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ON A CLASS OF UNBOUNDED OPERATOR
ALGEBRAS

ATSUSHI INOUE

The primary purpose of this paper is to investigate the
structures of functional and homomorphisms of unbounded
operator algebras called symmetric jf-algebras, -EΌ#-algebras
and £W#-algebras. First, we give the definitions and the
fundamental properties of such algebras. In particular, we
define several locally convex topologies on such algebras; a
weak topology, a strong topology, a σ-weak topology and a
<7-strong topology. In the next section, we study the elemen-
tary operations on i£PF-algebras. We can define induced and
reduced E^-algebras, the product of i£ΫF*-algebras and
homomorphisms called an induction and an amplification. In
the final two sections, we obtain the main results (Theorem
4.8 and 5.5) which are described here. It is shown that a
linear functional / on a closed E'PP-algebra % on % is weakly
continuous (resp. σ-weakly continuous) if and only if f(A) —
ΣU (Aξt I V i ) 9 A e «; ςi9 Vi e ®(i = 1, 2, , n) (resp. f(A) =
Σn=i(Aξn\ηn);ξnf ?ne©(rc = l,2, •••) and Σ»=i II Tfn||

2 < oo,
ΣS=illΓ^»ll2 < °° for all T e l ) . Also, it is shown that a
σ-weakly continuous homomorphism of a closed E PF*-algebra 91
onto a closed i^ΫP-algebra 23 is decomposed in the following
three types; a spatial isomorphism, an induction and an
amplification.

1* Introduction* In [2], G. R. Allan defined a class of locally

convex involution algebras called Gΰ*-algebras, and proved that, in
the commutative case, a Gi?*-algebra is algebraically isomorphic to
an algebra of extended-complex-valued continuous functions on a
compact Hausdorff space. After that, in [4], P. G. Dixon considered
the noncommutative case and characterized GJ5*-algebras as a certain
class of algebras of closed operators on a Hubert space. And so, it
seems that we should study representations onto algebras of closed
operators on Hubert spaces as those of locally convex *-algebras.
Hence, in the previous paper [9] the author studied representations of
locally convex *-algebras onto algebras of closed operators on Hubert
spaces. In order to investigate such representations in detail, it seems
that we should begin by studying a class of algebras of closed opera-
tors on Hubert spaces. In this paper we study unbounded operator
algebras called symmetric #-algebras, 2?C#-algebras and i?TF*-algebras.
The author would like to thank Professors R. T. Powers and P. G.
Dixon for giving him the basic ideas in [4, 5, 9].
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2* Definitions and fundamental properties* For the definitions
and the basic properties concerning unbounded representations (resp.
locally convex *-algebras) the reader is referred to [9, 11] (resp.
[2, 4]).

Let π be a closed ^-representation on a Hubert space § of a
pseudo-complete symmetric locally convex *-algebra A. Then π(A)
is an algebra of linear operators all defined on a common dense
domain S)(ττ) in § and we have

for all ξ,7je ®(π) and xeA, and (I + π{x*)π{x))~ι exists and lies in
ττ(A), where I is an identity operator on ®(π). On the basis of
π{A) we define a certain unbounded operator algebra.

Let S be a pre-Hilbert space with inner product ( | ) and let !Q
be the completion of ®. We denote the set of all linear operators
on © by

DEFINITION 2.1. Let SI be a subalgebra of =Ŝ (S)) with an identity
operator /. 21 is called a symmetric #-algebra on ® if the following
conditions (1) and (2) are satisfied;

(1) There exists an involution on SI; A —> A# such that

for all A e 21 and ζ, η e ®,
(2 ) (1+ A*A)"1 exists and lies in 2I6 for all A e SI, where let

3t6 be the set of all bounded operators in 31.
Let 21 be a symmetric #-algebra on 3). Each A in 21 is a closable

operator on ίg and hence we denote the closure of A by A and put
« = {A; A e 21}.

DEFINITION 2.2. Let 21 be a symmetric #-algebra on ®. If SI6

is a C*-algebra (resp. TF*-algebra), then 21 is said to be an 2?C*-algebra
(resp. i?PF*-algebra).

REMARK. If 21 is an £ϋ#-algebra (resp. J£tF*-algebra) on ®,
then 21 becomes an E'C^-algebra (resp. £I^*-algebra) defined by P. G.
Dixon [5].

Let S, T be closed operators on a Hubert space φ. If S + Γ
is closable, then S + T is called the strong sum of S and T, and is
denoted S + T. The strong product is likewise defined to be ST,
if it exists, and is denoted S-T. The strong scalar multiplication
of λe& ((£; the field of complex numbers) and T is defined by λ !Γ =
λΓ if λ ^ 0 and λ T = 0, if λ = 0.
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THEOREM 2.3. Let % be a symmetric ^-algebra on ©. Then we
have

A + B= A + B, A B = AB, X-A = XA, A* = A* ,

for all A, B e 91 and X e K. Therefore % is a *-algebra of closed
operators under the operations of strong sum, strong product,
adjoint and strong scalar multiplication and furthermore (/ + A*A)"1

exists and lies in 2Iδ for all A e St.

Proof. We shall show that A* = A* for every A 6 §1. Suppose
A* - A. Then (I + A2)"1 e 2t6 and we have

A\I + A2)"2 = ((I + A2) - I)(I + A2)"2 = (I + A2)"1 - (I + A2)"2

and hence A2(I + A2)"2 6 2tδ. For each ζ e ® we get || A(I + A2)"^ ||2 ^
| |A2(/+ A2)"2II HίlΓ, and so A(I + A 2 ) " 1 ^ . Furthermore we have

( i J - A ) ( ~ i / - A)(/+ A2)'1

- (il - A){-i(I + A2)"1 - A(I + A2)"1} = 7

and

{-i(I + A2)"1 - A(J + A2)"1}^/ - A) = I.

