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SETS OF p-SPECTRAL SYNTHESIS
WaALTER R. BLooM

Let G be a Hausdorff locally compact Abelian group, I its
character group. Certain closed subsets of I' are introduced,
these being closely related to sets of spectral synthesis for
L'(G)". Some properties and examples of these sets are discus-
sed, and then a Malliavin-type result is obtained.

In general we follow the notation used in [1]. We shall let A, 6
denote Haar measures on G, I" respectively, chosen so that Plancherel’s
theorem holds.

1. The definition and some properties of S,- and
C,- sets.

DerINITION 1.1. Let = be a closed subset of . We shall call &
an S,-set (p €[1,)) if, given € >0 and f € L' N L?(G) such that f
vanishes on E, there exists g € L' N L?(G) such that ¢ vanishes on a
neighbourhood of = and ||[f —g||, <e. If such a g can be found of the
form h *f, where h € L'(G) and h vanishes on a neighbourhood of &,
then E will be called a C,-set. We also define S.- and C.-sets as
above, with f, g in L'N C(G) (rather than L'N L*(G)).

Since, by [1], (33.12), L'(G) admits a bounded positive approximate
identity {u; };c; such that for each i €I, u; € L' N Cy(G) and supp(#;) is
compact, it follows (see [1], (32.33) (b) and (32.48) (a)) that we can (and
shall) assume in Definition 1.1 that f, g, h € L' N Co(G), where supp(f) is
compact and both supp(g) and supp(h) are compact and disjoint from =
(p €[1,]).

Clearly every C,-set is an S,-set. For the case p = 1 we just have
the familiar S-set and C-set; see [3], 7.2.5 (a) and 7.5.1 respectively.

For f € L*(G) the spectrum (written 3(f)) will be defined as in [1],
(40.21). For f€ L?(G) (p €[1,x)), we define its spectrum by

3(f) = U{2(¢ *f): ¢ € Cu(G)}

It is easily proved that for f € L'(G), 2(f) = supp(f).
Given E CT', we write

Le(G)={f € L*(G): X(f) CE}.
7
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We now have the following characterisation of S,- and C,-sets:

THEOREM 1.2. Let p €[1,) and suppose E is a closed subset of
I'. Then

(@) E is an Sy-set if and only if for all | € LE(G) and for all
fEL'NCAG) such that supp(f) is compact and f vanishes on E, we
have | *f = 0;

(b) E is a C,-set if and only if for all f € L' N\ C(G) such that
supp(f) is compact and f vanishes on E, and for all | € L*'(G) such that
l+fe LE(G), we have | x f = 0.

This result is known for the case p = 1 (see [2], Chapter 7, 1.2 and
4.9). The proof is standard, and we shall not include it.
It is easy to adapt the proof of [3], Theorem 7.5.2 to give:

THEOREM 1.3. Let p €[1,]. Then

(a) every one-point subset of T is a C,-set in T;

(b) finite unions of C,-sets in I" are C,-sets in T’;

(c) if the boundary of a closed set E is a C,-set, so is E;

(d) if E is a closed subset of a closed subgroup A of T, if d,(E) is
the boundary of E relative to A, and if 3,(E) is a C,-set in T then 5 is
also a C,-set in T';

(e) each closed subgroup of T is a C,-set in T.

For p €11, 2) it is not known whether the notions of C,-set and
S,-set are identical (it appears in Theorem 2.1 that every closed set is a
C,-set for p =2). Furthermore we cannot say whether the union of
two S,-sets is itself an S,-set. We can however obtain two partial
results in this direction. Both these results (Theorem 1.4 (a), (b)) are
known for the case p =1 (see [2], Chapter 2, 7.5).

THEOREM 1.4. (a) Suppose = =5,UE,, where =, and E, are
disjoint closed subsets of I'. Then, for p €[1,x), E is an S,-set if and
only if both E, and E, are S,-sets.

(b) Let p €[1,©) and suppose E, is an S,-set and E, is a
C,-set. Then E=E,UE, is an S,-set.

