been done then define h: X— F by & =limh,. h is well
defined by (A4) and the completeness of each E, and it is a selection
for H by (B). Consider

W(V)=Uh(V,) V., as in Definition 5.4.

By [8, p. 398] this equation is true in each X; so it is true in X.
There is no loss in generality in assuming each V, open so by (C)
and (D) each h;*(V,) is an F, and hence 27 (V) is an F, set.

Proof of A4,,, — D,,, assuming A4, — D, {with modifications for
n = 0}. Let h,, X, X, ---, satisfy A, — D, {ignore this if » = 0}.
Fix k, for now, and define H,: X, ,—FE by H,(x) = H(z) N B(h,.(x),
1/2*+) {if » =0, use X,;, = X, X,, = ¢ for k> 1, and H, = H}. By
(B,) H(x) is nonempty and H, is lower semi-continuous on X, ,
because h, is continuous there. Define % = {H;(B(o, 1/2"*%) |0 a
local section of é}. Then % is an open cover of X, , so there are
discrete families of closed sets %7, ={4,.|acl,} p=1,2, ... such
that %~ = U %, refines % and covers X, .. If acl, select o, a
local section with A,,.C H;'B(o,, 1/2**%). Thus po(H(z), o.(x)) < 1/2"*
for x€¢ A,,.. Now define
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e =U 77
i—1 i1
Weoo = Wi\ U Wi = Wi \U Wi
i= j=

Then W,, is a difference of closed sets so an F, subset of X, ,, so
an F, subset of X. The W,,’s form a disjoint cover of X, , by F,
subsets of X. Define

9i: Wi — E 9y =0, on A,
9t Wy — E G = 9ix | War

Thus ¢}, is continuous on each A4, ,and 9%7; discrete so g;, continuous
on Wy and g, continuous on W,,.

Now consider the family of all W, ¢, k=1,2,.... This is a
countable family so it can be reordered and renamed as X .u,
Xwinoe++. Hence the X, . form a disjoint cover of X by F,
subsets of X which proves (D,,,). Define h,,;: X—FE by h,, | Wy =
9:x. Then (C,.,) and (B,..) are easily checked. For » > 1, condition
(4..) is a consequence of the definition of H, and % since 1/2"*' 4
1/2*** < 1/2*, This completes the proof.

DEFINITION 5.6. E— D is a locally embedable metric family
if for every de D there is an open W = W(d) neighborhood of d
and a metric space M = M(d) and an isometric embedding of metric
families

Ny=—Wx M
NS
A4
w

COROLLARY 5.7. Suppose in 5.5 that E s a locally embedable
metric family. Then H has a selection h such that h™(V) is an
F, set for all V in some basis of E.

Proof. In Wx M if V=W'x B B = B(m) then V, =W’ x B,
is open so V is approachable and sets V N E, are a basis of E.

DEFINITION 5.8. E — D is a sub-euclidean metric family if for
every de D there is a neighborhood W = W(d) of d and an integer
n = n(d) and a closed isometric embedding of metric families.

EWC_“_’WX R”
N/
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COROLLARY 5.9. Suppose in 5.5 that E— D i3 a sub-euclidean
metric family. Then H has a selection h such that h™ (V) is an
F, for every open V of E.

Proof. Let A be closed in E and define g,: E— [0, + ] by
g(e) = p(e, A). Then V, = gz-,(1/n, + ] so we need only show that
each g, is lower semi-continuous. We may assume E = D x R".
Let €¢>0 and g(e) >¢. Suppose ¢ = (d,, u,) and g(e) = a > B, > B, > ¢.
Set 7 = B, — B.. We will prove that there is a neighborhood W of
d, such that ¢ = (d, u)e W X B(u,, ¥) implies g(d, u) > ¢. Suppose
this is false. Then for each Wad, get de W, wue B(u, ¥) and
g(d, u) <e. So we can find w'e€ R* with (d, )€ A, d(u, w’) < B..
Then {(d, u}y)} is a net on A, {u},} is a net on B(u, B, + 7) so has a
convergent subnet converging to #. But this gives a net on A4
converging to (d, #) and A is closed so (d, #Z)€ A. Hence g(e) <
ole, (dy, 2)) = d(uy, ££) = B, + 7 = B, < a, a contradiction.

COROLLARY. Let p: E— X be a metric fiber bundle with fiber
F a closed subset of R* and X a o-space. Then » has a cross section
o such that o7 (V) is an F, set for all opens V of E.

Proof. Apply 5.9 with X =D and H = p™.

Note that we cannot expect a continuous cross section in the
setting of Corollary 5.10 as is shown by the Hopf bundle S®— S2
with fiber S*.
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