Therefore (ί/ — A)"1 exists and lies in 2t6. For each 7 = α + /Si e
(£ — 9ΐ (SR; the field of real numbers) we have

(XI -A) = β\il- —(A - al)

and therefore (XI — A)"1 exists and lies in 2ίδ. Therefore (λl — A) 1 =
(Xl — A)"1 is bounded for all λeK — 9ΐ, i.e., A has a real spectrum.
Furthermore, since A* Z) A* = A, A is hermitian. Therefore A is
self adjoint, i.e., we have A* = A = AΛ

For each A e St we show that A* = A*. Let ^ = A*A and if2 =
((A*)*)*(A#)*. Clearly we have H, ZΓA*A and H2 =) AM. Since (A*A)* =
ASA, A*A is self-adjoint. Since self-adjoint operators are maximal,

it follows that II, = H2 = A*A. Hence_ we have ®(A) =JB(jffί^) =
®(iί2

1/2) - ®((A*)*). Therefore we get A - (A*)*, and so A* - A*.
We shall that A + B = A + B for all A and # in St. Since A + 5

A + J5, clearly A + JBC A + B. Since A = (A*)*, we have

A + B = (Aψ + (Bψ c (A* + 5*)* = ((A + B)ψ = A + B .

Similarly we can show that A-5 = AB and λ A = XA. For all A e 21,
since (J + A*!)" 1 = (/ + A*A)-λ and (/ + AU)"1 e S£6, (I + A*!)-1 lies
in ?L.
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Let SI be a symmetric #-algebra on 35. Then there is a natural
induced topology τ0 on 35. This topology is defined as follows.
Suppose that @ is a finite subset of elements of 31. We define the
seminorm || | | e on 35 as

where ||f || is the Hubert space norm of ζ. We define the induced
topology τ0 on 35 as the topology generated by the family {|| | |e; @}
of the seminorms.

DEFINITION 2.4. Let SI be a symmetric #-algebra on 35. If 35
is complete under the topology τ0, then 31 is said to be closed.

PROPOSITION 2.5. Let 31 6β α symmetric %-algebra on 35. Lei

5 )> Ax = Ax, (x e 35) .

St = {A; A e 31} is a closed symmetric %-algebra on 35
minimal closed extension of 31. Hereafter we call % the closure of SI.

Proof. By a slight modification of ([11] Lemma 2.6). Proposition
2.5 is easily shown.

PROPOSITION 2.6. If % is a closed symmtric ^-algebra on 35,
e have

® = n ®(A) = n

Proo/. By Proposition 2.5 we get ® = n^ea®(A). Since A* =
A* for all AeSI, we have

We define several locally convex topologies in a symmetric #-
algebra 31 on 35.

( 1 ) The weak topology. The locally convex topology, induced
by the seminorms;

for each ζ, η e 35, is called the weak topology. Under the weak
topology 31 is a locally convex #-algebra. Since

4(Tξ\η) = (T(ξ + η)\ξ + η) - (T(ζ - rj)\ζ - η)

+ i(T(ζ + iy)\ζ + iη)-i(T(ζ -iη)\ξ- iη) ,
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the weak topology is in accord with the topology induced by the
seminorms {Pζ,ξ( ); f e®}.

If SI is an EΌ^algebra on 3), then S is a G.B*-algebra defined
by P. G. Dixon [4] under the weak topology.

(2) The strong topology. The strong topology is the locally
convex topology induced by the seminorms;

= | | Γ £ | | , £ e 5 > .

( 3 ) The σ-weak topology. Let

®oo(3I) = {£00 = (£„ f8, . . . , £ n , . . . ) ; £ eS>,tt = l , 2 , . . . and

Σ IIT£ II8 < ~ for all TeSI} .

For each f. = (£„ f2, , fM, •) and ^ = (τjlt Vt,- ,V.,~ • ) i n ®-(3t)»
put t ing

Pζoo,Vco{ ) is a seminorm on SI. We call the σ-weak topology in SI

the locally convex topology in SI induced by the family {Pζoo,Vco( ); £«,f

Vco 6 ®oo(SI)} of seminorms. Under the o -weak topology SI is a locally

convex #-algebra. The σ-weak topology is in accord with the topology

induced by the seminorms {Pζoo,ζoo( ); £« e ®oo(SI)}.

( 4 ) The σ-strong topology. For each £«, = (ξί9 £2, •••,£», •) e

®oo(SI), putt ing

pt (T) —

Pξoo( ) is a seminorm on SI. The locally convex topology induced

by the family {PζOo( ); f<x> € ®oo(SI)} of seminorms is called the σ-strong
topology in SI.

DEFINITION 2.7. Let SI be a symmetric #-algebra on 3). We

define the commutant 2Γ of 2t by

SI' = ( C 6 ^ ( § ) ; (CAζ\η) - (Cί |A*^) for all A e S I and £, ye®

where let ^ ( φ ) be the set of all bounded linear operators on

PROPOSITION 2.8. Let % be a (resp. closed) symmetric %-algebra
on 3). I%£w SI' is a von Neumann algebra and furthermore for
each C6 SI' we have CQa® (resp. CQaQ) and CAξ = ACf (resp. CAζ =
AC£) /or αW A e 3t a n d £ e ®.
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Proof. This follows from ([11] Lemma 4.6).
Let SI be an iδW^-algebra. Then we investigate the relations

between the von Neumann algebra SI& and the von Neumann algebra
SI".