The final result of this section gives us an inclusion result between
the set of C,-sets (respectively S,-sets) and the set of C,-sets (respec-
tively S,-sets) for 1=p <q = .

THEOREM 1.5. Let 1=p <q=». Then every C,set (respec-
tively S,-set) is a C,-set (respectively S,-set).
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Proof. Assume E is a C,-set. Suppose we are given € >0 and
f € L'N Cy(G) with supp(f) compact and f vanishing on 5. We can
find h € L'N C(G) such that ||[f —h *f||, <e/2. Since E is a C,-set
there exists g € L'(G) such that ¢ has compact support disjoint from =
and |h|.||f—g*fll, <€/2, where p~'+r'—q~'=1 (with the usual
convention for the cases p =1 and q = ©). Now (see [1], (20.18))

If—h*g*fllo=If—h*flo +NRILIf—g*fls

<eE€.

It remains only to note that h *g € L' N Co(G) and (h * g)" has compact
support disjoint from E.
The proof that every S,-set is an S,-set is similar.

2. Examples of S,- and C,-sets.

THEOREM 2.1. Forp € [2,] every closed subset of T is a C,-set.

Proof. In view of Theorem 1.5 we need only prove the theorem
for p =2.

Let E be a closed subset of I' and suppose we are given € >0 and
fEL'NC(G) with supp(f) compact, f vanishing on E and |f], =
I. Now Q={y €Tl f(y)#0} is a relatively compact open set, and
hence there exists a compact set Y CQ such that 8(Q\Y) <€’ Choose
an open set V such that YCVCV™C(), and (see [3], 2.6.1) k€ L'N
Co(G) such that &y = k= &y.  Then, using Plancherel’s theorem,

If=k=fl= ([ 11-kFIfenFdocy)!
< 0(Q\Y)
<e€;
and clearly, k has compact support disjoint from =.

DEerFNITION 2.2. Let () be a relatively compact open subset of
I'. We shall call () a B-symmetry set (8 > 0) if there exist nets {Y;}ic;
and {V.},c,; such that each Y; is compact, {V.},c; is a base of symmetric
open neighbourhoods of zero in I', partially ordered by

V. <V, ifand only if V, DV,

(Y: +2V,)"CcQ for each i €I, and

. 0(Q\Y)P
lim o) - 0.
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THEOREM 2.3. Suppose we are given B8 >0 and a closed subset 5
of T with the property that for any relatively compact set Y CE° there
exists a B-symmetry set Q such that Y CQCE°. Then E is a C,-set for
all p =2+ B)'2+2p).

Proof. Let p=(2+B)7'(2+2B). Suppose we are given € >0
and f € L'N Cy(G), where §upp(f) is compact, f vanishes on = and
fli=1. Now Y={y €I f(y)#0} is a relatively compact open sub-
set of Z¢ and hence, by assumption, there exists a relatively compact
open set ) such that YCQ CE*, and nets {Y;},c; and {V.}ic; satisfying
the conditions of Definition 2.2. Choose i € I such that Y, is nonvoid
and

OQY )1 _ ey py-er
[ 5% } <27 (Q2) ",

where « = (1+ B)™". Define k; = 8(V,)"'g h,, where g, fl,- in LA(G) are
such that g = &, (cf. [3], 2.6.1) ki € L'N C«(G), &y, =k = &v.v, and

s 15

It follows from Hoélder’s inequality that

IF =k *fll = 15 =k f I F = ke f e
= Hf“‘n'[l + {g(gk(v;')v,)]z]“ 6(Q\Y,;) "

, B(Q\Yi)(l-a)lz

a al
= 20(Y, + V) e

<e€
(recall that & = (1 + B)'andp =2+ B)'2+2B)=2(1+a"')"). Noting
that k; has compact support disjoint from = we see that = is a C,- set,
and the conclusion follows from Theorem 1.5.
We have two corollaries when G is a Euclidean space.
CoROLLARY 2.4. Let m =1 and suppose S CR™ is an open set
with the property that for any relatively compact set Y CR"™ there exists

a number k,, (= «,(Y)) such that

0((ENY)+V,)=k,n""
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for all n €{1,2,-- -}, where 3(E) denotes the boundary of E and
V.={x€R™:|x||<n}.
Then =,Z° and 3(E) are C,-sets for all p >(2+m)™'2+2m).