PROPOSITION 2.9. Let SI be an EC^-algebra on ®. Then we have
3t' = (%)' and SI" = (%)". In particular, if SI is an EW*-algebra
on ©, then we have SI" = 2I6.

Proof. Let CeSI'. By Proposition 2.8 we have CAξ = ACξ for
all A e SI and ξ e ®. In particular, we have CAξ = ACξ for all A e SI6

and hence CL4 = AC, i.e., Ce(i 6 ) ' .
Conversely suppose_ that Ce(%)'. By ([5] Prop. 2.4) A is

affiliated with (SI6)"(A^(S6)") for every A e 21 and it follows that for
each ξ, η e ®

(CAf |^) = (AC£ I i?) = (C£|A*?) = (Cf \A*η) .

Therefore we get CeSI'.

DEFINITION 2.10. Let SI be a symmetric #-algebra on ®. An
element T of SI is called hermitian, if T* = T and we denote by %h

the set of all hermitian elements of St. Let TeSI,. If (Tζ \ξ) > 0
for all ξ e ®, then T is called positive and write T ̂  0. The set of
all positive hermitian elements of 21 is denoted 21*.

PROPOSITION 2.11. Let SI be an EC*-algebra on ® and let Te%h.
Then the following conditions are equivalent;

(1) T ^ O ,
(2) T = A2 for some AeSIί,
(3) Γ = S#S/or some SeSI,
(4) T > 0 (i.e., (fa? I a?) ̂  0 for every α

Proof. If SI is an £/C#-algebra, SI is a Gί?*-algebra under the
weak topology. Therefore, by ([4] Prop. 5.1) and Theorem 2.3 we
can easily prove the above proposition.

PROPOSITION 2.12. Let % be an EW*-algebra on ® and Te%.
Then there exist Uellb and |T |eSIί such that T = U\T\, where U
is a partial isometry whose initial domain is 9ΐ(T*) (we denote the
range of T by 9ΐ(T)) and \T\ is a positive self-adjoint operator such
that 3l(| Γ|) = 3Ϊ(JΓ*). Furthermore such decomposition is unique.

Proof. By the polar decomposition of a closed operator T,
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Theorem 2.3 and Trj%h (Prop. 2.9) we can easily prove the above
propositition.

DEFINITION 2.13. The decomposition T = U\T\ of Proposition
2.12 is called the polar decomposition of T.

3* Elementary operations on £7ΫF*-algebras* We define reduced
and induced £7^F*-algebras. Let 21 be a symmetric #-algebra on ®.
Define 21, = {E e21; E2 = E* = £7} and let Ee%. For each Tell we
define TE = £7T/£7® (the restriction of ET onto £7®) and 2IΓ =
{TE; Te%}. Then TE is a linear operator on £75). We put 35 =
{Tell; TE= ET = T}. Then 35 is a #-subalgebra of 21 and we have
35 = £72I£7. The mapping T-*TE is an isomorphism of 35 onto fSLE.

THEOREM 3.1. Let % be a symmetric %-algebra on ®. Suppose
Ee%v. Then ς$,E is a smmetric ^-algebra on J?®. In particular, if
21 is an EW*-algebra on 5), then 2IE is an EW*-algebra on £75)
we have

Proof. We can easily show that 21̂  is a symmetric ^-algebra
on £7®. Suppose that 21 is an ϋW-algebra. Then we have only
to show that ($LE)b is a von Neumann algebra. Clearly we have

(%)E c (WEU and it follows that ((iΛ)' c: ((%h)'. Since %h is a von
Neumann algebra and (%)' = %V, we have ((%h)' = ((%ϊh = (2Γ)̂ .
Next we shall show that (11% c (St£)'. Let C e 21'. For each | , 27 e 5)
and T 6 21 we have

(CnTEEζ\Eη) = (CETEξ\Eη) = (CEξ\(ETE)*Eη)

= (CEζ\ET*Eη) = (CEEξ\TEEτj)

and hence CEe(%E)f

9 and so (%')E a (%E)'. On the other hand we

have ((2UJ ^ (2t^)'. Therefore we have

and it follows that

Therefore we have

Consequently 21̂  is an jEW*-algebra on £7®.

DEFINITION 3.2. Let % be an £Ί^#-algebra on ® «nd let
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We call %E the reduced #W*-algebra of SI.

PROPOSITION 3.3. Let SI be a closed symmetric %-algebra on ©
and let 3ft be an %-invariant τ0-closed subspace of 2). Let Am be
the restriction of A onto 3ft and let %m = {Am; AeSI}. Then the
following conditions are satisfied.

(1) 21̂  is a closed symmetric #-algebra on 3ft and we have

m = n s)OT = n ®(^i).
A s a i i e α

(2 ) Lei 2?at be the projection onto 37Ϊ. Then we have Em® = 3ft
and Eme%r.

(3) IfEe (2Γ)j» ί/ie^ ^ ® is αw %-invariant τQ-closed subspace

Proof. (1) Under (A^)* = (A*) ,̂ clearly 91̂  is a symmetric #-
algebra on 3ft. By Theorem 2.3 we have (A^f = (A% = (A^)* for all
AeSί. Furthermore, since 5DΪ is τ0-closed, SÎ  is closed. Therefore
we have

3ft - n ®(AJ = n ®(AJ) .
4e2t Aen

(2 ) We shall show E%& = 3ft. Clearly we have 3ft c E%&.
Let ξ 6®. For each ^6 3ft and A e SI we have

( A a t f l M = ( ^ A ^ l f ) - (Aη\ξ) - (3?|A*£)

and it follows that Emξ e Π^ea S)(AJ) = 3ft. Consequently we have
3ft - £^£). We shall show JŜ  e SI'. For each A 6 3ft and ζ, ί? e ® we
have

and hence ^ 6 SI'.
(3) By Proposition 2.8 it is clear that i£® is an Si-invariant

subspace of ®. We can easily show that 2?® is τ0-closed.

DEFINITION 3.4 Let SI be a closed symmetric #-algebra on ®
and let Ee($ί')p. By Proposition 3.3 (3), 3ft = E® is an 31-invariant
τ0-closed subspace of ®. We define

AE - A* and %E = {A ;̂ A e 31} .

By Proposition 3.3 (1), SÎ  is a closed symmetric #-algebra on 3ft.
Clearly the map A—>AE of SI onto St̂  is a homomorphism. We call
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this homomorphism the induction of 2C and %E is called the induced
algebra of St.

THEOREM 3.5. Let % be a closed EW*-algebra on 25 and let Ee
Then %E is a closed EW*-algebra on i7® and we have (2Q' =

Proof. We shall show that ((3IΛ)' = (Sί%. Let Ce((§Qδ)'> i.e.,

C is a bounded linear operator on E& such that CAE = AEC for

every AEe(%E)b. We shall show CEeW. For each AeϊC let A =

Z7|A| be the polar decomposition of A. Let |Λj = \ XdEJX) be the
Jo

spectral decomposition of |A| . Then we have U, EA(X) e 2t6 for all

λ and hence UEj EJ\)E e (3Qδ Since (ΪΓE) - (£?)*, (EJ\)E) = C
and C e ( ( l Λ ) ; , we have C(U)E = (U)EC and C(EJ\))E = (EJX))EC

and hence CJB commutes with U and EA(X). Therefore CE commutes

with A. Then, clearly we have CEe%' and hence C = (CE)Ee(%')E.

Therefore we get ({%E)b)' c (2t% Conversely we can easily show

((3ζ)Γ)' => (S;)^. Consequently we have ( ( I X ) ; = (2t;)^. We shall show

((2ΪΛ)" = ( ^ ) & By the above argument, ([3] Ch. I, §2, Prop. 1) and

Proposition 2.9 we have

On the other hand, clearly we have ($lb)E c (%E)b and hence ((St£)6)" =

(Sϊ,)^ c ( 1 Λ and it follows that ((15Γ)" = (^Λ Consequently SÎ  is

an JS'ϊΓ -algebra on ΐ ' © . Furthermore we have (§1*)' =

by Proposition 2.9.

DEFINITION 3.6. Let 21 be a closed £;TF#-algebra on ® and let
Ee {%'),. Then %E is called the induced £W*-algebra of 2[.

Next we shall study the product of .EW#-algebras. Let {21, ®Jί6Λ
be a family of symmetric #-algebras %c on ®,. Let !Qt be the comp-
letion of 35, for each ceΛ and let φ be the direct sum of {^]tBΛ

We denote the product of {%c}ceΛ by a = ILe/.2I, and define a as
follows. Let

®(St) = {(ξileΛ € φ; f, e S), for all c e Λ and

ΣII^£IP< oo for all ΛeStJ .
i e ,1

We define

Aξ = (A,)tβA(ξt)teΛ = (A£,)teA

for all ξ = (ξ,)lβΛ e ®(St) and A = (At)ceA e SC. It is clear that
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is a #-algebra on ©(21) under the following operations; A + B =
(Ac + Be)teΛ, XA = (XAc)ceΛ, AB = {ACB)C,4, A* = (A?), for each A =
(At)t6A, B = (Bt)ιeA e Π - ^ Si, and λ e K .

THEOREM 3.7. Le£ {3CJίê  be a family o/(resp. closed) symmetric
%-algebras 2t, ow ©,. 27&ew % = Y[ceΛ% is a (resp. closed) symmetric
^-algebra on ®(2l). Iw particular, if SI, is era EW*-algebra on ©,
/or ever?/ £ e A, then Sί is αw EW*-algebra on ©(21) emd we

where we denote by ©,^23, the direct sum of a family {S5J,ê  of
von Neumann algebras.

Proof. If % is a (resp. closed) symmetric #-algebra on ®, for
all ^6/ί, it is easily shown that ILe^St, is a (resp. closed) symmetric
#-algebra on 3)(2t). We shall show that S 6 = φ , e ^ ( C ) i , if % is an
^TF*-algebra on ©, for every re/ί. Suppose that A = ( Λ ) f 6 ^ a j .
We can easily show that Ate{%)h for every ceA and sup,6yl | |Ae | | ^
| |A| | . For each ζ = (f,),eJ e ©(21) we have Af = (A,)<eiif and hence
A = (At)eeΛ9 and so A e φ ί 6 ^ (2ίί)6. Conversely suppose X = (I f ) ί e j i G
®,e.4(2ΪΛ. Then there is an element A, in (Sί^ such that Xc = A,
for all ίeΛ. Let A = (Ae)eeA. We can easily show that Ae% and
A = (Ac)ce4 = X Therefore we have J e l & . Consequently we have

C Since ©^^(CTb is a von Neumann algebra, 2t is an

Sΐf-algebra on ©(21). Furthermore we have §1' - (%b)' = (®ceΛ (WJj =

TO = Φ ί e / ί2ί:, by Proposition 2.9.