Proof. By Theorem 1.3 (c) we need consider only 3(E).

Let Y be any relatively compact open subset of 3(5)°. We shall
show that for any € >0 there exists an (m + €)-symmetry set {} such
that Y CQCa(E)°. SinceY is relatively compact in R™ there exists an
integer n,>0 such that

YCA,={x ER™: | x| < ne-
For each n €{(1,2,- - -} define
Yn = (a(E) + Vn )c N (AM\A;o—n_')c N Ano'
Clearly Y, is compact and
(Y, +2V,,) CA,NIE).
Putting Q= A, N 3(E)° we have

QY, =@QN@E)+V.)UQQN A1)
= (Ano N a(E)c N (a(E) + Vn )) U (Ano N a(E)c N (AM\A;()-'I_'))
CAL,NGBE)+V,) UML)
C((An+V)NAIE)+ V) UAL\A-)-
Hence, since A, +V, is relatively compact,

6 (QNY,) = k(B + Vo)n'+0(n™).

Using the fact that
0(Vs,)=k,3"n""

for some constant «,, we have

. oO\Y, )"
(TS S

and so () is an (m + €)-symmetry set for all € >0.
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Thus 3(E) satisfies the conditions of Theorem 2.3 with 8 =m +¢,
and hence is a C,-set for al p > 2+ m)'(2+2m).

COROLLARY 2.5. Let m =1 and put
E={x€eR":|x|=1}
Then E is a C,-set for all p >2+m)'2+2m).
Proof. Let V be any relatively compact set in R™. Then
O(ENV)+V,)=0(E+V,)
=k ((1+n7)" —(A-n")")
=0(n™),
where «,, is a constant. Now apply Corollary 2.4.

REMARK 2.6. For m =3, Corollary 2.5 gives an example of a
C,-set (2+m)™'(2+2m) < p <2) which s not an S-set; cf. [3],7.3.2.

3. The failure of certain closed sets to be S,-sets. In
this section we use a proof along the lines of that of Malliavin’s theorem
([3], 7.6.1) to show that every nondiscrete I' contains a closed set which
is not an S,-set for any p €[1, 2). As in the proof of [3], Theorem
7.6.1, we first consider the cases:

(a) T is an infinite compact group;

(b) I'=R.

THEOREM 3.1. Let G be an infinite discrete group. Then there
exists a closed set = CI" which is not an S,-set for any p €[1, 2).

Proof. Using the notation of [3], Theorem 7.8.6 we consider the
function ¢, on G defined by

¢: x = (D'm)().

It is easily proved from [3], 7.6.4 and Theorem 7.8.6 that f,€ L'(G) and
¢, (as above) can be chosen so that f, and ¢ satisfy the hypotheses of
[3]1, 7.6.3 (Theorem) (with f=f, and £ =¢) and ¢, € L*(G) for all
q >2. Having thus chosen f, and ¢, we shall prove that the closed set
E={y€Tr: f(y)={¢} is not an S,-set for any p €[1, 2).
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Let p €[1, 2) and put

I={f€ L'(G): f(B) = {o}},

I, = the closed ideal of L'(G) generated by fo— (&,

I, = the closed ideal of L'(G) generated by (fo — { £é0)*?,
and J ={f € L'(G): f vanishes on a neighbourhood of =} .

Clearly
E=Z(=Z1)=ZU)=Z{)

(where Z(I) denotes the zero set of the ideal I; see [3], 7.1.3). Since I
and J are respectively the largest and smallest closed ideals in L'(G)
having = as their zero set, we have that JCI,CI, CL

As ¢, € L"(G) we can define a continuous linear functional T on
(LI(G)v ” : ”p) by
T(g)= ;G g(—x)y(x)

(recall that G is discrete and hence L'(G)CL?(G)). By [3],7.63, T
annihilates I, but not I,.