DEFINITION 3.8. Let §I(resp. 35) be a symmetric #-algebra on
5)(resp. @). The map. Φ of 2t into 33 is called a homomorphism if
it is linear, if Φ(ST) = Φ(S)Φ(T), S, Γe2t, and if Φ(S*) - Φ(S)1, Se§I.
If Φ is a bijective homomorphism of 21 onto 33, then it is called an
isomorphism of §1 onto 33. Then 21 and 33 are called isomorphic.
Let Φ be an isomorphism of §1 onto 33. If there is an isometric
mapping U of © onto © such that Φ(S) = USU'1 for every SeSt,
then Φ is called a spatial isomorphism and we call 21 and S3 are
spatial isomorphic and write by 21 = 33.

PROPOSITION 3.9. Let % be a closed EW*-algebra on © and let
{Ec}ceΛ be a family of mutually orthogonal projections in §Γ such
that ΣceΛEt = /. Then there exist a family {2ΓJ,6Λ of EW*-algebras
and a spatial isomorphism Φ of % onto the EW*-subalgebra of
]Jcei% such that Φφ)b = @ce
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Proof. Let ©, = 2£© and let Qe be the completion of ©,. Then
31, = %E[ is a closed JSW^-algebra on ©, by Theorem 3.5. It is easy
to show that Φ; A-+(Ac)ceΛ(Ac = A^) is an isomorphism of 2t into
ILeΛ 31,. We define the mapping U of © into ®ceΛ & by IT? = {E£)teA.
Then Z7 is an isometric mapping of © onto ©Φ(3t). In fact, let £ e ©
and then ξe = 2£,£ e ®, for all £ e A and we have, for each A, e SI,,

Σ \\Acξ(\\2 = Σ i i A s ^ i r - Σ i i ί u e i r - i i^ίi i 2 < -
c e Λ c e A e e A

and hence (E,ξ)!eA e ®Φ(3l). Conversely suppose that (| () I β^ e ©(Π^^ §1),
i .e. , f ,e® ; = £7,® and Σ««-< ll^«ί«IΓ< °° for al l^eSC. Let ξ = Σ ^ f , .
Then we have

Σ l l ^ l l = Σ WAEjζ||2 = Σ IIA^H2 < -
c e A c e Λ c e Λ

for all A e 31 and therefore ζ e ©(A) for all A e St. Since SI is closed,
we have ζ e © and Z7ί = (f,),e,ί. Consequently Z7is onto. Furthermore
we have

and hence U is an isometric mapping of £> onto 0 , e j §r. Finally we
shall show that UAU'1 = (A,)^ for all AeSt. For each ξ e ® we
have

UAU-\Eeξ)eeA = UAξ = {EMU, = (AE£UA = (AcE(ζU,

and

(Ac)ίe/ι(Ecζ)ίe4 = (AcEcξ)ceΛ

and hence UAU~l = (Ac)ceΛ. By ([3] Ch. I, §2, 2) it is easy to show

that Φ(St)δ = φ ί e / 1 ( iX" . Consequently Φ(St) is an ί;T7#-subalgebra of

UeeΛ^ With ji l

PROPOSITION 3.10. Leέ §1, 6β a closed EW*-algebra on ©, /or αίί
re/ί α?ιd ίeί St = Π.e^St,. // 2^,6(31;), for every ceΛ, then F =
(Fc)ce4e(W)p and furthermore we have

and φtF)' =

Proof. Clearly F = (Fc)ίeΛ e (31%. Let S3 = ILe, (St,)*,. Then
we have

= {(F&ISΛ; ζ = (UeΛ 6©(si)}

and
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® ( S 3 ) = { ( F £ , ) ι t Λ ; ξ,G$)t f o r a l l c e Λ a n d

)FFic 112 < - for all At e 2Q ,

and so it is easy to show that ®(2C )̂ = S)(S3). Consequently we have
Q^. By Theorem 3.5 and Theorem 3.7 we have

' - (π (»,),,)' = θ « w = θ (so,,.
VβΛ / ίβ/ί <βΛ

We define the amplification of an j^T^-algebra SI onto SI® J.
Let %x and SC2 be JSW^algebras on ®x and S)a respectively. Let ©
be the subspace of § = & <g) £ 2 generated by {fL <g) f2; & 6 S)x, £2 e 5)J
and denoted by ®x (x) ®2. Clearly ® is a dense subspace of φ. For
each T, e %, and T2 e 2t2 we get an operator T1 (x) Γ2 on S) defined by
(T, ® Γa)(f, (x) f2) - (Γ,^) (x) (T2f2), for each ξ, e 2\ and ζ2 e ®2 Then
we have, for each T19 St e % and T2, S2 e 2t2, Tx (g) Γ2 is a bilinear
function of 2\ and T2; (Γx (x) ϊ 7 , ) ^ (g) S2) = Γ A (x) Γ2S2; (Γx (x) Γ2)

# =
Γf (x) Γf. Then the following proposition is easily shown.

PROPOSITION 3.11. Let §IX be an EW*-algebra on <&1 and let §2

be a Hubert space. Putting

where /$2 is an identity operator on φ2, %ι (x) /§2 is an EW*-algebra
on S x (g) φ 2 α^ώ we

= Π 2 > 2
r i e 2 t l

Sϊi (g) 7*2 = {21! (g) is 2; TΊ e §IJ i s the closure of St, (x) I*2, and so ^ (g) I9i

is a closed EW*-algebra on 3\ §) ^ 2 .

DEFINITION 3.12. The isomorphism; T, —> 2\ (g) I § 2 is called an

amplification of ^ onto 2Cj_ (g) J^2.

4* Preduals of ^TF^algebras. Let Si be a symmetric #-algebra
on ©. Let φoo = φ ~ = 1 § Λ , where $n is the replica of § for n = 1,
2, . For each ξ = (f x, f 2, . , f n> ) e ^(^ί) and T e SI, putting
Γeofoo = (Γflf Γf2, , Tξn, .), we get a linear operator 2^ on ©„(«).
Let Sfoo = {Γc,; TeSΐ}. Then we have, for each S and T in SI, Too +
SL = (T + S)^, λT.. - (λΓ)^, T..S.O = (TS)co, Tί = (Γ*)co, and so the
following lemma is easily shown.
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LEMMA 4.1. Let % be a (resp. closed) symmetric ^-algebra on
3). Then SL is a (resp. closed) symmetric §-algebra on 3)oo(2I).
Furthermore, if 21 is an EW*-algebra on 3), then 2L is an EW%-
algebra on %J$).

Let % be a symmetric %-algebra on 3). A linear functional φ
on SI is called positive if φ(A*A) ̂  0 for every A e St and we denote
by ψ ^ 0.

For each ξ e 3) omcZ # e φ, putting

ωζ,y(T) = (Tξ\y) , T e 2 t ,

α)f>2/ is α strongly continuous linear functional on 21. /w particular,
we denote a^,f(£e5)) 6?/ &V

LEMMA 4.2. Let % be a closed symmetric %-algebra on 3). Sup-
pose ί/̂ αί φ is a positive linear functional on % and ξ e 3). //
^ ^ (*)ξ, then there exists a C£%' such that 0 ̂  C ̂  I and ψ = ωCξ.

Proof. For each S, T e % we have

£ \\Sξ\\*\\Tξ II2 .

Putting 5(Tf, Sξ) = φ(S*T), B{ ,) is an hermitian positive sesquilinear
form on 2tί with norm ^ 1, so that there is an hermitian positive
operator Co in ^(Wξ) such that | |C0 | | ^ 1 and for all S and T in SI
φ(S*T) = (Tξ\C0Sξ). Since Stg is an Si-invariant subspace of 3), the
projection Eξ onto 2tf belongs to SI' (Proposition 3.3). Putting C" =
CQ^, for each A, B and T in SI we have

{TC'M\Bζ) = (TC0EξAξ\Bξ) = (TC0Aζ\Bξ) = (Aξ\C0T*Bζ)

- φ(B*TA) = (TAζ\CQBζ)

and since SIf is dense in E^ under the induced topology τOf we get

(TCE^\E,Vl) = (CfTE^\E

for every ξ19 ̂ e S and furthermore we have

Hence we have {TC'ξ^η,) = (C'Tξ^ηJ for every Γ G S I and ζlf ^ e ® .
Consequently we get C e SI' and clearly C is an hermitian positive
operator and | |C' | | ^ 1. Now, putting C = Gnl\ for all TeSI,

PROPOSITION 4.3. Let SI be a closed symmetric %-algebra on 3)
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and let φ be a positive linear functional on St. Then
( I ) the following conditions are equivalent;
(1) φ is weakly continuous;
( 2 ) 9> = S ? = i ^ , £«e®, i = 1, 2, . . . ,%;
(II) ίfee following conditions are equivalent;
(3) <£> is σ-weakly continuous;
(4 ) ?> = Σ ϊ = i ω,n, fco - (&, f2, . . , ξn, - •) G 3

Proo/. (2) => (1) and (4) => (3); clear.
(3) =* (4); By Lemma 4.1. 2Ioo is a closed symmetric #-algebra on

S)oo(St). Putting ôoίΓoo) = φ(T), T e St, ôo is a positive linear functional
on 2L. Furthermore, since φ is α -weakly continuous, there is an
ĉo = (η19 y2, , ηu, •) in ©421) such that

Hence <pm is a positive linear functional on §Ioo and φ^ ^ ωηoo. By
Lemma 4.2. there is a £„, = (ζ19 ξ2, •••,?», •••) in S)oo(St) such t h a t
9oo = ωe o o. For each Γ e SI we have

φ(T) = ^(Γoo) = ωe β β(Γ) - Σ ( Γ f j f . ) - Σ ω e . (Γ) .
π = l % = 1

(1) => (2); By a slight modification of the argument (3) => (4) we
can easily show (1) =^ (2).

DEFINITION 4.4. We denote by SI*(resp. 2li) the set of all σ-
weakly continuous (resp. positive) linear functionals on §1 and 21* is
called the predual of 21.

For Ae2I and /e2X*, we define actions of 2ί on / by;

(fA)(T) = f(AT), (Af)(T) = f(TA)

for each Te2I. Then we have fA, Af e2ί*.

Let 21 be a closed j&T^-algebra on ®. By Lemma 4.1. 2L is a
closed £W#-algebra on ®TO(2X). For each Te% and φ e2l*(resp. 21+)
putting ôo(TΌo) = φ(T), ψoo is a weakly continuous (resp. positive) linear
functional on 2L,. Moreover, for each T e 2I6 and φ e 2I*(resp. 2tt)
putting φ{T) = φ{T), φ belongs to the predual (2U)*(resp. (%)i) of a
von Neumann algebra 2Iδ.

LEMMA 4.5. Let 21 be a closed EW*-algebra on S). Let φ and
ψ in 21*.