Now suppose that = is an S,-set and let h € L' N C(G) = L'(G)
with A vanishing on E. Then, given € > 0, there exists h’ € J such that
|[An—h'||, <e and hence, since T(h')=0, |T(h)|=|T(h-h")|=
€|[¢\],. As this holds for all e >0 we must have that T(h) = 0; thus T
annihilates I, a contradiction of the fact that T does not annihilate
I,CI. 1t follows that = is not an S,-set for any p €1, 2).

We shall now examine the case when I" contains an infinite compact
open subgroup. We require two lemmas for arbitrary Hausdorff
locally compact Abelian groups.

LemMA 3.2. Let G be a Hausdorff locally compact Abelian group
and suppose H is a closed subgroup of G. Then a continuous integrable
function f on G is constant on cosets of H if and only if

supp(f) CA(T, H)

(the annihilator of H in I).
Proof. The result follows readily from the property
G () =vh) f(y)

for all y €I (where .f: x = f(x + h)).
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LEMMA 3.3. Let G be a Hausdorff locally compact Abelian group
and suppose A is an open subgroup of I'. If E is a closed subset of A
which is not an S,-set in A then E is not an S,-set in T.

Proof. Put H=A(G,A). By [1], (23.24) (e), H is compact.
Furthermore, in view of Theorem 2.1, we can assume that p <.

Suppose, to the contrary, that Eis an S,-setin[". Given € >0 and
fEL' N Cy(G/H) such that supp(f) is compact and f vanishes on Z, put
f=fomy, where m; denotes the natural homomorphism of G onto
G/H. Denoting the Haar measures on H, G/H by A4, Ag,u respectively
(normalised as in [2], Chapter 3, 3.3 (i) with A, (H) = 1) we have, by [2],
Chapter 3, 4.5,

£l = L,H { L |fx +y)l"dAH(y)} dAgu (%)
[ A 1fomatc+ b aru | dhowto)
=] IfPdono,

that is,
(.1 £l =117 1

It is easily seen that

fé) = f Fx + y)dAu(y)

and, by [2], Chapter 4, 4.3 ((3.1) shows that f € L'(G)),

(32) f(y) = f(v)

forall y € A. Furthermore, since f is constant on cosets of H, Lemma
3.2 shows that supp(f) CA(T, H) = A. As supp(f) is assumed to be
compact it follows from (3.2) that supp(f) is compact and hence (note
that f is continuous) we see that f € Co(G).

Nowf vanishes on Z U A€ and, since by Theorem 1.4 (recall that A¢
is open and closed) E U A€ is an S,- set, there exists g € L' N C(G) such
that ¢ has compact support disjoint from Z U A and ||f —g|, <e. By
Lemma 3.2 again g is constant on cosets of H and we have the
existence of ¢ € L'N Cy(G/H) such that g = g > mu (¢ € C(G/H) since,
by [2], Chapter 3, 1.8 (vii), g is continuous and by (3.2), g has compact
support). From (3.1)||f — ¢, <e, and (3.2) shows that g vanishes on a
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neighbourhood of 5. Hence E is shown to be an S,-set in A, contrary
to assumption.

CorROLLARY 3.4. Let G be a Hausdorff locally compact Abelian
group, T its character group. If T' contains an infinite compact open
subgroup then there exists a closed subset of I which is not an S,-set for
any p €11, 2).

Proof. Combine Theorem 3.1 and Lemma 3.3.

Before considering the case I' = R we need to extend the result in
[3], Theorem 2.7.6.

THEOREM 3.5. Supposef €1'(Z), 8 € (0, ) and f(exp(ix)) =0 for
x €[m—8, m+86]. Let u be defined on R by

_[fexp(ix))  (]x|=m)
”(x)“{o (|x|> ).