(1) If φ •= ψ, then φ — φ.
( 2 ) // φ ^ 0, then φ^O.
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Proof. ( 1 ) For each Te SI, let T00 = Uoa\T00\ be the polar decom-

position of Too. Then we have C7«,e(2Ioo)& and | T*, | e (SLK Let

I1*, I = I XdE(X) be the spectral decomposition of | T^ | and for each

n, putting Xn = VxdE(X), we get Xne(?ίoo)h. Since <§)„(%) cSBfl TΓ|),

for each f«, e &«,(§!) we have l i m ^ J5ΓΛ£«, = [TΓ| £«» = | TΌo I £« and hence

lim^oo UooXnξco = ίJool'TΓlfoo = Toofoo. That is, UΌoX* converges strongly

to Too. Since φ^ and ψ^ are weakly continuous, we have

lim φj^ UooXn) = ôoίToo) = 9>(T)

and limw_oo ffo0{U00X7) = ff0o(T) = ψ(T) and furthermore φ = ψ and UooXn£
(SIoo){,, and so we have φ^UΌoXn) — ψoo(UooXn)' Therefore we get
φ(T) = f(T).

(2 ) Suppose T e 2#. Then it is easy to show T^ 6 (2too)ί. Let

To, = \ XdE(x) be the spectral decomposition of Tl and putting, for

each n, Tn = \*XdE(X). By (1), we have l i m ^ φ^X^ = ^(Too).
Jo

Furthermore , since φ^O and -3Γwe(2too)ί, ^ ( - X J ̂  0 for each n.

Therefore we get <p(T) = φJ,TJ) ^ 0.

PROPOSITION 4.6. Suppose that 2t is α closed EWι-algebra on ©
α?ιd / G 2 1 * . T/̂ βw ί/^erβ exists a couple (φ, U) with the following
properties;

(a) <p G 2IJ α^d | | ^ | | = ll/lli

(b) U is a partial isometry of %b having S(φ) as the final

projection J7ί7* = UU\ where S(φ) denotes the support of φ;
(c) / = φjjy φ — f £7#;
(d) such decomposition is unique.

Proof. Using Lemma 4.5 and the polar decomposition of a σ-
weakly continuous linear functional / on a von Neumann algebra
%h, we can easily show Proposition 4.6.

DEFINITION 4.7. The ψ of Proposition 4.6 is called the absolute
value of / and we denote φ by | / | . This decomposition is called
the polar decomposition of /.

THEOREM 4.8. Let % be a closed EW*-algebra on 3D.
( I ) The following conditions are equivalent;
( 1 ) f is weakly continuous;

( 2 ) / = Σ?=iβ>^ t , ί , , ^ G ® ( i = 1,2, •••,*&).
(II) The following conditions are equivalent;
( 3 ) .
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( 4 ) / = Σ O)tn,η%, feo = (f, ί,, * * , ί « * 0, 7- = (Vl,
l

Proo/. (2) =» (1) and (4) => (3); clear.
(3) => (4) Suppose / e SI*. Let / = | /1 U be the polar decomposi-

tion of /. By Proposition 4.3 there is a £«, = (ξίt ξ2, •• ,ξn, « ) e

such that | /1 = Σ»=i ωen

 F o Γ e a c h Γ e SI we have

f(T) = (I /1 *7)(T) = Σ (CTΓf,I f.) =
1

and so putting rjn = Z7*ίΛ, w = 1, 2, - , ^ = (^, %, , ? , •) e ®oo(2I)
and / = Σ?=i ω€ n ι 9 n .

(1) => (2) By a slight modification of the argument (3) => (4), (1) =>
(2) is easily shown.

5* The structure of a o-weakly continuous homomorphism*
In this section we shall show that a tf-weakly continuous homo-
morphism of a closed ί ϊ ΐ^-algebra is decomposed in the following
three types; a spatial isomorphism, an induction and an amplification.

DEFINITION 5.1. Let SI(resp. S3, SSJ be a symmetric #-algebra
on ©(resp. @, &1). Let Φ(resp. Φλ) be a homomorphism of SI onto
35(resp. SSJ. Then Φ and Φ1 are called unitarily equivalent if there
is an isometric isomorphism U of @ onto @x such that

UΦ(T)ξ = Φ

for all T eA and f e @ and we denote by Φ = Φx.

LEMMA 5.2. Let 21 5β α cϊosβd EW*-algebra on ® αwώ <p = Σ ?Σ?=i

be a Hilbert space with dimension ^(resp. a separable Hubert

space) and let Φ be an amplification T —* T (§) 7Λ of SI onto SI (§) J g.

Then there exists an element x of 35 (x) ίϊ s^cfe ίfeαί <p(!Γ) = (Φ(T)x|x)

/or all Γ G S I .

Proof. Suppose that {et}i=lt2t... is an orthogonal basis in ίϊ. Let

ίc = ΣS=i fz (8) β». Then we have Σ?=i ίi ® ^ —̂  χ ( ^ -* c o ) a n ( i

2 m

0 (n, m

and hence we get, for all T e % x e 3)(Γ (x) /ft) and T (x) Ifta? =
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Σ?=i Tζt (x) et. That is, x e 5) <g) St and (Γ ® /e)a? - ΣΓ=i Tζt (x) e4.
Furthermore we have

(Φ(Γ)α|a?) = ((Γ<§) J.)a?|a?)

- ( g Tζt (x) i

Let % be a closed symmetric #-algebra on © and let ξ e 3X We
denote by X? the subspace of 2) generated by {Γ£; Γ G S I } . Let (X?)"
be the closure of XJ under the induced topology r0 and let J&J be
the projection onto XJ. Then, by Proposition 3.3, £7f e§Γ and £7f® =

DEFINITION 5.3. If (Xf)~ = S), then <f is called a strongly cyclic
vector for St.