Then u = g for some g € L'(R). Moreover, given p € [1, =], there exists
a positive number «,(= k,(8)) such that

Il = x, g l-

Proof. The first part of Theorem 3.5 is proved in [3], 2.7.6.
Let p €[1,»]. Consider the linear operator T from L' N L*(R) to
1'(Z), defined by

(3.3) (T(k))(n) =k *h(n),

where n € Z,and h € L'(R) is defined as in [3], 2.7.6. The argument at
the end of the proof of [3], 2.7.6 shows that there is a constant «, = «,(6)
such that | T(k)| = ||k |,. Itis clear from (3.3) that | T(k)|. = «, | k |-,
where k,=||h|,. By the Riesz-Thorin convexity theorem T is continu-
ous as

(L' L*R), || Ib.) = @), || Ib.)

(recall that 1'(Z) CI*(Z)), where a €(0, 1), p. =(1—a)" and || T ||, =
k™K. In particular, choosing a € [0, 1) such that p, =p (and @ =1 if
p =) and noting that g € L' N L*(R) and (see [3], 2.7.6, (5)) f(n) =
g *h(n) for all n € Z, we have

, Ifl =xics gl
as required.
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THEOREM 3.6. The real line R contains a closed set which is not an
S,-set for any p €1, 2).

Proof. It appears from Theorem 3.1 that there exists a closed set
E,CT (the circle group) which is not an S,-set for any p €[1, 2). By
translation if necessary we can assume that —1& =, and that Z, is
disjoint from =, for some closed arc =,CT containing —1. Put

Y, ={x €(—m, m): exp(ix) EE}},
Y,={xE(—m m):exp(ix) EE}U[m, ©) U(—c, — 7],
E=E,UE,and Y=Y, UY,.

Let p €[1, 2) and suppose Y. is an S,-set. By Theorem 1.4, Y is
an S,-set. Given f €1'(Z) with f(E)={0} define g € L'N C«(R) by

. _ [flexplix))  (|x|=m)
g(""{o (|x|>m)

(see Theorem 3.5). Clearly ¢ vanishes on Y and hence, since Y is an
S,-set, there exists a sequence (g.) CL'N Cy(R) such that each g,
vanishes on a neighbourhood of Y and

G-4) lg — g ll, —0.

If, for each x € (— m, w], we define f, €1'(Z) by

Fi(exp(ix)) = g, (x)

(see [3], Theorem 2.7.6) then Theorem 3.5 applied to (3.4) gives
If=f.l, =0 (note that each f, vanishes on a neighbourhood of
E). Hence E and consequently (see Theorem 1.4) Z, would be an
S,-set, contradicting our choice of E,. It follows that Y, is not an
S,-set for any p €1, 2).

We require two lemmas before proving the main result of this
section.

LEMMA 3.7. Let G, H be Hausdorff locally compact Abglian
groups and suppose k € L' N Cy(G X H) is such that Y =supp(k) is
compact. Then the functiony — k(x, y)(x — k(x, y)) is integrable over
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H for every x € G (over G for every y € H). Furthermore the func-
tions

""”‘“’L k(x, Y)dAa(y), by ””’L k(x, y)dAo(x)

are continuous.

Proof. Since k is continuous the function y —k(x,y) is con-
tinuous, and hence measurable, for every x € G.

Choose k,(k;) in L' N C(G)(L' N C(H)) such that k, =1 (k,=1) on
a neighbourhood V,(V,) of Ys(Yx), where Yg, Yy are the projections of
Y onto G, H respectively. If we define h on G X H by h[(x, y)]=
k,(x)kx(y) then [1], (31.7) (b) shows that A =1 on V, X V,, a neighbour-
hoodof Y. Thus h *k =k l.a.e. and, since h *k and k are continuous,

@3.5) h*k =k
Now the map v, on H X G X H, defined by
Vx[(y9 S, t)] = h(x -SYy _.t)k(si t),

is continuous for every x € G. Applying [1], (13.4) to | v, |, considered
as a function on H X (G X H), it follows that v, is integrable and, using
(3.5), that the function y — k(x,y) is integrable over H for every
x € G. Furthermore, since v, is integrable on H X (G X H), we can use
(3.5) and [1], (13.8) to deduce that

$1(x) = L k) [ ki = k(s Ddho X A (s, ).