LEMMA 5.4. Let §I(resp. S3, SBj.) δe α closed symmetric §-algebra
on ®(resp. @, ©x) and ϊβί Φ(resp. Φλ) be a homomorphism , of % onto
S3(resp. S32). If there is a strongly cyclic vector ξ e @(resp. £2 e ©J
/or SS(resp. SS

/or aK ΓeSί, ίfeew Φ = Φx.

Proof. Putting UQ; Φ(T)ζ — Φ^T)^, we have, for all T e §1,

- | |Φ(Γ)f| | 2,

so that Uo is an isometric isomorphism of Φ(9!)f onto Φ^ϊtjίi and
furthermore, since f(resp. f j is a cyclic vector for 23(resp. S3J, ί70 is
extended to an isometric isomorphism U of Si — © onto ^ = @lβ For
each η e & there is a net {Ta} in 2t such that limα Φ{T)Φ(Ta)ζ = Φ(T)η
for all Te% and then we have limβΦ1{Ta)ζ1 = limUΦ(Ta)ζ = C7̂  and

f = UΦ{T)η, so that we get tΛ?e

= (S1 and Φx{T)Uη = ΦjT)Uη = UΦ(T)rj for all TeSI.
Similarly we can show U& Z) ©L and therefore Φ = Φ1#

THEOREM 5.5. Let 2t(resp. 35) be a closed EW*-algebra on
®(resp. @) and let Φ be a σ-weakly continuous homomorphism of SI
onto S3. Then there exist an amplification Φx of 2t onto a closed
EW^-algebra 2^ on ®x, an induction Φ2 o/ 2^ onto a closed EW*-
algebra SI2 on ®2 and a spatial isomorphism Φ3 o/ SI2 onέo S3

Φ = Φ3oφ2oφ1#

Proof. ( 1 ) Suppose that S3 has a strongly cyclic vector ^ 6 ©.
Putting
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φ(T) = (Φ(T)η\η) ,

9 is a σ-weakly continuous positive linear functional on 31. By-
Proposition 4.3 there exists a £«, = (ξlf ζ2, , ξn, •) e©oo(2ί) such
that ψ — ΣΓ=i coξi. Let S)x = ® (§) ̂ ( ^ a separable Hubert space), let
Sti = 2t (§) I f t l and let Φx be an amlification of SI onto 2tle By Lemma
5.2 there exists an element a? of 3^ such that <£>(T) = (Φ^TWx) for
all Γe2l. By Proposition 3.11 %_ is a closed JSW#-algebra on S)lβ

Let ®2 - (3E;i)- and let E = E*κ Let SI2 = (210* and let Φ2 be an
induction of SIj. onto 2t2. By Theorem 3.5 2t2 is a closed EW*-&lgebΐ&
on S 2 and

for all ΓeSI. Furthermore, Φ2oφι is a homomorphism of SC onto §I2,
Φ is a homomorphism of §1 onto 33 and x(resp. rj) is a strongly cyclic
vector for 2t2(resp. S3), so that, by Lemma 5.4, we get Φ = Φ2oφlβ

Putting

Φ3 is a spatial isomorphism of Sl2 onto 33. Clearly we have Φ =
Φ 3 oφ 2 oφ 1 #

(2 ) In a general case we shall prove the theorem. Suppose that
{ηt}eeΛ is a maximal family such that {ηc}ceΛcz& and ©, = (3^)" is
mutually orthogonal. Let Et = 2£®, for every r e A and then ^ 6 23'
and furthermore we get Σ ^ i ^ = /, by the maximality of {η]tGΛ.
For each c e A putting

33, = S3*, and Φ"(T) = Φ(T)Ec , T e SI ,

Φι is a σ-weakly continuous homomorphism and 33, is a closed £ F -
algebra on @, = JE,® with a strongly cyclic vector ηc. By (1), for
each ceA, there exist an amplification Φ[ of SI onto a closed EW*-
algebra 2tί = 2C <§) IΛ[ on ® (§) ̂ {, an induction Φ2 of Slί onto a closed
£W*-algebra IV2 = (MΌFC(FC e (3Cί)'P) on ®^ = F&, and a spatial iso-
morphism Φί of Sί2 onto 33, such that Φι = Φ'soφ'2oφ[m Let Sx =
Θ.e J ^ί, Sti = St §) IΛl and let ΦL be an amplification of SI onto Stx. It
is easy to show that 21: (= {(Γ(g) I^)ceΛ e Π.e^ΐ ί ; Te Si}. For each
ί e J we have Fce(WX =\%l(g) I^C = (W ® ^(®0)P, SO that ^ =
(^Xβ, e © , e 4 (21' (x) ^ ( « ί ) ) p = (&' ® ^ ( ^ i ) ) , = (Slί)p. Let 2I2 = (SI^
Then 2ί2 is a closed i?TF#-algebra on ®2 = F^. Let Φ2 be an induc-
tion of SI, onto 2I2 and let Φ3; Φ2<>Φ1(T)-+Φ(T)9 ΓeSI. We shall show
that Φ3 is a spatial isomorphism of 2I2 onto 33. For each TeSΪ we
have
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= ((T®IΛ<)Fe)eβΛ (by Proposition 3.10)

On the other hand, by Proposition 3.9, 23 is spatially isomorphic to
{(Φι(T))teAe]JteA$$e; Te%). Furthermore, since Φc

z is a spatial iso-
morphism for each ceΛ, we get ((Φί°Φί)(T))eeA —+ (ΦL(T))eeA is a spatial
isomorphism, i.e., Φ3 is a spatial isomorphism of §I2 onto 33.
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