As k € L'(G X H), k, € L'(H) and k, is uniformly continuous it follows
that ¢, is continuous.

The other part of the lemma is proved similarly.

Lemma 3.8. Suppose G, H are Hausdorff locally compact Abelian
groups, with character groups T', A respectively. If p €[1, 2) and the
closed set Z' CT is not an S,-set, then = =E'X A is not an S,-set in
I'xA.

Proof. Suppose to the contrary that = is an S,-setin ' X A. Let
f € L'N Cy(G) with supp(f) compact and f vanishing on =, and choose
g € L' N Cy(H) such that supp(g) is compact and |g(y)|=1 for all y in
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some neighbourhood V' of zero in H. Define h on G X H by
hl(x, y)]=f(x)g(y). Then,by [1],(31.7) (b), supp(h) is compact and

ATy va) = f(r)é(y) =0
for all [y,, y.JEE.
Let € >0 be given. Since = is assumed to be an S,-set we can find

k € L'N Cy(G X H) such that supp(lE) is compact and disjoint from E,
and

(3.6) Ih — k||, < eAu (V).

Thus, for all y, in some neighbourhood V of =’ and for all y,E A, we
have (see [1], (13.8))

fH {L k(x, Y)‘)_/x(x)d)tc(x)} 7:y)dAx (y)

B foH k(x, y)([y1, y2D(x, y)dAc X Au(x, y)
=0.

Since y, € A was chosen arbitrarily

[ ke»r@dre@=0  ru-ae..
G
Now

P (x, y)—=>k(x, y)yi(x)

is continuous and integrable, and supp({) is compact. Hence, by
Lemma 3.7, the function ¢ on H defined by

p0)= [ v nar

is continuous and so, for all y EH and vy, EV,

3.7 L k(x, y)¥:(x)dAs(x) =0.
Using (3.6) we see that

W= {y eV: L lh(x,y)—k(x,y)l"dAo(x)<e”}
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has the property that Ay (V\W) <A4(V), that is, A4z(W)>0. Choose
any y,€ W (W is nonempty). Then

(3.8) f 1£(0) — g (ye) 'k (x, o) dAo (x) < € |g(yo)[" = €?

and 80, defining f, € L' N Cy(G) by fi(x) = g(yo) 'k(x, yo), (3.7) shows
that f, vanishes on V and, from (3.8), ||f — f.|l, <e; thus we have a
contradiction of the assumption that =’ is not an S, -set.

THEOREM 3.9. Let G be a Hausdorff noncompact locally compact
Abelian group, T its character group. Then T contains a closed set
which is not an S,-set for any p €1, 2).

Proof. By [1], (24.30), T is topologically isomorphic with R" X I,
where Iy is a Hausdorff locally compact Abelian group containing a
compact open subgroup.

If n =1 then Theorem 3.6 and Lemma 3.8 combine to show that
R" X T, contains a closed set which is not an S, -set for any p €[1, 2).

If n =0 then I' contains a compact open subgroup (with is infinite
since I' is nondiscrete) and the result follows from Corollary 3.4.

REFERENCES

1. Edwin Hewitt and Kenneth A. Ross, Abstract Harmonic Analysis, vols. I, II, Die Grundlehren
der mathematischen Wissenschaften, Biande 115, 152. Academic Press, New York; Springer-
Verlag, Berlin, Gottingen, Heidelberg, 1963, 1970.

2. Hans Reiter, Classical Harmonic Analysis and Locally Compact Groups, Oxford at the
Clarendon Press, 1968.

3. Walter Rudin, Fourier Analysis on Groups, Interscience Publishers, John Wiley and Sons, New
York, London, 1962; 2nd printing, 1967.
Received September 11, 1974.

THE AUSTRALIAN NATIONAL UNIVERSITY, CANBERRA, ACT, AUSTRALIA

Present address: Murdoch University
Murdoch, Western Australia, Australia








